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ABSTRACT 


AH Cephei was discovered to be an eclipsing variable from observations made at Madison in 1928 
with a Kunz potassium cell and a Lindemann electrometer. The period of the light-variation is found to 
be 1.77473 days. The shallow eclipses do not permit a unique determination of the geometric elements, 
but a solution of the light-curve is made possible with the use of a value, 0.75, for the ratio of photo- 
graphic intensities of the spectral lines determined by R. M. Petrie from microphotometric tracings of 
Victoria spectra. Because of the early spectral type of both components, BO, it has been assumed that 
both stars are uniformly illuminated, although a solution with the assumed coefficient of limb darken- 
ing, uw» = uy = 0.6, leads to nearly identical] results. The large observed ellipticity of figure, z = 0.09, of 
the components is in agreement with that predicted from dynamical considerations. A combination of 
the spectrographic and photometric results leads to masses of 17.1 © and 14.7 ©. Assuming Kuiper’s 
temperature scale, we obtain values of the absolute bolometric magnitude, M, = —5™9 and My = —5™4. 


The star AH Cephei = HD 216014 was discovered as a spectroscopic binary by J. S. 
Plaskett and further investigated by J. A. Pearce,! who, from 21 plates, found a period 
of 2.2875 days. A variation in the light with a period of 1.77473 days was discovered at 
Madison in 1928, at which time it was also noticed that the spectrographic and photo- 
metric observations would be in agreement if the dates of the last three published spec- 
trographic observations are decreased by 0.5 day.? In the meantime, M. Zverev,* using 
his own visual observations made in 1929-1931, derived a period of 1.7745 days for the 
light-variation. Zverev also recomputed the spectroscopic orbit, using Pearce’s data 
and his own photometric period and giving lower weight to two of the incorrectly dated 
spectroscopic observations mentioned above upon which the longer period seemed to 
rest. Later, W. J. Luyten‘ rejected these same two observations and also recomputed 
the spectroscopic elements. A new spectrographic orbit based upon additional observa- 
tions was published by J. A. Pearce® in 1935. Pearce found: 


P ='1977476, e = 0.034, w = 106°3. 
1 Pub. Dom. Ap. Obs. Victoria, 3, 171, 1927. 
? That such is the case was verified in personal communications to Dr. Stebbins. 


* Ver. d. Freund d. Phys. Nishni-Novgorod, 4, 177, 1933. 
* Pub. U. Minnesota Obs., 2, 33, 1933. 5 J.R.A.S. Canada, 43, 413, 1935. 
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The present series of 164 photoelectric observations was made in 1928-1932 by 
Huffer and Stebbins, using the photoelectric photometer with Lindemann electrometer 
attached to the 15-inch refractor. The two comparison stars used are listed in Table 1. 
From these observations we derive the light-elements, 


Primary minimum = JD 2425388.089 + 1977473E. 
The observations have been grouped into the normals of Table 2. The position of the 


TABLE 1 


COMPARISON STARS FOR AH CEPHEI 


= — —= 














HD R.A. (1900) | Decl. (1900) | my | Spee. 
216014................| 22844m2_ | +64°32’ | (6.83) | BO-BO 
215371................] 22 39.6 | +6448 | 6.76 | B2 
,  eeeneren i ie | 6.97 | B2 

aie 





TABLE 2 


NORMAL MAGNITUDES OF AH CEPHEI 
































Phase Am I(rect) O-C n Phase Am | U(rect) | O-C n 
OPOO1.......}| +0176 | 0.884 | +0.002 | 4 || OP465....... | +07119 | 0.919 | —0.003 | 5 
O17.......] + .165 | 0.893 ct a eee + .149 | 0.899} — .003| 5 
.024.......] + .154 | 0.901 000] 5 || .494...... | + .151 | 0.898 | + .001] 5 
.037.......| + .122 |'0.926 | + .002] 5 |] .520....... + .149| 0.906 |  .000} 5 
0460.......| + .100 | 0.943 | + .002| 4 || .525....... + 134) 0.911}  .000} 5 
053... + .084 | 0.954] — .003| 3 || .541.......] + .094 | 0.937 | + .005 | 5 
066... + .044 | 0.988} + .004| 4 || .559...... + .052 | 0.975 | — .005| 5 
.076.......| + .030 | 0.996 | + .003} 4 |} .587....... + .016 | 0.999 | — .001 | 5 
.092.......| + .019 | 1.000 .000| 6 || .633....... — .001 | 1.002 | + .002| 5 
145.......] — .013 | 1.001 | + .001} 3 |} .708....... — .032 | 1.000 000 | § 
.172.......} — .019 | 0.999 | — .001| 5 .790.......| — .039 | 1.004} + .004] 5 
.241.......] — .042 | 1.001 | + .001] 5 ee — .017 | 1.000} — .000| 5 
.283.......| — .034 | 1.000 000 | 4 ae + .023 | 0.996 | — .004] 5 
348... — .018 | 1.003 | + .003| 5 ae + .068 | 0.967 | — .007] 6 
.394.......| + .010 | 0.997 | — .003 | 5 .949.......] + .083 | 0.946] — .004] 4 
413.......] + .014 | 1.000 000 | 5 eo + .135 | 0.916 | + .007] 5 
0.446.......| +0.083 | 0.949 | +0.005| 5 |] 0.988....... +0.176 | 0.884 | —0.003 | 5 
| | | | 




















secondary minimum leads to the value fz — 4; = 048848 = 0°4986. The harmonic analy- 
sis of the light between minima yields: 
l= 1.0000 — 0.0033 cos 6— 0.0349 cos? @ , 


+ 0.0007 + 0.0012 + 0.0010 


where the phase angles @ are computed with the use of Pearce’s values for e and w. The 
observed value of the ellipticity leads to z = 0.09. After rectification, the light-curve 
shows two shallow minima of depths: 

1— vr, =0.117, 1—),=0.105. 


The shallowness of these eclipses, plus their near-equality, renders the ratio of radii in- 
determinate over a large range. Fortunately, however, R. M. Petrie’ has measured the 


6 Presented in a paper at the seventy-sixth meeting of the American Astronomical Society and kindly 
communicated by the author in advance of publication. 
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relative photographic intensities of the spectral lines, 0.75 + 0.03, which result permits 
the calculation of the fractional lights of the two stars, L, = 0.57 + 0.01 and L; = 0.43 
+ (0.01, and therefore the remaining elements from the light-curve. A preliminary solu- 
tion indicated that the larger star is eclipsed at primary minimum. 

The spectral types are given as BO—BO corresponding to a theoretical limb-darkening 
coefficient of some 0.2 for both stars. However, the assumption of uniform disks appears 
adequate for the degree of approximation to which we are working. Therefore, from the 
observed depths of the eclipses and the values of the fractional luminosities given above, 
we find the ratio of radii, k = 0.91 + 0.03, leading to the values, 0.35 and 0.37 for rp, 





AM 
0.04 
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Fic. 1.—Light-curve of AH Cephei. Normal points and computed curve 
the radius of the brighter star, from the primary and secondary minimum, respectively. 
hese values should be related in the following manner: 


r(primary) _ 1—esinw 
r(secondary) 1+ esinw 





from which we derive e sin w = +0.026. Also, from the displacement of the secondary 
minimum and the preliminary value of i = 63°, we derive e cos w = —0.002, or e = 0.03 
and w = 95° in the orbit of the brighter star. These values approach closely enough to 
the spectroscopic values found by Pearce to justify the use of the latter in the rectifica- 
tion of the light-curve for reflection. Adopting the photometric values, we find, 


r,=0.36, 7,=0.33, i=6195. 


The resulting probable error of a single norma! in Table 2 is + 0.0022 mag. The devia- 
tions of the normal points from the computed curve are shown in Figure 1. The results of 
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a second solution, with assumed darkening coefficients #, = uy = 0.60, are shown in 
Table 3. 

The spectroscopically determined minimum masses are m, sin? i = 11.4 © and 
m,sin*i = 9.8 ©. Introducing the inclination here derived and applying a correction for 
the effect of reflection upon the observed velocity amplitudes, we obtain, 


m,=17.10 , a, +a, = 11.866 X10%km , 
m;=14.70, FS = 0.86. 
m 


b 


This mass ratio and the previously derived radii lead to dynamical ellipticities, ¢,; = 
1.5 75,5 (my,»/mo,s), of eg = 0.060 and & = 0.058, assuming a centrally condensed model. 


TABLE 3 


PHOTOMETRIC ELEMENTS OF AH CEPHEI 











| 





























Symbol | u=0.0 | u=0.6 
DUNNE ea on cele ove dagen HIG OI P 1477473 re ee. 
Orbital eccentricity (photometric)... .... e 0.03 0.02 
Longitude of periastron................. w 95° 96° 
Ratio of intensities of spectral lines....... l 0.75 dad Saree ee ee ee 
Ratio of radii of components........... k 0.91 1.00 
Inclination of the orbital plane........... i 61°5 | 63°0 
Ce Per er ee my/my | 0.86 | ree 
Semi-major axis of the relative orbit (in so- 
EER BREE ien aap Sie ene akan, S astayn | 19.4 19.1 
ENS oo co gangs Gia avereuria anncaiels: whe E, | en Ce Ree aren Reeere. oe? o 
| 
u=0.0 | u=0.6 
SYMBOL | 
Brighter Fainter Brighter Fainter 
Star Star Star Star 
RM Pao ES kA e ee a Sham Eakelee xcee in BO | BO.5 BO BO.5 
NER oo obi ioe gals Gai avo sb so a 0.36 0.33 0.34 0.34 
Intermediate semi-axis.................. b | 0.34 0.31 0.32 0.32 
ee a oo C 0.32 0.30 0.31 0.31 
Mean semi-axis in solar units............ R 6.5 6.0 6.1 6.1 
Fractional luminosity................... L 0.57 LES: 5 Sag nner a preemies? 
Absolute photovisual magnitude......... M (pv) —3m2 — 2™9 — 30 — 2=7 
MR Sian iis e waharc Sea G ab eats )h,0ca eo m 17.10 14.70 16.50 14.20 




















Weighting these values according to the respective luminosities of the stars, we obtain 
an average, z = 2e sin? i = 0.09, in complete agreement with the observed ellipticity. 
This value of z remains unchanged when the elements derived under the assumption of 
u = uy = 0.60 are used in the computation of the dynamical ellipticities. If a, 6, and ¢ 
designate the longest, the intermediate, and the polar semi-axes, respectively, then, as- 
suming similar tri-axial ellipsoids, 


ap = (0.36 ’ ay = (0.33 ’ R, a 6.00 ) 
b, = 0.34 , b, = 0.31, R; = 6.50 , 
cp, = 0.32, c; = 0.30 , uy = uy =0.00. 
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The observed reflection coefficient, a measure of the difference in light reflected by the 
two components, would require a temperature ratio of the larger to the smaller star some- 
what greater than 1 to 1. From the ratio of surface brightnesses, here the ratio of the 
light-losses in the two eclipses, assuming that the temperature for the brighter star is 
25,000° from Kuiper’s scale and that the radiation is of black-body quality, we obtain 
1.03 as the ratio, using Planck’s formula. The observed spectral types are BO-BO; we 
adopt BO-BO.5 from the above consideration. From Stefan’s law, assuming M(bol.) = 
+4.62 and T, = 5173° for the sun and 7, = 25,000° for BO, we find, 


M;, (bol.) = — 5™9, M;, (pv) = — 372, 
M, (bol.) = — §m™4 ; M; (pv) = —2™9, 


It is interesting to note that these values of M(pv) correspond to spectral types BO and 
B0.5 as determined by R. E. Wilson’ for the main sequence. Photoelectric measures 
made during the program of colors for 1332 B Stars* show a color excess of 0.27 mag. for 


this system. 
The more important constants of the system of AH Cephei, here assumed or derived, 


are listed in Table 3. 


We are indebted to Dr. Joel Stebbins for the original derivation of the period and the 
displacement of the secondary minimum, as well as much helpful discussion during the 
course of this study. 


7 Ap. J., 94, 12, 1941. 
§ Stebbins, Huffer, and Whitford, Ap. J., 91, 20, 1940. 
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ABSTRACT 


The light-curves of RR Lyrae, TU Cassiopeiae, and T Monocerotis at \ 5000 have been determined 
with a 1P21 multiplier phototube attached to the 12-inch refractor of the Lick Observatory. The observa- 
tions of RR Lyrae show that the variation in time of maximum light, based on the elements tmax = 
JD 2414856.450 + 0456683735 E, continues to increase and has reached a value of +0.185 day. The 
irregularity of the light-variations of TU Cassiopeiae is confirmed by the present series of observations. 
The time of maximum light of T Monocerotis continues to be represented by the elements fmax = 
JD 2428193.08 + 274018 £, which are valid back to about 1897 but not before that time, when the 
period apparently was 0.009 day shorter. 


INTRODUCTION 


In the summer of 1946, R. F. Sanford pointed out the desirability of obtaining light- 
curves for three cepheid variable stars during the same season that spectrographic ob- 
servations were being made at Mount Wilson. Since we realized that a 1P21 multiplier 
phototube attached to the 12-inch refractor of the Lick Observatory would be a suitable 


TABLE 1 


CEPHEIDS AND COMPARISON STARS 


1900 | | 
Mac. VIs. | PERIOD COMPARISON Mac. 


+78 6.3 27.02 | BD+7°1243 6. 
| | 


eid ee —| (Mepran) | (Days) | STAR Vis. 

RA. | Dec. | 
RR Lyr........|  19822m3 +42° 36’ 74 0.57 | BD+42°3340 77 
(tf O° C: eee! 0 20.9 +50 43 7.6 2.14 | BD+50°92 | ae 
T Mono... + 6 19.8 | 7 


instrument for photometric measurements, a joint program was initiated. At the same 
time, M. Schwarzschild suggested that observations made at \ 5000 would be those 
most valuable for theoretical investigations of the structure of such stars. The photo- 
electric observations were planned to yield the general shapes of the light-curves at the 
suggested wave length, as well as a determination of the times of maximum brightness of 
RR Lyrae, TU Cassiopeiae, and T Monocerotis. Table 1 gives data relating to the three 
cepheids and to their respective comparison stars. 


THE OBSERVATIONS 


An effective wave length very close to \ 5000 was obtained by the use of 1 mm of 
Corning No. 3385 filter glass. The output from the multiplier, 1P21(a), was sent through 
a direct-coupled amplifier, and readings were made on a Weston Model 430 milliammeter 
every 10 seconds. The relative brightness of each variable star compared to a near-by 


* Contributions from the Lick Observatory, Ser. I1, No. 19. 
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star was measured by subtracting, from the mean of five deflections on the variable, the 
average of four or five deflections on the comparison star taken before and after the 
deflections on the variable. Observations of the variable star were thus spaced about 5 
minutes apart. Partway through the series, the number of deflections made on the com- 
parison stars was reduced from five to four, since it was felt that closer spacing of the 
observations would more accurately record changes in transparency. However, in cases 
in which the deflections on the variable were much larger than those on the comparison 
star, the five-deflection technique was resumed. Corrections for differential extinction, 
on the basis of a zenith extinction of 0.27 mag., were applied to the results obtained for 
TU Cassiopeiae and T Monocerotis; the correction in the case of RR Lyrae was negli- 
gible. 
RR LYRAE 


The observations of RR Lyrae are given in Table 2 and are plotted individually in 
Figure 1 with magnitude differences in the sense of variable minus comparison star. 
The scatter of the observations on certain nights well illustrates the decrease in signal- 
to-noise ratio of the 1P21 at high temperatures. In this connection, the large scatter of 
the JD 2432046 observations and the first five observations of JD 2432057, made at 
71° F and 74 F respectively, may be compared to the smaller scatter of the remainder 
of the observations that were made either at lower temperatures or with an icepack 
applied to the multiplier. Phases were computed from the formula 


tax = JD 2414856.450 + 0456683735 E , (1) 


which is the expression used by L. Detre in an extensive study of the period changes of 
this star.! 

Observations made at the Budapest Observatory from 1935 to 1941 seemed to indi- 
cate that the well-known long-term variation in time of brightest light had reached a 
maximum of +0.140 day at that time. Detre therefore postulated a cyclic nature for the 
variation: 


(B—R) max = + 04079 — 0400000235 E + 04116 sin [0200989 (EZ — 15,500)], (2) 


where (B—R) max is the observed minus the computed time of maximum for the long-term 
variation. 

A study of all RR Lyrae observations seemed to indicate a short-term variation in the 
time of maximum light in addition to the long-term variation. Previous observers had 
found such a variation but did not agree as to its period. In Detre’s analysis, the period 
of the short-term variation, P;., is given by 


P,, = 71°83 + 0°54 sin [0°30 (e — 136)] , (3) 


where e is the number of P,’s, since E = 0 and p = 0456683735. The author remarks, 
however, that the observations do not yet cover a sufficiently long interval to show 
whether the variation of P, is cyclic or secular. 

The long-term variation for our epoch, E = 30351, predicted by equation (2), is 
+0.071 day. In order to find the predicted short-term variation, equation (3) was solved 
for P,, which, at E = 30351, is 72°37. The phase of P; at this time, expressed as a frac- 
tion of P;, is 0.39. Detre’s mean curve of the short-term variation in time of maximum 
light, when plotted against phase of P, for all observations of RR Lyrae, gives a value of 
+0.006 day at 0.39P;.. The predicted deviation of the time of maximum from that com- 
puted by equation (1) at E = 30351, therefore, is +04071 + 04006 = +04077. The 


1 Mitt. d. Sternw. Budapest-Svdbhegy, No. 17, 1943. 
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observed deviation of +0.185 day as shown in Figure 1 indicates that expressions of 
permanent significance for the period changes of RR Lyrae are yet to be found. 


TU CASSIOPEIAE 


TU Cassiopeiae is a cepheid variable of special interest because a connection is 
suspected between its irregular light-variation and its unusual period of 2.14 days. The 
mean of groups of four or five observations was used as a basis for study when it was 
found that observations during 20 minutes showed no apparent change in light. Table 
3 gives the time of observation and mean magnitude difference (variable minus com- 


TABLE 2 
PHOTOELECTRIC OBSERVATIONS OF RR LYRAE AT A 5000 

















| 
Helio- | Helio- | Helio- 
JD 2430000+ Am centric || JD 2430000+ Am centric JD 2430000+ Am centric 
Phase | Phase Phase 
2046.690...| —0™260 | 04331 | 2057.718...| +0™7045 | 04022 || 2060.7422..; —0™740 | 042118 
.694...| — .269| .335 || .735...] + .085 | .039 || = .7457..| — .720 | .2153 
698. . — .253 .339 | 138... >| O01 042 || .7492..| — .706 . 2188 
701...) — .191 . 342 .742...| + .097 .046 .7530..| — .689 . 2226 
. 704. . — .192 345 || 146. ..| + .102 .050 .7561..} — .652 . 2257 
Ye ee | i .408 . 749... + .101 .053 2061.689...) + .087 .025 
771...) — .100 .412 .453..:| + .092 .057 .693...] + .072 .029 
De 5 a ee .414 foo: | = 92 .060 .697...| + .078 .033 
776...) — .092 .417 ee ee Ss . 064 .702...| + .092 .038 
.780...| — .239 .421 STOO s 3 + .158 .069 .706...| + .076 .042 
2055.690...| — .536 .261 AOS... + .157 .073 310... 1 222 . 046 
694...) — .504 . 265 By i aes ee a .077 .7616..| + .151 .0975 
.698...| — .487 . 269 Be i ee + .160 .080 .7651..| + .158 . 1010 
.700...| — .463 | .271 .780...| + .144 | .084 || .7689..| + .140 | .1048 
.704...| — .420 275 . 784... + .175 .088 || Gi2k..| + AZZ . 1083 
754...) — .294 «325 7 + .149 .091 .7759..| + .104 .1118 
.758...| — .260 .329 a + .170 .095 .7794..| + .077 .1153 
762...| — .304 . 333 oY, + .172 . 100 .7832..| + .025 .1191 
.766...| — .283 .337 .800...] + .148 . 104 .7866..| — .008 .1225 
.169...| — .264] .340 .804...) + .171 . 108 .7901..| — .053 | .1260 
2056.779...| — .688 .216 2060.6762..| — .438 . 1458 .7932..| — .111 .1291 
784...) — <653 eal 6794:..| — 492 . 1490 .7971..| — .196 . 1330 
.787...| — .648 .224 || .6828..| — .549 .1524 .8009..| — .267 . 1368 
.791...| — .658 . 228 .6866..| — .638 1562 .8044..| — .350 . 1403 
.793...) — .635 . 230 .6905..| — .695 .1601 .8078..| — .434 1437 
.797...| — 613 | .234 || .6939..| — .756 | .1635 -8113..| — .510| .1449 
.800...; — .589 .237— || BTS \ == 982 . 1670 .8158..| — .615 . 1494 
.804...} — .570 241 | .7009..| — .816 .1705 || 2062.698...)| + .052 .467 
.808...| — .570 a J1O8....1- =. BA6 .1743 .702...| + .049 471 
pee, — .568 . 249 .7106..| — .844 . 1802 .705...) + .053 .474 
,815...1 — .552 .252 .4134..] — .840 . 1830 .709...| + .078 .478 
.818...| — .548 299 tae...) — eBas .1917 .756...| + .095 .525 
822...) — .514 .259 1239..1 — 3825 .1951 .760...| + .104 .529 
2057.704...| + .088 .008 1290...) — 2895 . 1986 .764...| + .118 533 
.708...} + .100 .012 . 7338. .] — .796 . 2034 . 768...) + .116 Sot 
+ +0.138 
+0. 
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Fic. 1.—Individual photoelectric observations of RR Lyrae 
TABLE 3 
PHOTOELECTRIC OBSERVATIONS OF TU CASSIOPEIAE AT \ 5000 
Heliocentric || Heliocentric 
; JD a Am * Phase || JD 24300004 | Am seen 
2. Sb. Se ae as +0652 02408 || 2106.734........... +0940 02962 
ye) re +0.735 O.G5e il SERS BAe. 25 os ees +0.927 1.630 
po) ° TE +1.011 1.384 | fi.) +0.434 0.321 
RE I oo si ioc aiclancs +0.513 0.281 Bi: Y” Eas +0.447 0.365 
ye a +0.928 1.268 | 2114. 806. +0.468 0.477 
1 
pe eee +1.024 $508 |] 2908-732... ...:c0.. +0.524 0.124 
yo. cree +0. 842 1.723 ! Viv< ay, ee +0.875 0.860 
fy Se +0.885 L.G> i] ZERO Ge... s.-.. +0.853 1.808 
V0 or <a +1.032 1.382 | yi7 0) Se +0.582 0.670 
Pdi Sy) See +1.041 1.439 y 2139.771.. ere +0.634 1.910 
kh) re +0.521 0.099 || 2141.734......... +1.037 1.733 
Ce ee +0. 505 0.164 || 2163.698........... +0. 182 0.165 
ZI OE, ooocic chen +0. 494 0.212 yi Re err +0. 253 0.208 
ye ae ae —0.035 0.010 | 
, 9 {anne | —0.019 0.066 |) | 
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parison star) of each group. Phases were computed by the elements given by H. Schnel- 


ler? 
bnax = JD 2425041.820 + 24139295 EF . (4) 


These phases are 0.097 day later than those given by L. Robinson’s elements,’ but the 
points in Figure 2 are so scattered that the present short series of observations does not 
indicate which elements are better. Each point represents a group listed in Table 3; lines 
connect groups of observations obtained on the same night. Toward the end of the 
series, when the large cycle-to-cycle variations became apparent, an effort was made to 
obtain photoelectric observations simultaneously with spectrographic observations at 
Mount Wilson. On account of poor weather at one place or the other in the late fall, this 
was never possible; but such simultaneous observations are very desirable for stars like 
TU Cassiopeiae. 
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Fic. 2.—Photoelectric observations of TU Cassiopeiae. Each dot represents the mean of four or five 
observations. Lines connect mean magnitude differences determined on the same night. 


The mean probable error of a group of four observations is +0.0040 mag. and that of 
a group of five observations, +0.0033 mag.; thus +0.0035 mag. is the mean probable 
error of all groups in the series. The observed cycle-to-cycle variations, which are far 
larger than the probable error of any group, indicate that the variations noted by pre- 
vious observers were not due to accidental errors in the photographic or visual tech- 
niques. The present variations are of the same nature as those determined photographi- 
cally by E. Rybka‘ in a more intensive study of the cepheid’s behavior on thirty-six 
nights. The lack of any noticeable deviation in predicted time of maximum light either 
in his investigation or in ours substantiates Robinson’s conclusion from a study of 1800 
Harvard plates that the observed irregularities in the light-curve are all of secondary 
nature. 

T MONOCEROTIS 


The light-curve of T Monocerotis was, like that of TU Cassiopeiae, determined on 
the basis of the mean of four observations. The long period of this cepheid—27 days— 


2 Kat. u. Eph. verdinderlichen Sterne (Berlin, 1940). 
3 Harvard Ann., Vol. 90, No. 2, 1934. 4 Wilno Bull., No. 15, p. 8, 1934. 
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Fic. 3.—Photoelectric observations of T Monocerotis. Each dot represents the mean of four observa- 
tions. Open circles indicate relatively uncertain results. The curve represents Wendell’s mean visual 
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its low declination, and the generally unfavorable winter weather make it difficult to 
obtain a complete light-curve in one season. For these reasons it was decided to include 
certain groups of observations made when the sky was not perfectly clear; otherwise, the 
light-curve would have been incomplete. These groups (sometimes of less than four ob- 
servations) are indicated in Table 4 by magnitude differences (variable minus comparison 
star) given only to hundredths. The changes in transparency, however, were small and 
so slow that it might be assumed that both the comparison star and the variable were 
equally affected. The mean probable error of such groups is +0.005 mag., compared to 
+0.0025 mag., the mean of all other groups. These relatively uncertain results are indi- 
cated by open circles in Figure 3. Phases were derived from the elements of Axel Niel- 
sen: 


tmax = JD 2428193108 + 274018 E. (5) 


In order to avoid the use of a lower sensitivity setting of the amplifier on some nights, 
the light of the cepheid was decreased by the sectors indicated in the fourth column of 
Table 4. No systematic change in magnitude difference or any change in probable error 
resulted from their use. 

To obtain a reliable value for the present time of maximum light, a plot of Wendell’s 
mean visual curve, as given by Nielsen,® was superimposed upon a plot of the photo- 
electric observations. As shown in Figure 3, the photoelectric observations are well repre- 
sented by the visual curve. On the assumption that the shapes of the maxima of the two 
series are the same, the present time of maximum appears to be 0.40 day later than that 
predicted by Nielsen, with an estimated uncertainty of +0.10 day. The observed time of 
maximum is therefore JD 2422219.16 and (O—C) = +0.015P. This small deviation 
indicates that the ephemeris of T Monocerotis may continue to be based on the elements 
which have represented all observations since 1897. Prior to this date the observations 
indicate a period 0.009 day shorter. The elements with a quadratic term, determined by 
Nielsen® in 1930 to fit all observations, yield a residual of —0.065P in 1947. So large a 
residual gives additional weight to Nielsen’s suggestion that T Monocerotis suffered an 
abrupt change in period in the decade before the turn of the century. 


5 Medd. fra Ole Rémer-Observatoriet, No. 16, 1941. 6 A.N., 239, 217, 1930. 
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ABSTRACT 


Complete light-curves in the blue photographic, photovisual, and photored wave lengths have been 
determined for seven cepheid variables in the constellation Cygnus. All the plates for the programs were 
taken with the 8-inch and 3-inch Ross telescopes at Harvard Observatory. Color-curves derived from the 
light-curves run parallel for the most part with the spectral curves obtained by Struve at Yerkes Observa- 
tory. Normal color indices for the spectra were computed by Miss Hagopian at Harvard, and the blue- 
yellow and blue-red color excesses derived from these and the observed color indices indicate that all 
seven variables are reddened by interstellar absorption. The total photographic absorption was obtained 
by multiplying the blue-yellow color excesses by the factor 4 and the blue-red color excesses by 3. Good 
agreement was found between the absorption determined from both sets of color excesses at maximum 
and minimum light. The total absorptions for the various stars compare closely with the values estimated 
for the same regions of the sky by Miller from general star counts and computed from the photoelectric 
color excesses observed by Stebbins, Huffer, and Whitford. 

This investigation indicates that it is possible to use cepheid variables and their fundamental relations 
between spectrum and luminosity and period and luminosity for the measurement of space reddening 


at very great distances. 


The present paper contains the final results of a photometric study of seven cepheid 
variables in the constellation Cygnus. The observational material has taken up the 
major part of the observing time of two instruments at the Harvard Oak Ridge station 
during the summers of 1944 and 1945. 

This investigation is a further inquiry into the very interesting result obtained by 
Oort and Oosterhoff! from the observed color excesses of four cepheid variables in the 
region of the Cygnus star cloud. They found that these four faint stars showed no more 
reddening than the early-type stars, which were only one-third as far from the sun. The 
logical conclusion was that in this region there is no interstellar absorption beyond 1000 
parsecs. The color indices on which this result was based were measured from only one 
pair of plates for each star. 

The results of the present study confirm the fact that color excesses can be deter- 
mined from the color indices of cepheid variables. Instead of determining the color 
indices at only one point of the phase, complete color-curves and spectral curves were 
observed for each of the seven stars, and the color excesses were deduced from these. 
This procedure was adopted in order to give confidence to later observers, who, because 
of the faintness of many of the cepheids, would have to rely on the period-spectrum 
relation instead of on a spectral curve for the normal color indices. 

Dr. Struve of Yerkes Observatory very kindly agreed to obtain complete spectral 
curves for all seven of the cepheids. These spectral curves are given here in their 
entirety for the first time, although Dr. Struve has already published discussions of 
their astrophysical characteristics? and of the radial velocities.* Miss Hagopian and 
Miss Sawyer, of Harvard and Smith College observatories, have undertaken the diff- 
cult task of determining normal color indices from stars of the same luminosity class 
as the cepheids. The observational program for these normal colors has not yet been 
completed, but Miss Hagopian has computed a set of provisional normal color indices 
which has been adopted in this investigation. 


1 B.A.N., 9, 325, 1942. 
2 Observatory, 65, 257, 1944. 3 Ap. J., 102, 232, 1945. 
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The seven cepheid variables are listed in Table 1 with their BD catalogue numbers, 
their 1900 equatorial co-ordinates, and their corresponding galactic co-ordinates. 

All the blue plates were taken with the 3-inch RH camera at the Harvard Oak Ridge 
station. Exposures were kept at 20 minutes. Yellow and red plates were taken with the 
8-inch IR telescope, also at Oak Ridge. Exposures were 20 minutes for the yellow plates 
and 10 minutes for the red. Series exposures were made with the North Polar Sequence 
on practically every photometric night. 

To avoid difficulties with gistance correction in measuring the magnitudes of the 
variables, the seven stars wer® portioned out among the three plate centers, which are 
listed in Table 2. 

TABLE 1 


POSITIONS OF SEVEN CEPHEID VARIABLES IN CYGNUS 


Star y BD No. | R.A. (1900) 











| 

| Dec. (1900) Gal. Long. | Gal. Lat. 
v386..........| +41°4049 | 211079 | 44193. | 53°97. | ~~ 5% 
MW... | ae 20 08.5 | 32.6 | 39.0 | a7 
VY | 39 4423 21 00.5 | #. 6 50.8 —5.1 
__ | 44 3571 20 42.6 | 52.8 | +0.6 
TX... ...| 42 3935 20 56.4 | 2 52.5 | —3.0 
SZ.............1 46 2966 20 29.6 46.3 52.3 +3.2 
ae ...| +33 3718 20 00.6 +33.8 39.1 | +0.3 

TABLE 2 
PLATE CENTERS FOR SEVEN CEPHEID VARIABLES 
Plate Center R.A. atonal Dec. (1944) | Variables 

Pee rn 2003" 433° | MW Cyg and CD Cyg 
Leg Rie a iat irre 20 35 45.5 | BZ Cyg and SZ Cyg 
) Se aA eae 21 00 +41 VY Cyg, TX Cyg, and V386 Cyg 








About ten comparison stars were selected in the vicinity of each variable, and the 
brightness of the variable was estimated relative to these stars. The magnitudes of these 
comparison stars were determined from the polar comparison plates. All the magnitudes 
have been corrected for extinction and color equation. 

The combination of the RH lens with a Cramer Hi-Speed plate shows only a very 
slight color equation for K-M-type stars. The yellow-sensitive plates used with the IR 
telescope have no color equation. The red plates taken with the IR telescope and a ciné- 
red filter show a considerable color equation, which Dr. Bok and Miss Constance Sawyer 
found in their measurements of the C regions‘ last summer. Their formula for the color 
equation, 

C = 0.10 (Ipg — Hops), 


is substantially the same as the one derived from the red-pole plates of the present 
program. This correction has been adopted, and it has been added to the mean points 
of the red light-curves. 

The points plotted in the light-curves (Figs. 1-7) are the means of the indiv idual 
observations for a phase interval of 0.1 period. Many of the points on the red and yellow 
light-curves are poorly determined because only one or two observations were available, 


4A.J., 52, 41, 1946. 


























































































































rs, V386 CYGNI 
| LIGHT CURVES COLOR CURVES 
ge PhaseQ2 04 O06 ay ae eee 02.94 o6 om 4 14 
the = = 
tes fam 
1ce | 
BLUE-YELLOW 
tn f 
che quue-reb +. 
ire | Pong 
SPECTRA (Sttuve) 
. a 
0,0 © 
| } 
| | | 
|| | } 
: ce es i |] | - es 
Daye 105 210 3S 4.20. | | Los 2.10 420 526 
Fic. 1.—Variations in light, color, and spectrum of V386 Cyg 
MW CYGNI 
LIGHT CURVES COLOR CURVES 
PhaseO2_ 0406 =SOB8 10S 24H 0G OB 02 
a ] ] | 
Mag | } } | | ay 
YY, | an _| a oe | | | |BLUETYELLOW _| | | ae 
| | | | | || @--@ % | | Pe 2 -@--e o. o 
| $ é , an 
| | | | OAVETRED | O--¢--0° | 0-0. | ss 
85 oe | — t } | ~ t—-- }- — e <= +15 
he e@ {REO | . @-e. | ?--e oe | ¢--e 
nn ie, SG PS a ~ {eee 4 | 
9 Ole} gh +14 le} 9g — SS ae ee an ee 
€s "eveLLow MY 29” | i, | 
hie © o— | | | | 
95 — a a. + Slo a Se Sea a Te 
ry et Po ae 
| | | | } 
R i\0Oe + + ae + t ———4 - — 
é- a BLUE , ie 
2 F . 
er 105 t+, % is. t — ‘“ 
Or a 
110 ms = ay ‘ ks , SPECTRA (Struve) a a ae 
sal hae, = 
115 -$ +s 1e-* + 0) —~<g | G0 
nt | 
is Lt} |_| es 
{ 
al lDoys 119 238 357 4.76 595 Lig 238 357 476 5.95 
Ww Fic. 2.—Variations in light, color, and spectrum of MW Cyg 
é. 
327 











LIGHT CURVES 


VY CYGNI 
COLOR CURVES 



































PhoseO2_ 04GB 10 12 14 o2__04 96 _o@ 102 ‘3 
| | | | | | | | 
Mag | | | | | ic. 
80 | | | BLUE-YELLOW | | ‘ | oe Fy 
ore | | 2 ? . | 
. } © | 
4 ° ¢ | @ 
85 } { | + | @ ? ? Ps | . t . bd +15 
RED Pt | || BLUE-REO 9 tape e 
x /\%, . 4 |e 
PS Pi, an a ae = | | | te | | | | +20 
i {YELLOWS * a — [ e| | 
| 4 . _* . | 
e | es 2 | | 
95 ~~) >) } eT] | | | 
4 | } } | | 
| | | } | | 
10.0} @ i «* | i | } | | | 
BLUE | | | 
le | ° | = 2 oe ae 
105 * li» { t t t j { 
° . | 
e | «@ | | | 
110 ~4 a ~ + | } ' } i FS 
- | | 
° SPECTRA |(Struve) | oe “1 
"Ws aca len--@} e } | o--@}- @ tele] 
| } 2 } 
| | | } | 
| | 
| | | 
| ae Gee | eee eee | 
| | 
| j | | | } | 
lOoys 1:57. Sie ait gp reg tC eal) ee zig | 
Fic. 3.—Variations in light, color, and spectrum of VY Cyg 
BZ CYGNI 
LIGHT CURVES COLOR CURVES 
Phose 02 O04 O€6 O8 19 12 14 4 02 OS Os 08 10 12 14 
| | | | | | 
Mag | | | | | | Cc! 
| | | || t 
og —_} — = pt __}__{__| | |@LUErYELLqw | : * a —fr15 
| 
| to? sass, owe ee ¢ 
85)-——_ ——_—_—_ —t | 1 e's oe } t a $-— . _ +20 
! | | | | 
| | ee ee ie 2 -@ 
90 ' = oh - | ‘. 1} | } | ——}+25 
RED | | 
| 
gspe a jj» --P 9 4% 44 
) | P 
~ YELL W a 4 ly t /e 
loop-—_4.-__+ —_@— og + ss i | 
a a ee ° Ne 
a a os ail | | | ~e | SPECTRA (Struve) FS 
| | | j 
| | le | a -@ 
11.0 oem’ i +— | } i * } + 5. * + GO 
| ee, 2 --@ 
q | L } ° e eo 
LUE | | | } 
iispa_e — t~#-+-9- gt i = "ics 
e i ae | | | | 
| | } | | | | | 
12.0 P . ee — — +#—t— <j — $+ -—J 
| , | 
|| | | 
joys 2103 4106 608 silt 1014 | | Ul ie 406 6108 Bil! 1014 | 














Fic. 4.—Variations in light, color, and spectrum of BZ Cyg 


328 








LIGHT CURVES 


TX CYGNI 
COLOR CURVES 





































































































































































































PhoseO2 04 06 os ¥ l2 14 s 02 T 06 08 10 12 1.4 
Maq | | C1 
+ 
80 = . + +4 “—<—— +15 
N RED | e.ui- YELLOW | a’ 
Pain 
ry } — ow "Sa. +20 
> * @--..6 
\ i a: mn, 
9.0) Ye |YELLGM © Ad i hag | Ce | a ia a +25 
- ae 3 | rs op 6: 
Ne NS { he ~“e 
p | ~e | ~e ull *. 
95 . / = t S ‘e | . 2 5 a wees >. *3.0 
‘ ma 
100 = Saas es ee eee . + » $+} | ——EE +35 
| | } 1} | 
| | Pe - | | 
10.5 \——_+— + 7 + } | } —— 
[BLUE / | | sPedrna brave | 
| | | 
11.0 ae a oe - eo ee Ss F5 
’ ¥ ah 
I\ ey | * s|e 
1 $f} —_,_ S| _{__| ae tm; | ts t——t= 60 
i 1 
a a oe oe ee e. 4 % 
| | / | | \ « ° | ‘a 
i — See = \ a eS cored 65 
| <p | > lente TY - 
| | | | | 
Days _ 588 8/82 11/77 14/7) | | | 2194 5188 8/82 _ 11/77 14/71 
Fic. 5.—Variations in light, color, and spectrum of TX Cyg 
$Z CYGNI 
LIGHT CURVES COLOR CURVES 
ase02_ 04 06 O8 io 12 14 02 “i Of Of 10 121g. 
Mag | Ch 
8 | ae +10 
| | | | 4 
85 RED — a 3 een <—s oe +15 
ee ee? t-*-4 | © | ad o-« $ 
NN lIBLUE-RED Pe ¢ ~T * 
9.0} > $ Jin * ++] @ | 4} ___ —=- j—M._| __|_1420 
wel 7s N Ne ‘ «1 f . 
95 ® = a +25 
Le ™ 
10. panianenied 
BLUE T\ 
10.5 SPECTRA (Struve) — FS 
\ / x 
/ ~ 
11.0 R P A Peg) —e- 1e-e-—:—____|60 
x y ™ i = | 
w R ; 
; — a 
: a aes et ar eee See ie ea 
1S ne rer at eS GS 
‘ -* 
12.0 * KO 
ays 3102 4 712/09 15,1 31026 u 



























































Fic. 6.—Variations in light, color, and spectrum of SZ Cyg 
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THE LIGHT-CURVES 


The light-elements of most of the seven cepheids were determined by various ob- 
servers about ten years ago. Struve’ has already mentioned that the periods adopted for 
MW Cyg and V386 Cyg did not fit his recent observations of radial velocities. In pre- 
paring the mean light-curves in the present investigation it was necessary to derive 
new light-elements for three of the stars: MW Cyg, V386 Cyg, and BZ Cyg. The observa- 
tions for the remaining four cepheids showed no appreciable deviation from their 
original periods. 

Different periods for V386 Cyg were determined by Seliwanow’ and by Parenago.® 
Neither of the periods found by these two observers satisfy recent observations. The 
observations for the summer of 1944 yielded a period of 5.2737 days, but this revised 
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Fic. 7.—Variations in light, color, and spectrum of CD Cyg 


period was not satisfactory because the number of observations at maximum light was 
too few. The variable was measured on thirty-one RH patrol plates, taken at the 
Harvard Oak Ridge station at periodic intervals between 1928 and 1942. The new light- 
elements for this star were computed from the mean epochs of 1944 and 1945 and from 
the two epochs of Seliwanow and Parenago. Most of the available observations, includ- 
ing the radial-velocity observations of Joy’ and Struve,’ fit reasonably well with these 
new light-elements. All the observations from the thirty-one RH patrol plates were used 
in determining the mean points of the light-curve. 

The light-elements of MW Cyg were found by Lange*® and later by Oosterhoff.? The 
recent observations show that Lange’s period of 5.95465 days is more accurate than that 
of 5.955 days, determined by Oosterhoff. The mean epoch for the maximum of 1944-1945 
indicates a correction of +0.13 day to Lange’s epoch listed in Prager’s compilation.’ 


5 Beob. Zirk., 18, 22, 1936. 8 Leningrad Bull., 2, 13, 1933. 
6 Ver. d. Freund. d. Phys. Nishni-Novgorod, 5, 282, 1940. ® Harvard Bull., 900, 9, 1935. 
7Ap. J., 86, 363, 1937. 10 Harvard Ann., 111, 63, 1941. 
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As early as 1934, BZ Cyg was suspected by Beyer" of irregularity in its period. The 
mean period which he derived gave a maximum which is slightly out of phase with the 
observations of 1944 and 1945. By using the epochs of Plaut, Rugemer, and Beyer in 
combination with the mean epoch for the recent observations, the period was revised 
as given in Table 3. This new period fits all the observations of this star except those 
of Parenago,'® whose observations do not seem to show any variability for this star. 

The radial-velocity curves of Joy and Struve for the three stars, V386 Cyg, MW Cyg, 
and BZ Cyg, must be corrected for the revised light-elements given in Table 3. Apart 
from the large difference between the radial-velocity observations of Joy and Struve 
near maximum light of BZ Cyg, there is good agreement in the radial-velocity curves of 
those two observers for all seven of these cepheids in Cygnus. 


TABLE 3 
LIGHT-ELEMENTS OF SEVEN CEPHEID VARIABLES IN CYGNUS 


WR: 3 eRe ecomega T = 2431320.798 + 5.2572 E 

Sens Fs T = 2425173 .236 + 5.95465 E 

Mg 52% 5:8 5 PROS T = 2423497.14-+ 7.856956 E 

eee ..T = 2431237 .28 + 10. 140391 E 
{Serre re T = 2422290 .94 + 14.70791 E + 0.00000138 E? 
SZ. . ..T = 2426399 .22 + 15.111056 E 

| ..T = 2421501 .04 + 17.071343 E 


THE COLOR-CURVES 


The color-curves, which show the variation of the blue-yellow and blue-red color 
indices, have been plotted beside the light-curves for each of the seven stars in Figures 
1-7. These color-curves were determined by reading from the light-curves the magnitude 
difference at each 0.1 phase. 

The blue-yellow and blue-red color-curves show a parallelism which is quite good. On 
the other hand, the parallelism between the color-curves and the spectrum-curves fails 
at minimum light for at least four of the seven stars. Correlations between color-curves, 
yellow light-curves, and spectra have been plotted for each of the seven stars in Figures 
8,9, and 10. Correlation coefficients have been computed for the data in the above plots, 
and these have been tabulated in Table 4. The quantities to which each correlation co- 
efficient applies are given at the top of each column. 

The best correlations are found between the spectra and the yellow light-curve. The 
poorest correlations are between the color-curves and the light-curves. There seems to 
be no evidence that the failure of a strict relation between the color and the spectrum 
has anything to do with the length of the period of the stars. But these results seem to 
indicate that, in cases in which the cepheid is too faint for an observation of its spec- 
trum, an estimate to within half a spectral class can be made from the period of the star. 

An attempt was made to find a better correlation by converting the spectra into effec- 
tive and color temperatures. Kuiper’s temperature scale!® was adopted for the effective 
temperatures, and color temperatures were computed from Miss Hagopian’s provisional 
color indices by means of Russell’s formula:'4 


ae 
~ Chrno 


11 4.N., 252, 98, 1934. 
12 Ver, d. Freund. d. Phys. Nishni-Novgorod, 4, 352, 1934. 
3 Ap. J., 88, 464, 1938. 14 Russell, Dugan, and Stewart, Astronomy, 2, 734, 1927. 
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Use of the temperature scales did not improve the correlation. There is no clear ex- 
planation of why the color index in some instances tends to remain nearly constant at 
minimum light, while the spectrum changes rapidly to a later type. The effect might be 
due to poorly determined minima in the yellow or red light-curves. But it is a fact that 
cepheid variables have abnormal spectra during their cycle of light-variation, and there 
is a possibility that this lack of correlation between spectrum and color is due to the 
behavior of the stars themselves. Struve has already noted? that the variations in the 
spectrum of a cepheid may not be attributed only to a change in temperature but may 
also involve a change in luminosity. In that case it is unlikely that a true parallelism 
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Fic. 8.—Correlations between color, light, and spectrum for V 386 Cyg, MW Cyg and VY Cyg 


or linear correlation exists between the observed color index and the spectrum of the 
cepheid variable. It is interesting to note, however, that there is no systematic differ- 
ence between the color excesses measured at maximum light and those measured at 
minimum light for these seven stars. The differences shown in Table 6 are more acciden- 
tal than real. 

The assumption that normal color indices for cepheid variables correspond to those of 
ordinary nonvariable supergiant stars is based only on their spectra. Struve? and Morgan, 
Keenan, and Kellman” have found that the spectra of cepheids are similar to the 
spectra of normal supergiant stars of luminosity class Id. At minimum light there is 
practically no difference between the spectrum of a classical cepheid and that of a 
normal supergiant star. A further study of the similarities between cepheids and normal 


16 Atlas of Stellar Spectra (1943). 
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supergiants, especially with regard to absolute magnitudes and dimensions, should lend 
more confidence to this basic assumption of identity of color indices. 

Beileke'® has determined average color indices for stars of c-type spectra; but, since 
the system of spectral classification which Struve has used permits a fine division of the 
luminosity classes, a more limited set of normal colors is desirable. Miss Hagopian has 
provided me with provisional color indices of unreddened stars of luminosity class Id, 
which she has determined from Bottlinger’s photoelectric observations and has reduced 
to King’s system of magnitudes. These provisional normal colors are given in Table 5. 
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Fic. 9.—Correlations between color, light, and spectrum for BZ Cyg and TX Cyg 


The blue-red color indices in Table 5 have been computed from Miss Hagopian’s blue- 
yellow values by means of the formula 


C.Lr = 1.14 C.ly + 0.15. 


The above formula was derived from Miss Sawyer’s revised magnitudes in Harvard 
Standard Region C5‘ and the magnitudes of forty-eight stars, which were measured on 
photometric plates for center No. III in this investigation. The magnitude of each of the 
forty-eight stars was determined from four plates with separate polar comparisons for 
each color. The constants found from a least-squares solution of the above data are 
slightly smaller than those given by Mrs. Gaposchkin."” 


16 Zs. f. Ap., 14, 23, 1937. 17 Harvard Ann., 89, 121, 1935. 
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Fic. 10.—Correlations between color, light, and spectrum for SZ Cyg and CD Cyg 


TABLE 4 


CORRELATIONS BETWEEN COLOR INDEX, SPECTRUM, AND 
YELLOW LIGHT-CURVE 





Star (Cyg) C.1.2/Sp.* C.l.y/Sp.t | L.C.y/Sp.t L.C.y/C.Ly 
RRS nd Nee ats y 0.86 0.61 0.90 0.58 
i) CEES SOR ee 91 | .99 | .97 97 
Witte xs End SP dete 80 74 .82 63 
ee are 67 61 .88 .48 
0! <a See .93 .88 .94 .69 
Ve ne ; 70 74 94 74 
oe ee END 0.66 0.74 0.95 | 0.79 


* C.I.r=Blue-red color index; Sp. =Spectrum (M.K.K.). 
t C.Ly =Blue-yellow color index. 
t L.C.y = Yellow or photovisual light-curve. 
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The color indices and spectral classes from which the color excesses have been derived 
were read off at the points of the curves corresponding to the maximum and minimum 
phases of the light-curves. The color excesses were then determined at these phases. The 
values “‘C.I.y” and “C.I.r” in Table 6 are the blue-yellow and blue-red color indices which 
were taken directly from the observed color-curves. The tabulated color excesses are 
the differences between the observed color indices and the normal colors in Table 5. 
The differences between the color excesses at maximum and minimum light are not un- 
reasonably large, and there is no conclusive evidence that the differences are systematic. 
It was decided, therefore, to take the mean of the color excesses for maximum and mini- 
mum as the best values for computing the total absorption. The total photographic 
absorption has been obtained by multiplying the blue-yellow color excess by the factor 4 
and the blue-red color excess by the factor 3; Ky, is the mean of the two values of the 
total photographic absorption obtained from the two sets of color excesses. The factors 
used are in agreement with the results of recent investigations of the relation between 
selective and total absorption. In a previous report'® on these seven cepheids, the factor 
5 was used for the blue-yellow color indices, but this was considered too large. 

















TABLE 5 
NORMAL BLUE- YELLOW AND BLUE-RED COLOR INDICES 
Sp. (M.K.K.) | C.Ly C.Lr || Sp. (M.K.K.) | C.Ly C.Lr 

| sae eee — 
ES... +0.55 40.78 ff GB......:. | +1.00 +1.29 
F6.. 0.61 O85 |i G4....... 1.06 1.36 
Fe. 0.66 0.90 GS.. ee jee 1.42 
F8 0.72 0.97 oo Ree 1.16 1.47 
F9... 0.78 1.04 G7... a 1.22 1.54 
GO. . 0.83 1.10 GS... 1.28 1.61 
G1.. 0.89 1.16 i: ae 1.34 1.68 
G2. +0.94 +1.22 KO | +1.39 +1.73 





In Table 7 the median photographic or blue magnitude has been used. The absolute 
magnitudes have been derived from Shapley’s period-luminosity curve.'® Total absorp- 
tions (Ky,) are from Table 6, and the distances (r) have been computed from the 
formula 


Slogr=m—-M+5— Kg. 


The total photographic absorptions, which are listed in Table 7, are greatest in the 
regions of obvious obscuration on the Ross-Calvert Aélas chart”® of this region (Fig. 11). 

The surface distribution of stars in the Cygnus region, where these seven cepheids 
lie, is very uneven. No two of the variables appear to be in regions of comparable surface 
star density. Consequently, it will be necessary to study the available data on total 
absorptions for the vicinity of each variable. Taking the stars in order of increasing 
period, the total absorptions given in Table 7 will be compared briefly with the conclu- 
sions of other observers. 

V386 Cyg lies in a tiny black area southeast of the North America nebula, which 
appears comparable to the darkest part of the northern Coal Sack. The immediate 
neighborhood of this star has not been studied carefully for reddening or absorption in 
any previous investigation. Stebbins, Huffer, and Whitford*! determined color excesses 


18 4.J., 52, 44, 1946. 
19 Proc. Nat. Acad., 26, 543, 1940. 
20 Ross and Calvert, Aélas of the Milky Way, chart 17. Ap. J., 91, 20, 1940. 





TABLE 6 


COLOR INDICES AND COLOR EXCESSES 
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Star (Cyc) | Sp.(M.K.K.)| Cly | CE. | CE 
| 
At Maximum Light 
abs 8 are FS 41.50 | +40.95 40.97 
RUT fey l<i F8 1.10 0.38 0.38 
VY.. F6 1.00 | 0.39 0.50 
BZ... F8 1.40 | 0.68 0.93 
=. FS 1.65 | 1.10 1.37 
eee Fee oe F9 1.20 | 0.42 0.51 
ES EEG ms . “600 | 2e88 +0.58 
At Minimum Light 
sede cease a 
V386. G1 +1.85 | +0.96 +2.25 +1.09 
MW.... G1 1.40 | 0.51 1.75 0.59 
VY.. G1 1.60 | 0.71 1.95 0.79 
BZ... G5 1.80 | 0.69 2.15 0.73 
a... G6 2.10 | 0.94 2.90 1.43 
SZ. KO 1.85 | 0.46 2.10 0.37 
CD. KO | +1.55 | +0.16 | +2.00 +0.27 
MEAN COLOR EXCESSES 
Star (Cyg) C.E.y | 4xcEy | C.E.r Kpg 
Ste yg .E.y | | .E | (Mag.) 
V386. +0.96 | 3.8 | +1.03 3.1 3.5 
MW 0.45 | 18 | 0.49 1.5 1.6 
VY.. 0.55 | Sao 0.65 2.0 2.1 
eR ptgetia dine: 0.69 . a 0.83 2.5 2.6 
TX. 1.02 “a 1.40 4.2 4.1 
.. 0.44 is 0.44 1.3 1.5 
CD. +0.17 7 | 264 1.3 1.0 
TABLE 7 
DISTANCES AND ABSOLUTE MAGNITUDES 
Star r 
(Cyg) log P Moe Moe (Parsecs) 
ae 0.72 | -15 | 1.0 | 3.5 630 
ee eprted: | 10.6 1.6 1300 
ARE AS 10.6 2% 1200 
11.8 2.6 1700 
113 4.1 800 
eae 10.8 1.5 2100 
1.0 1900 
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for three early-type stars quite near V386 Cyg, but in an area slightly richer in stars. 
These three stars—HD 203731, HD 201795, pee HD 201910—have an average distance 
modulus of 9.0, and they indicate an average absorption of only 0.42 mag. at 900 
parsecs. A close scrutiny of the Ross-Calvert Aé/as chart shows these three early-type 
stars to be in a slightly richer star region than V386, whose color excess corresponds 
to a total absorption of 3.5 mag. 

MW Cys is located in the darkened edge of the lower southeast portion of the Cygnus 
star cloud. This area was included in Miller’s star counts,” from which he estimated a 
total absorption of 2.0 mag. Of the six B-type stars observed by Stebbins, Huffer, and 
Whitford near MW Cyg, only three show any, serious reddening. One of these, HD 
190603, indicates an absorption of 2.5 mag. at about 700 parsecs. Three of the six 
B-type stars show no reddening at all in their region, although they appear to be at a 
greater distance than HD 190603. This large variation in the color excesses of the B 
stars seems to substantiate the impression that the region is covered by a patchwork of 
relatively small dark nebulae of varying optical density. Miller has observed a similar 
condition within the Cygnus cloud. 

VY Cyg is situated just below the heavy obscuration south of the North America 
nebula. Two of the B stars—HD 199356 and HD 198784—which Stebbins, Huffer, and 
Whitford observed, indicate an absorption of about 1 mag. at a distance of 400 parsecs 
near VY Cyg. The absorption of 2 mag. found from VY Cyg at 1200 parsecs is quite 
reasonable, and it compares closely with values observed by Balanovsky and Hase”* 
for this region. 

BZ Cyg is on the edge of the dark nebula southwest of the North America nebula. Its 
position with respect to the nebula is about the same as that for VY Cyg, and the ab- 
sorption is the same. Wolf*4 has estimated the absorption in the center of this nebula 
to be about 3 mag. from general star counts. Miller” increases this estimate to 4 mag. 
for the center and to 2 mag. in the bright fringe of stars at the edge near a Cyg. The 
absorption of 2 mag. at the edge of the dark nebula where BZ Cyg is situated is con- 
firmed by the photoelectric color excess of HD 198478, a cB2e-type star, at a distance 
of 500 parsecs. On the other hand, HD 199081, which is also close to BZ Cyg, is not 
reddened at all. This star is, however, at a distance of about 200 parsecs. 

TX Cyg lies just below the North America nebula, approximately in Miller’s star- 
count region No. 2, in which he has estimated an absorption of 4 mag. Wolf* has de- 
rived an absorption of 3 mag. for the same area. The early-type stars observed by 
Stebbins in this region are quite distant from TX Cyg. Two of them—HD 199218 and 
HD 199356—both relatively bright stars, are located farther south on the edge of the 
dark nebula. They appear to lie in a part of the nebula similar to the vicinity of TX Cyg. 
But, while both of these early-type stars are very close together, one of them has a zero 
color excess and the other shows an absorption of 1 mag. at 400 parsecs. 

SZ Cyg is the most distant of the seven stars which were studied in this investigation. 
The total absorption indicated for this rather star-rich region, north of a Cyg, is only 
0.5 mag. per kiloparsec, and it is substantiated by four of Stebbins’ early-type stars, 
which have negligible color excesses. One of these, HD 195965, shows a total absorption 
of 0.4 mag. at 300 parsecs. Miller also finds an almost insignificant amount of absorption 
in this region which is listed No. 4 in his star-count analysis. He estimates a total ab- 
sorption of 0.4 mag. within 200 parsecs of the sun, with perfectly clear space beyond. 

CD Cyg is situated in a portion of the Cygnus star cloud just south of the P Cyg 
cluster of B stars. The total absorption derived from the color excess of CD Cyg is about 
1 mag. at 2000 parsecs. Miller has adopted the same value, 0.5 mag. per kiloparsec, for 
this region. This value, however, is only 50 per cent of the total absorption computed 


2 Harvard Ann., 105, 312, 1937. 
*8 Pulkovo Bull., Vol. 14, No. 2, 1935. 24 A.N., 223, 89, 1924. 
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from the color excesses of 23 B stars near P Cyg, and it is much less than the total ab- 
sorption adopted by Oort and Oosterhoff' for the same region. 

The foregoing results indicate quite definitely that the color excesses determined 
from these seven cepheid variables are real. In selecting these seven stars for this 
special study, the region of Cygnus was chosen because of the considerable amount of 
work that has been done on the absorption and on star counts in other investigations. 
As in most regions of the Milky Way, it has been difficult to make a perfect comparison 
between the result for one star and an average result from the color excesses of several B 
stars a degree or two away, or from estimates of the absorption from general star counts. 
The agreement is sufficiently close to encourage further research in color excesses of 
cepheid variables. 

It does not seem necessary to insist on spectral curves. Of the seven stars studied here, 
the three stars with periods between 5 and 7 days have practically the same range in 
spectrum; and as the periods of the others increase, the spectral type at maximum does 
not change by more than half a spectral class. The same can be said of the spectra at 
minimum light, up to periods of 15 days, when the spectral type suddenly changes from 
G5 to KO. If these are typical cepheids, it should be possible to estimate the spectral 
type at maximum and minimum light quite closely from the period. This will permit 
the use of cepheid variables for measurements of space reddening which are too faint 
for spectroscopic observation. 

Observational programs involving the measurement of color excesses of very faint 
cepheid variables are now under way at Harvard Observatory. Ashbrook has investi- 
gated twenty or more cepheids in the region of Cassiopeia, and Bok is extending the in- 
vestigation into two other regions, in the Ophiuchus and in Gemini-Orion areas of the 
Milky Way. 

It will be interesting in the near future to compare the results of these unpublished 
investigations with the available data on the absorption for these regions. 


Besides Dr. Bart J. Bok, who generously offered to supervise the taking of the plates 
for this program, nine other Harvard observers have contributed their time to its success- 
ful completion. I am indebted to Miss E. Brown, Henry Sawyer, Joseph Gossner, George 
Mumford, Miss Anne Hagopian, Joseph Ashbrook, and Father Roger Leclaire, S.J., 
for their interest in this work and their expert handling of the 8-inch IR telescope and 
the 3-inch RH patrol camera at Oak Ridge. I am also grateful to Dr. Harlow Shapley 
for authorizing this program and for permitting the observational material to be sent 
to me at Georgetown. 
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HIGH-DISPERSION SPECTRA OF v SAGITTARII* 


Jesse L. GREENSTEIN AND WALTER S. ADAMS 
Yerkes Observatory and Mount Wilson Observatory 
Received July 2, 1947 


ABSTRACT 


Mount Wilson coudé spectra of dispersion 2.8 A/mm cover the range \\ 3564-4861. The wave lengths 
and identifications of about one thousand lines are given in Table 1. The lines of H are relatively weak; 
those of Het, N1, Nu, Mg u, Siu, S u, and Fe tare very strong. These lines, with other high-excitation 
lines, such as those of Si 11 and Fe 11, indicate a spectral type near B2. On the other hand, the metallic- 
line spectrum includes Fe 1, Al 1, and Mg 1, as does the spectrum of an early A star. Systematic differences 
in radial velocities of the different elements are probably less than 3 km/sec. There are many apparent 
anomalies in the abundances of the elements. A considerable number of lines remains unidentified. 

Variations in line contour are observed. On two plates the strong Fe 1 lines of a few multiplets, as 
wellas a few Ti 11 and Cr 11 lines, become double; the doubling is symmetrical about the normal position 
of the lines, which may at other times show asymmetries. Weak, broad emission of the strong Fe 11 lines 
is observed and may be similar to the stationary emission found in the infrared arising in a nebulous en- 
velope surrounding the binary system. No clear large variations of the level of ionization and excitation 
in the absorption spectrum are detected at different phases in the orbit. The nature of the physical 
process leading to the asymmetries of the lines is discussed. The excitation of the spectrum by the ultra- 
violet emission of the nebulous envelope may be significant if the unobserved companion is a hot star. 


High-dispersion coudé spectra of v Sagittarii (HD 181615, 6; R.A. 191670; Dec. 
—16°8’; mag. 4.6; sp cApe), obtained at the Mount Wilson Observatory (1939-1946) 
and the McDonald Observatory (1942), provide material for a detailed study of the com- 
plex spectrum of the star from the near ultraviolet to H8. The present investigation is 
based on plates taken with the plane grating and the 114-inch camera at Mount Wilson, 
on 103-O and 103a-O emulsions. The mean dispersion is 2.8 A/mm; with a slit width 
equivalent at the plate to about 0.08 A, the resolution is nearly 50,000. The stellar ab- 
sorption lines are about 0.25 A wide; the broadening arises from turbulence or other mo- 
tions in the star’s atmosphere. Although the plates are excellent and of good contrast, 
the weak lines appear shallow and ill defined. Even at this dispersion the spectrum is so 
rich that blending is a serious problem. 

We have attempted to make a complete measurement and identification of the lines in 
the photographic region, \\ 3564-4861. The plates used were Ce 2132 (measured by 
Adams) and Ce 2815 (measured by Greenstein). Plate Ce 2132 shows more lines than 
Ce 2815 does. Some estimate of the accuracy attained is provided by the intercomparison 
of measures of the 300 lines which were measured twice on Ce 2132. The average devia- 
tion between the wave lengths was +0.02 A; 117 of the best strong lines had average de- 
viations of +0.015 A. The average deviation between the measured wave lengths on 
Ce 2132 and Ce 2815 was +0.027 A. Since different plates show real, though small, differ- 
ences in line intensity and quality, the latter figure is not unexpected. The wave-length 
scale on Ce 2815 was reduced to that on Ce 2132; the fundamental wave-length scale 
is based on the Revised Rowland solar wave lengths of 117 strong, good lines. Wave 
lengths were measured on Ce 2815 alone from \ 3564 to \ 3694, and on Ce 2132 alone 
from \ 4693 to \ 4861. In the latter region most lines were measured twice. The arbitrary 
intensity scale was based on visual estimates by Greenstein for \ < 4693 and by 
Adams for \ > 4693; the latter part of the scale is relatively compressed. A weak line 
of intensity 0 was measured only once; lines of intensity 1-0 are probably real. Except 
for diffuse lines with line characters described in Table 1 as “‘n,” “‘N,” “d,” “r,” or 
“v,”” wave-length errors as large as 0.10 A must be rare. Consequently, suggested 


* Contributions from the Mount Wilson Observatory, Carnegie Institution of Washington, No. 738. 
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identifications in which the discrepancy between stellar and laboratory wave length 
exceeds 0.10 are not satisfactory. A selection of 100 good, unblended lines with 2 = 
I = 5 shows that the average deviation between stellar and laboratory wave length 
is +0.029 A. These well-identified lines thus show as good agreement with laboratory 
wave length as could be expected from the internal agreement between the plates. 

Table 1 contains the wave lengths and identifications of about 1000 lines in the range 
AA 35644861. A comparison of the data of Table 1 with previously published lists is of 
interest. Greenstein! measured three McDonald plates in the ultraviolet region (Eastman 
Process emulsion) with a prismatic dispersion of 33 A/mm at K. Within the region \\ 
3650-3750, 54 lines are common to his list and Table 1; 28 lines are visible on the Mount 
Wilson plates only, and 10 lines on the McDonald plates only. Since certain lines are defi- 
nitely variable (A/ 1 and A 11), many of the last group may be real. The average devia- 
tion of the wave lengths is + 0.07 A. Since plates in the far ultraviolet will probably not 
be obtainable with high dispersion at Mount Wilson, the McDonald list remains a use- 
ful guide to the ultraviolet if we remember that it is only about two-thirds as complete 
as Table 1. An older list by J. S. Plaskett,? enlarged by W. W. Morgan,’ can be compared 
in the blue with our Table 1. In this region, between \ 4100 and \ 4200, the Plaskett list 
contains half as many lines. Plates are now available for a study of the region Ad 4900- 
6600 at a dispersion of 5.6 A/mm; for wave lengths from ) 6571 to \ 8784 a list has re- 
cently been published by Greenstein and Merrill.‘ 

In Table 2 we list the elements identified in the region AX 35644861 of the spectrum 
of v Sgr. Under ‘‘Remarks” we include the maximum excitation potential, E.P., in elec- 
tron volts, represented by the observed lines. The identifications and wave lengths are 
based mainly on Miss Moore’s Revised Multiplet Table.® We shall refer to multiplets by 
their serial numbers in that compilation. 

The identifications are not complete, many strong unidentified lines being present, 
the strongest of which are listed in Table 3. It is probable that many other lines in Table 1 
have additional, unknown strong contributors from other elements. The laboratory lists 
of the ionized metals and of many other lighter elements are very incomplete. A compari- 
son of the unidentified lines with those in other stars studied with high dispersion shows 
that the singly ionized rare earths, at least, are not significant contributors. For example, 
W. A. Hiltner, in his study of 8 Coronae Borealis, lists’ many strong rare-earth lines, ab- 
sent in v Sgr. From his table of unidentified lines, only \ 4461.63 occurs in both stars. 
In a Carinae’ several common unidentified lines exist at \X 4177.67, 4187.87, 4306.99, 
4371.38, 4461.63, 4593.77, and 4596.02. The line \ 4177.67 (possibly Y 1) is abnormally 
strong in e Aurigae. Certain lines may coincide with unidentified lines seen on low-dis- 
persion spectra of manganese and silicon stars; for example, \ 4376.96 and \ 4621.61 are 
strong* in r® Eridani. There are also some coincidences with unidentified lines in the spec- 
tra of B stars as given by H. Kiihlborn.® It is probable that most of the unidentified lines 
in v Sgr are those of singly ionized light elements and metals. 


1 Jesse L. Greenstein, Ap. J., 91, 438, 1940. 

2 Pub. Dom. A p. Obs., 4, 115, 1928. 

3 Pub. Yerkes Obs., Vol. 7, Part IIT, 1935. 

4 Mt. W. Contr., No. 723; Ap. J., 104, 177, 1946. 


°C. E. Moore, “A Multiplet Table of Astrophysical Interest, Revised Edition,” Contr. Princeton Obs., 
No. 20, 1945. 


6 Ap. J., 102, 454, 1945. 
7 Jesse L. Greenstein, Ap. J., 95, 161, 1942. 
8 Veréff. U.-Sternw. Berlin-Babelsberg, Vol. 12, Part I, 1938. 








THE SPECTRUM OF V SAGITTARII AA 3564-4861 


TABLE 1 
WAVE LENGTHS AND IDENTIFICATIONS IN 
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Fe I -10(100) 50.34(3 CriI -37(40 Fell -30(3 
ScII 52(50 51.89(2N) Hel -97 + 25 .96(2) Fell -90(2 
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Fell? .96(1 04.05(1-0) H 16 3.86? CriI .69(7 
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; Fell .35 ae 00)? 
08.93 3) He I .89(1 | ii. a 1) | 3900 
-37(2 TiII = .33 -18(3 crea iaigioates 
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19.67(8) He I .61(4 | CriI .76(p 32.22(1-0) SII .30(2 
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21.96(4) Fell 92 p | 78.72(3) VII .72 300) | ceeds Fell -94(6) | 
aX 2.07 Fe I 57(100 | 36.98(1- rI -95(1)7 
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sitesi Fe I .22(100) eatin CrII 28 h)? 50.45(1) 3 II ~ 00), 
35-34(4N) H 9 .39 93.42(3 Mg I .38(3)? ; 
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67.51(1-0) Fel  .s2 | Cril 13603 17 68tan) SrII .71( 400) 
Interstellar H 2 Components} 22.41(2) Cri "36th CrII .50(4)? 
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71 I -64(100)? | 52.63(0-1) .... “genes ye 33 os wali 
| 53-9345) cont 5 S2h2} 28.08(10) siII  .05(8 
ated | ; 28.76 in} MnII .87(p 
| Serash}  aidz “2i( 3} Pelt 74(3 
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TABLE 2 
ELEMENTS IDENTIFIED IN v SGR 
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Element Remarks Element | Remarks 
|; SER PA Ae Y | Relatively weak PA MMI Soe aoa Sh Probable 
Bet ore Strong, E.P.=21.1 || At Doubtful 
GTR ci ....| Presencenot proved |} All . ...| Weak 
CBs awe ere: | Doubtful |} Call. ...| Strong 
8: Re en | Weak, E.P.=18 (a) nn re Weak 
Ni. occcccusc] Stree ine. HW 28S ..c..sccct Weak 
FRE eon ala ce stskore Present, E.P.=23 | Co | ee ee Strong 
INABER cc caeieals Possible, E.P.=35.5 || Vir .........| Present 
2) Cheaper praca Doubtful CPR s ss lickas Strong, E.P.=6.7 
O51 nee Doubtful MED occas Doubtful 
tT eee Weak in this region Mnit........| Strong, inc. 
MOTE co..5% ....| Doubtful POE .ccccacns) FeQgeme 
MOBY vickcke os ..| Weak, E.P.=4.3 POT; co oars Very strong, inc. 
a ne Strong E.P.=7.9 
tS re E.P.=0.0 | Fer .| Present, E.P.=20.5 
Alir.. eer vee, | Cat ..<.ss..s) Beubttal 
Aim ......-..| Deoubthal | Com Present 
SPD. bocce eee HD IVOEE Sscecca Strong, inc. 
S$. .s...c-.) Strong. ine. (GY pee ae Present 
SPT . cis .csiesf Pkegent, EP =2E6 | 35) 2 eens Weak 
| 20 | an Probable ! Yo. | en eed Weak 
Stt...........| Strong, E.P.=17.4 | RRO? Weak 

| 


NOTES TO TABLE 2 

Inc.—The laboratory lists seem far from complete for these elements. 

H.—HB has weak emission, broad shallow absorption. No Stark effect is seen. 
The lines are not always symmetrical. 

He I1.—There are many coincidences with the 42F°—n?G series. The line \ 4686, 
however, is not seen either in emission or in absorption on the plates or on micro- 
photometer tracings. 

N I.—Some laboratory wave lengths are discrepant. There are large differences 
between the Revised Multiplet Table and the M./.7. Wave-Length Table, especially 
in the red. 

O IT.—Some of the lines usually strongest in B stars are absent; there are many 
coincidences with weaker lines. 

Mg I.—The presence of lines of this element usually seen in cooler stars is not due 
to metastability, since normal levels up to 4.3 volts are seen. 

Al II.—Definitely weaker than when observed by Greenstein in1939. 

P II.—Stellar wave lengths are systematically greater than laboratory by 
+0.1 A. 

Cl II.—The identification seems fairly good. 

A II.—The lines are much weaker than when first observed by Morgan (A p. J., 
79, 513, 1934). 

Mn II.—Many lines observed by Exner and Haschek (Kayser and Konen, 
Handb. d. S pektrosco pie, 7, Part III, 1052, 1934) in the spark spectrum are listed as 
Mn? in Table 1; they are probably Mn 11. The high-level lines at 10.6 volts, seen 
in manganese stars, are absent. 

Fe I.—High-level lines are relatively strong compared to laboratory intensities. 

Fe II1.—Some strong lines have broad, weak emission wings. Many predicted 
high-level multiplets, normal and metastable, are observed. Some unclassified lines 
are entered as Fe li? 

Fe IIT.—Identification seems certain. The multiplet at 20.5 volts (118) is weak 
compared to that at 8.2 volts (4). 
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Because of its high luminosity, its binary character, and the variability of its spectrum, tory 
it might be suspected that v Sgr would show systematic velocity differences for different err 
elements, possibly sufficient to account for difficulties in line identification. We shall see tho 
later that certain lines are subject to changes of contour. On the two plates used, the pla 
lines are relatively narrow and symmetrical. The average differences, dX, between good stel 
stellar and laboratory wave lengths for various elements are shown in Table 4; the num- enc 
ber of lines used is denoted by n. Note that N 1, § 11, and probably P 1 have poor labora- sec. 
con 
TABLE 3 10 3 
rol 
PRINCIPAL UNIDENTIFIED LINES ha 
: | —— a el * aero} eee ina 
nN | Remarks ny Remarks low 
Si a eT oes =s SSS a ee ee : = ser 
3575. 29(3N). Ceaesoaek | 4306.99(2)....| a 
97 .63(3). | 25.59(4)....| Fer too weak, \ discrepant adhe 
3605 .99(3)... “ A 11 too weak | 43.32(3)....| Strong for Clim 
84.07(4)... d discrepant | =. 71. 38(3).. Strong for A 1 sult 
3795 .47(4) I 76. 96( 3n).. phe 
3817.37(2). || 4406.67(2n).. st 
39.09(2)... | 40.60(2n)... SUC 
44.18(3)... |} 48.60(2).... ten 
87.57(3n). Possibly He 11? | 61.63(7)....| Fet(p) line too weak and is t 
3908. 10(2). . | \ discrepant an 
22:-D71(2): . | 487 SQ). <2 ( 
42.35(2) || 4509. 32(2) 
4019.72(2).....| 93.77(3). con 
58.7 (2N)...| Sm line too weak } 96 2/4) Too strong for Fe 11 mu 
4104.99(2). | Perhaps Mn? 5.01 || 462° Too strong for Nu, and apy 
77.67(10) _.| Unidentified in many stars} \ discrepant esc 
and in the sun. 60542)... «. 
63.02(6).... agr 
84.31(2).... | 732m... Cel 
87.13(3).....| Fer too weak | 76298). .... ent 
87.87(6).....| Fer too weak | 79. 22(5).. it 
99.50(4).....| Possibly He 11? 4700. 65(2N). C1 too weak ‘y 
4200.77(6n)....| Ar too weak. Possibly 1, #Ocsi2).. C 1 too weak, and J dis- Tal 
Mnit | crepant tir 
02.60(5N)...| V 11 too weak | 84.64(2).... fia 
17.96(2). . | 91.31(2n)... 
79. 27(4) | 96.34(2).... 
| 
ma 
TABLE 4 tior 
WAVE-LENGTH DIFFERENCES, dd, IN ANGSTROMS thi 
(Star minus Laboratory) ye 
ahaa i ted die - —_ ent 
| 7 AS 
Element n dd |} Element n dy tal 
S sec 4 0.000 | Tit. 41 —0.007 sili 
Het... 17 + .025 |i Vu. 19 ~. On 
i oo 10 + .083* || Crir..... 39 .000 tan 
Sim... 10 + .038 || Mau 12 — .004 Th 
et io 6 a- .200: (|| Per .... 4 | + .001 Si 
Su.. 32 + .040 || Fem... 76 + .013 ; 
Catt 6 +0.027 | Fe 1 7 —0.013 pre 
. nO ae | : ie Al 
* Lines of Nt in the laboratory may be subject to pressure shifts. ma 
ft On Ce 2132 the mean dd was +0.06 A for five lines. ol 
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tory wave lengths and that even good laboratory wave-length scales may have systematic 
errors (such as arise from pressure effects) exceeding 0.01 A. The lines of Si 11, especially 
those of multiplet (1) at AX 3853-3862, seem to show a fairly systematic longward dis- 
placement of about +0.04 A, as compared with other lines of similar intensity. Since the 
stellar radial velocity adopted depends mainly on lines of the ionized metals, this differ- 
ence may represent a relative velocity difference within the atmosphere of about 3 km/ 
sec. There seems to be a small positive residual, in the mean, for the light elements, when 
compared with the metals. The elements up to S 1 have excitation potentials between 
10 and 20 electron-volts; the heavier elements have excitation potentials of from 0 to 10 
volts. The lines of the lighter elements arise dominantly from normal lower levels, while, 
in the metals, metastable lower levels dominate. It is clear that the entire spectrum orig- 
inates within one atmosphere, in spite of the wide range of ionization and excitation. The 
low excitation elements may show a small expansion. Furthermore, in spite of the ob- 
served variable peculiar line contours and this probable small expansion, the atmosphere 
is a relatively stable one. 

Except when doubling occurs, no very definite conclusion can be drawn from our re- 
sults regarding the existence of velocity differences for different elements in the atmos- 
phere of v Sgr, although the evidence for the existence of some such effect is moderately 
strong. The problem is complicated by the rather diffuse character of the lines and the 
tendency to doubling of some lines at certain phases. Perhaps the most interesting fact 
is that such differences, if they exist, should be so small in so luminous a star which is also 
a member of a binary system. 

Certain strong lines become double on some plates. The lines widen and split into two 
components separated by about 20 km/sec. On Ce 2086 the shortward component was 
much the stronger. It is interesting to note that, after separation into two components, 
apparent velocity differences occur. For example, nine strong Fe 11 lines give a velocity of 
—33.5 km/sec, if the center of the whole width of the doubled lines is measured; this 
agrees well with — 35.3 km/sec obtained from eleven single lines of Fe u, Mg 11, and He 1. 
Certain other lines, however, arising from Cr 1, Ti u, Feu, Niu, Bau, and H appar- 
ently contained dominantly the shortward component; hence the mean measured veloc- 
ity of this group of fifteen lines was — 41.7 km/sec. The wave-length differences shown in 
Table 4 are thus valid for the plates on which they were measured; the star may at other 
times show stream motions within the atmosphere, with consequently larger velocity dif- 
ferences between the various elements. 


IONIZATION AND EXCITATION 


A detailed investigation of the ionization and excitation equilibria in v Sgr will be 
made in a proposed spectrophotometric study of the plates. Meanwhile, we should men- 
tion the accumulating evidence for a uniquely wide range of excitation and ionization in 
this star. The coexistence of features of spectral types B to F was pointed out many 
years ago. Since detailed study of the spectrum shows that the neutral metals are pres- 
ent, though weak, a more precise estimate of the range of spectral features gives B2- 
AS. The lines of Mg1 (I.P. = 7.61), Ali (1.P. = 5.96), and Fer (I.P. = 7.86) are cer- 
tainly present. Iron occurs as Fe1, Few (1.P. = 16.16), and Feit (1.P. = 30.48); 
silicon is present as Si 1 (I.P. = 8.11), Sim (1.P. = 16.27), and Sim (I.P. = 33.32). 
Only a very restricted range of temperature and pressure would permit the simul- 
taneous appearance of substantial amounts of an element in three stages of ionization. 
The excitation potentials of strong lines also show an enormous range; He1, N 0, 
Sit, and Fe 1 have excitation potentials (E.P.) greater than 20 volts. If N m1 is 
present, an E.P. of 35.5 volts is possible. On the other hand, the resonance lines of 
Alt (1.P. = 5.96, E.P. = 0.0) are observed. Most of the elements concerned exist 
mainly in the singly ionized form. In Greenstein’s earlier analysis! a temperature 
of 10,500° and an electron pressure of 25 were adopted. Under such conditions the 
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relative strength of lines of the singly and doubly ionized stages depends mainly on 
the. excitation potentials involved, the singly ionized lines being strongly favored. 
The neutral elements should be extremely weak, however. For example, only 10 
of the total amount of A/, Fe, or Si appears as neutral atoms, while about half is 
singly ionized. Although such a ratio is not necessarily incompatible with the observa- 
tions, the adopted temperature is almost certainly too low to account for the strength 
of lines of such highly excited atoms as Het, N 11, Si 11, and Fe m1 (as well as Net 
in the visual region).° 

There are several explanations for the strength of all the lines in v Sgr. In the absence 
of hydrogen the opacity is low.' The turbulence is probably large, as is shown by the 
width of the absorption lines. Stratification effects in a transparent atmosphere intensify 
the lines of high excitation potential. On the basis of the detailed identifications and of the 
radial-velocity data, we can exclude the possibility that we observe a hot star surrounded 
by a shell or extended atmosphere in which the metallic lines are produced. If the star 
were surrounded by a shell, the lines originating from metastable levels would be particu- 
larly strong, and radial-velocity differences might be expected. The metals, neutral and 
ionized, actually show lines arising from nonmetastable levels, as do the high-temperature 
elements such as He 1, N m1, Si mm, and S 1. For example, He 1 (2'P°) produces the strong 
stellar lines \ 4388 (10n) and A 4438 (5); the strongest N 11 lines arise from the normal 
2p3s*P° levels; the NV 1 and Si 111 levels are not metastable; some S 11 levels are normal 
and some metastable. The surrounding nebulous envelope (observed in the emission 
lines in the infrared) may produce weak absorptions by atoms in metastable levels. This 
envelope, however, shows large internal velocities, rotation, and expansion, and the shell 
absorptions would be broad and weak unless produced far out under conditions of large 
dilution. No sharp lines of such shell-like characteristics have been seen. Sharp, double 
interstellar Ca 1 lines and the sharp interstellar molecular lines are visible. In view of the 
great distance of v Sgr, these sharp lines are probably of normal interstellar origin. 

A single temperature cannot satisfactorily account for the relative and absolute in- 
tensities of the lines of H, He, C, N, and O if the abundances are similar to those in nor- 
mal stars. Observations in the visual® and infrared regions‘ indicate that the ratios V/O 
and V/C are abnormally large and that Ne 1is extremely strong. The present data estab- 
lish the unusual and unexpected strength of Nu, Su, and Fe 1. These lines further 
strengthen the evidence that the apparent abundances of the elements in v Sgr show 
many anomalies with respect to one another and to hydrogen. The strength of the two 
stages of ionization of V shows that it is not a question of a specific excitation mechanism 
which strengthens, say, N 1 at the expense of N 11; the enormous strength of the Fe 1 
lines, while both Fer and Fe 11 are present, also reduces the possibility of invoking 
specific excitation processes. It should be remembered that the abundance ratio of N/C 
is peculiar in the Wolf-Rayet spectral sequences WN and WC. In many novae the lines 
of Ne and S are unusually strong. Most examples of anomalies in the abundances of vari- 
ous elements remain indecisive because of the possibility of undiscovered mechanisms 
which favor the appearance in unusual strength of a certain group of elements. While 
such a mechanism is still not excluded in vu Sgr, the large number of peculiarities would 
seem to require an excessively selective group of mechanisms, capable of enhancing cer- 
tain elements in several stages of ionization. Strong ultraviolet absorption by He 1 at its 
series limit (24.48 volts) might help to suppress the second ionization of metals or of 
gases with I.P. greater than 24 volts, thus enhancing both neutral and singly ionized 
stages of a few elements. The actual enhancements of the elements, however, seem to be 
quite general, involving the strengthening of almost all the high-excitation lines seen in 
a late B star, and the over-all strengthening of the metallic-line spectrum which appears 
at AO. 


9 Jesse L. Greenstein, A p. J., 97, 252, 1943. 
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A study of the “‘superexcitation”’ of high-level lines is part of a proposed spectrophoto- 
metric investigation. Such an effect can be produced by a mixture of diluted high-tem- 
perature radiation with the normal thermal radiation, yielding an abnormally wide range 
of excitation and ionization. A high excitation temperature is not a property of the far 
ultraviolet alone. Let us assume that collisional excitation is negligible; then the popula- 
tion of excited levels is governed mainly by the temperature of the radiation in the region 
of the spectrum where the ionization limits from those levels happen to fall. For neutral 
atoms, naturally, this region lies in the near ultraviolet; for atoms of high ionization it 
lies in the far ultraviolet. Let us consider three stages of ionization of iron. A high ex- 
citation temperature is indicated in the case of Fe 1 by a comparison of stellar with labora- 
tory intensities. An interesting pair of Fe 1 lines lies at \ 3938.97 (E.P. 5.89, multiplet 
[190]) and at A 3928.29 (E.P. 1.66, multiplet |3]). The intensities are: laboratory, 4 and 2, 
respectively; v Sgr, 4 and 3. In a Cyg the intensities reverse, and the lower-level line is 
nearly twice as strong as the highly excited line. In cooler supergiants (e.g., a Car) and 
in the sun, the low-level line is very much the stronger. If the identification of the Fe m1 
lines is correct, the high-level multiplet at 20.5 volts is weaker than that at 8.2 volts 
compared with B stars. Consequently, although numerical data are not yet available, it 
appears that the excitation temperature in v Sgr is considerably greater than that of 
a Cyg (cA2) and less than that of a typical B2 star. 


VARIATIONS IN LINE CONTOUR 


No conspicuous systematic orbital changes of lines of different levels of excitation ap- 
pear on the plates examined. Small changes in the hydrogen lines and in the strong helium 
lines would not be detected on the high-dispersion plates. Possible small variations of line 
intensities with phase in the spectroscopic orbit will have to be studied spectrophoto- 
metrically. 

Broad, weak emission lines exist and are associated with the strong absorption lines of 
peculiar contour, which will be discussed below. It would be difficult to measure the veloc- 
ities of the emissions; their width corresponds to a velocity range of about 50 km/sec. 
The emission lines seen belong to multiplets (27), (28), (37), and (38) of Fe in Miss 
Moore’s table.> They are probably similar in origin to the stationary emissions of the 
nebulous envelope,‘ observed in the infrared. If the weak Fe 11 emission is, in fact, sta- 
tionary, an apparent asymmetry of emission can arise from the motion of the stellar ab- 
sorption line across the emission band. On all plates, lines listed in Table 5 as having red 
emission wings do have negative absorption velocities, thus tending to confirm the hy- 
pothesis that the emission is stationary. The weakness of these multiplets of Fe 0 in the 
green, compared to the emissions in multiplet (73) observed in the infrared, brings out a 
rather puzzling problem—the relative weakness of all emissions shortward of Ha. The 
upper level producing these emissions is common to the infrared multiplet. If the star 
has a color temperature (intrinsic) near 10,000°, the continuous background of starlight 
in the blue is only three times stronger per wave-length interval than in the infrared. 
The problem exists in a much more striking degree for the Ca 11 emissions. The infrared 
emission triplet is very strong; although the upper level (4°P°) is also the upper level of 
H and K, no emission or shell absorption is observed at H and K. Strong, sharp inter- 
stellar lines of Ca 11 are observed, separated from the stellar lines at large orbital veloc- 
ities. , 

Table 5 includes a journal of plates examined (1939-1946), together with remarks on 
the contours of interesting lines. Two McDonald coudé plates (McD) and four Mount 
Wilson plates taken by Dr. Horace Babcock are included. The epoch and fractional 
phase and the predicted velocities are determined from the spectroscopic orbit by R. E. 
Wilson.!° This orbit is still satisfactorily accordant with the observations, although ob- 


1° Lick Obs. Bull., 8, 132, 1914. 
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servations over a period of fifty years are included. Minimum velocity occurs near 0.40 P 
with the y-velocity at 0.70 P and 0.15 P. If the star whose spectrum is observed (which 
we shall call the “primary”’) were eclipsed, such eclipse would occur near phase 0.70 P. 
Wilson pointed out that the radial-velocity residuals were larger than expected and that 
the maximum residuals occurred near the minimum velocity. Measured velocities on 
twenty-one blue and infrared plates show that large residuals may occur at any phase; 
for example, Ce 2815, near maximum velocity, has a 9-km/sec residual. These residuals 
are probably connected with the variations of line contours which we observe. S. Ga- 
poschkin" has suggested the possibility of a light-variation of an eclipsing type, with the 
primary minimum near 0.73 P. This requires that the undetected component be the 
photographically brighter of the two stars, in contradiction to such observed features of 
the spectrum as the strength and depth of the absorption lines. 


TABLE 5 


JOURNAL OF OBSERVATIONS AND RADIAL-VELOCITY DATA 


RELATIVE VELOCITIES (KM/SEC) 





Epocn | Prep. | Oss. 
PLATE am AND VEL. VEL. aa ram eee — - 
« > S 4 j LEC 4 Se ee 7 ; a 
PHASE |(Ku/SEc)) (Ka/Sec) H He Siu,Mgu Feu, Tin Double 
Ce 2086*.. 29500 71.42 —34 —34.4( 21) ........., —2.4(3)| —2.0(4)) —3.2(29) — 8.4(13) +11.2(13) 
aiset .. 29536 71.68 +7 + 4.7(117) és ‘ ; 
2784t...| 30484 78.55 —22 —27.0(14) —4.3(1)) +1.4(3) +1.2(3) —0.4(7) 
2791§...; 30509 78.73 +16 ; : er oe 
2799) .. 30511 78.75 +28 +29.8( 44) 0.0(3)) +0.5(2) —0.3(4) 0.0(35)) —12.6(12) +11.7(12) 
McD 3039.. 30514 78.77 +32 ~ are : 
318f 30520 78.81 +42 ‘ ‘ 
Ce 2815**.. 30541 78.96 +60 +50.8( 14) 
2835tft.., 30571 79.18 + 2 + 2.9( 34)| —1.3(2) +1.6(4) —0.6(28) 
2871ft..; 30629 79.60 —14 ; 
37798§.., 31579 86.48 —30 . bei 
3962||/|../ 31715 87.48 —30 —38.2( 19); 4+3.2(1)| +2.6(2) +1.2(5) —1.3(11) 
430099 .| 31988 89.45 es ee oe nt 
430899 31990 89.47 —31 
4327t...| 32014 | 89.64| — 4 
4336T.. 32018 89.67 + 4 
Fest LINE CHARACTER 
* Double, v>r. Red em. wings. In many metallic lines the measured velocity is that of the v component only. 
t Sharp. 
t Broad, sharp on v. Red em. wings. tft Sharp. Weak symmetrical em. 
§ Underexposed. Fe 11 double? tt Slightly sharp on r. Weak red em. wings. 
Wide double, v =r. §§ Broad. Most lines sharp on r. 
{ Slightly broadened. | Underexposed. Sharp? 
** Slightly sharp on v. © Red em. wing. 


In Table 5 the relative velocities of different elements are given for good strong lines, 
relative to the mean observed velocity, with the number of measured lines in parentheses. 
The abbreviations in the notes to the table are as follows: ‘‘v,” violet or shortward side; 
“r’? red or longward side; ‘“‘em.,”’ emission. 

Plate Ce 2799 shows most conspicuously a very strong doubling of certain lines, domi- 
nantly Fe 11, as does Ce 2086 in less degree. The doubling is very clearly visible, and all 
lines that are double on Ce 2799 are also doubled (or very broad) on Ce 2086. We com- 
pared plates Ce 2799 and Ce 2815 and listed all lines doubled or very much broadened, 
with the results given in Table 6. The two plates are comparable from \ 3750 to \ 4740; 
the lines on Ce 2815 are slightly asymmetrical with a sharp violet core and a more dif- 
fuse red wing. Table 6 shows the remarkable selectivity of the doubling process; the effect 
is most clearly seen in a few multiplets of Fe 11, though real in the other lines listed. After 
this first survey we re-examined all other strong unblended Fe 11 lines of stellar intensity 


at A.J; 51, 109, 1945. 
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greater than 5, in which doubling had not been detected. The lines AX 3821.96, 3938.31, 
4258.19, and 4273.34 were possibly slightly wider on Ce 2799 than on Ce 2815. Figure 1 
shows the region AA 4383-4552 on Ce 2799, compared with Ce 2132. The doubled lines, 
dominantly those of Fe 11, are wider but still remain of nearly normal intensity. 

The doubling and the asymmetrical appearance of the lines are unusual. Many shell 
stars show displaced violet absorption components near strong lines arising from metast- 
able levels. Other shell stars show asymmetrical lines of the type produced in an ex- 
panding atmosphere, and some eclipsing stars provide evidence for stream motions and 
a rotational disturbance of the velocity-curves in the surrounding envelope. v Sgr, how- 
ever, presents only small deviations from the mean spectroscopic orbit, and all elements 
show about the same velocity. On plate Ce 2799 we have measured deviations from the 
mean stellar velocity indicated by lines of different elements. For comparison we also 


TABLE 6 


LINES DOUBLED ON CE 2799 




















| | | | | 
d I Element | Multiplet | ny I | Element Multiplet 

a ee 10 Feu 28 || 4520.20 | 8 | Fen | 37 
Ue. ee 10 Feu 27 4522.62 ard 8 | Fett | 38 
4178.80 ieee ine 10 Fett 28 4534.05 10 Feu 37 
4233.18... luv’ “$5 Fe i 27 Tiu 50 

Cr 1* 31 Mg u* 26 
4296.58..... 10 Fei 28 4541.50. . 6 Feu 38 
4303.19 7 12 Fei 27 4549.51... ; 15 | Few 38 
4340.477 20 |; in on eee i} Ti 82 
4351.78. . 15 Fei 27 Fe 11* 186 
4385.40... 10 Feu 27 4555.89.... 8 Feu 37 
4395-048. . 5. cue 6 Ti 19 4558..637.... «... 8 Cr i 44 
| 4 Ti 61 4516: 39.65 6 Feu 38 
7 a Fett 32 4583.875. 22 10 Fe 38 
4416.82... we 10 Fett 27 4588.197.. | 8 Crit 44 
4461.63T. - 7 Feu 26 | P u* 15 
4489.16...... 8 Fe 37 4618.82. 6 Cr il 44 
| & Sep eee 8 Feu 37 4629. 33. 6 Feu 37 
a 8 Fett 38 4731.43. 3 Fei 43 
BUI EO isos saw oe 12 Few 37 

















* Negligible contributor to line. 
t Doubling not certain. 
td 4583.99, Fei (p), multiplet (26), contributes to this line. 


give in Table 5 the deviations measured on three other good plates. It is noteworthy that 
the components of double lines on Ce 2799 are symmetrically displaced from the normal 
mean velocity of the star—the Fe m lines have split in two symmetrically. The dis- 
placements of the two components from the mean stellar velocity (Table 5) are — 12.6 
and +11.7 km/sec. On Ce 2086 the shortward component is the stronger; the displace- 
ments are —8.4 and +11.2 km/sec. 

If one component arose from an ejected mass of gas, we should expect to see it show- 
ing a large negative velocity. On the contrary, the near-equality of the displacements 
suggests circulatory upward and downward currents in a rather extended but stable at- 
mosphere moving with the star. The velocities involved are small and of the order of the 
turbulent velocities, which may be 10 km/sec. Motion of large elements of the permanent 
atmosphere would also explain the deviations from the radial-velocity curve and the fre- 
quently observed asymmetrical contours of the lines. 

The selectivity of the phenomenon remains to be accounted for. On only one plate, 
Ce 3779, do we suspect that all the other lines share a strong asymmetry which is most 
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Fic. 1.—Microphotometer tracings of selected strong lines in v Sgr. Plate Ce 2799 shows the widening 
and flattening of the contours when the lines are doubled. The phenomenon is less conspicuous on the 
tracings than on the plates. Plates Ce 2815 and 2871 show the typical small asymmetries of the Fe 1 
lines that occur at sporadic phases in the orbit. 
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clearly visible in Fe 1. On Ce 2799 many strong lines originating from metastable levels 
remain single. The predominance of Fe 11 lines of certain multiplets in the doubling may 
arise from real differential motions or from a spectroscopic selectivity. Some regularities 
do exist in the occurrence of double lines. The mixed emission and absorption multiplet 
of Fe 1 in the infrared‘ has an upper level z*D° in common with multiplets (27), (38), 
and (43), which show double lines, thus indicating a tendency for excess downward 
transitions from z‘D°. If a narrow emission line were produced near the top of the atmos- 
phere, an apparent doubling or asymmetry of the absorption could result, depending on 
the velocity of the emission. The absorption line would be partly weakened and filled in. 
Microphotometer tracings in Figure 1 show the appearance of the doubled line on Ce 
2799, Ce 2815, and Ce 2871. The absorption line is hardly filled in at its center; in fact, it 
seems to be stronger, and certainly broader, when doubled. It is also quite clear on the 
original plates reproduced in Figure 2 that the doubling is accompanied by widening and 
is not only a filling-in. Figure 1 also shows the slight asymmetry of the Fe 1 lines which 
occurs frequently. On Ce 2815 the lines have rather diffuse longward wings and a sharp 
shortward edge; on Ce 2871 they are sharp on the longward edge and show weak long- 
ward emission borders. The Mg 11 line, \ 4481, is not doubled on Ce 2799 but seems to be 
sharp on the longward side on Ce 2871. There is no clear correlation of line character 
with position in the spectroscopic orbit; the changes must be rapid and possibly noncyclic 
in nature. For example, the doubling is clearest on Ce 2799, taken at a phase when the 
eclipse of the invisible component might have occurred. While this seems significant, it 
is probable that the doubling did not occur on plates Ce 2132, McD 303, or Ce 4336, 
which were all taken near that same phase. The doubling on Ce 2086 occurred one-third 
of a cycle earlier; at that phase other plates, Ce 3779, Ce 3962, and Ce 4300, fail to show 
any doubling. 
THE EFFECTS OF THE NEBULOUS ENVELOPE 


The gaseous envelope surrounding v Sgr must have considerable effect on the excita- 
tion and ionization of atoms in the star’s atmosphere. In view of the relative weakness 
of the hydrogen lines, it has been assumed that the observed star has little hydrogen. 
The strong Ha emission‘ in the envelope may be produced in hydrogen ejected from the 
invisible component. Our knowledge of processes in nebulae and shells leads us to expect 
that if Ha is strong, Lyman-a is enormously strong compared to the black-body emission 
of the star. Many attempts have been made to find spectroscopic coincidences which dis- * 
play the existence of excessive ultraviolet radiation in the Lyman region. Cyclical proc- 
esses could be sustained by such coincidences so as to produce emission lines or even pos- 
sibly excess populations of certain excited states yielding absorption lines. Wyse” sug- 
gested that the infrared Ca 1 triplet could be stimulated into emission by the depopula- 
tion by Lyman-a of the 3*D level; the ionization potential from 3*D lies near the energy 
in Lyman-a. A similar near-coincidence exists for most of the upper levels involved in the 
doubled metallic lines listed in Table 6. We might imagine that a depopulation of an up- 
per level would result in the production of a stronger absorption line. If we subtract the 
upper excitation potentials given in Table 7 from the normal ionization potential, we 
find, for Fe 11, 10.57-10.82 volts, omitting multiplet (186); for Cr 11, 9.8 volts; and for 
Ti 1, 9.3-9.7 volts. Thus emission at Lyman-a (10.16 volts) could ionize excited Cr 
and 7i 11 atoms, and emission at Lyman-8 (12.04 volts), the Fe 11atoms. The Lyman 
continuum could, of course, in all cases ionize the atoms from their lower levels. Treo- 
retically, Lyman-f is expected to be quite weak, with Lyman-a and the continuum 
strong. Such cyclic processes may occur in the outer envelope of the system and may 
contribute to the formation of the stationary lines observed in emission. For emission, 
however, the ionization potential from the lower level producing a line should coincide 
with the Lyman radiation. Only the continuum could ionize Fe 1; the infrared multi- 


2 Pub. A.S.P., 53, 184, 1941. 
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plet (73) requires 12.29 volts, and the multiplets in the blue about 13.6 volts. If the 
continuum is involved, all multiplets over a considerable range of energy, with lower 
excitation potentials less than 2.6 volts, should show emission, but this is certainly not 
true. The hypothesis of fluorescence by coincidence with hydrogen emissions does not 
seem proved. 

Some type of circulation in the stable atmosphere seems to be the most probable 
origin of the doubled and asymmetric lines. Doubling of the lines of Cr 1 has been ob- 
served on a larger scale in the dwarf spectrum-variable 6 Aur.’ In that star and in 
¢ UMa!" and a? CVn," the doubling is correlated with phase in the variation of the 
spectrum. The spectrum variability of v Sgr is on a much smaller scale than that en- 
countered in these peculiar A stars. In a certain sense, one of the puzzles of v Sgr is the 


TABLE 7 


MULTIPLETS INVOLVED IN LINE DOUBLING 

















| EXCITATION POTENTIALS 
> | Pe ea SR eee eS Se ee ey LE 
ELEMENT Mozrt- i : DESIGNATION 
PLET No. (VoLTs) | : 

Lower | Upper 

| (Volts) (Volts) 

Oe | 26 16.16 b!P —z®Pe 2ST 5.34 
27 b!P —z‘D° 2.57-2.77 5.49-5.58 
28 b*P —z*Fe 2.57-2.77 §.52-5.59 
Sz a‘H —z‘ke 2.65-2.68 5.46-5.57 
37 biF —z‘Fe 2.79-2.84 5.46-5.59 
38 biF —z‘D° 2.79-2.84 5.49-5. 56 

43 a®S —z'D° 2.88 | 5.49 

186 d?D — y?F° 5.89 8.00 

CFI... 31 16.6 a‘F —z‘!D° 3.85 | 6.76 
44 |  b‘F—zD 4.05-4.06 | 6 73-6.76 

Tin... 19 13.6 | a%D—z?Fe 1.08 | 3.89 

50 a?P—z?D° 1.23 3.95 

61 b*P —z!D° 1.24 4.05 

82 | | wH—2G° | 1.58 4.29 


relatively great stability of its atmosphere. Its enormous luminosity, together with the 
large velocities observed in the infrared emission spectrum,‘ and its binary character 
would lead us to expect considerable instability, strong emission lines, variability of 
the spectrum with phase, and shell phenomena. The radial-velocity data in Tables 4 
and 5 show that all the elements move together (within a few km/sec), even when the 
atmosphere is in its most disturbed state. One explanation may be the weakness of the 
hydrogen lines and the probable low abundance of hydrogen in the reversing layer. In 
most stars selective radiation-pressure effects of Lyman-a are suspected, but these 
must be small in v Sgr. If the hydrogen in the nebulous envelope comes from the com- 
panion star, presumably a normal object of large hydrogen content, an interesting new 
theoretical problem arises in the determination of the effects of the nebulous envelope 
of the system upon the hydrogen-poor star which we observe. 

If the ultraviolet radiation of a high-temperature companion is assumed to provide 
the excitation of the observed star, that part of the atmosphere turned toward the 


18 Hiltner and Morgan, Ap. J., 99, 318, 1944. 
14 Struve and Hiltner, Ap. J., 98, 225, 1943. 16 Hiltner, Ap. J., 99,, 256, 1944. 
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companion would be hot and of an earlier spectral type, and systematic variations of 
type would occur, with the earliest type near phase 0.15 P. Plate Ce 2835 was taken at 
phase 0.15 P and shows the normal spectrum, with Fe 1 and He 1 coexistent. Reflection 
effects, if they exist, do not depend on phase in the orbit. 

If the hydrogen surrounding the system is optically thick in the Lyman continuum, 
however, a new possibility arises. The Zanstra process, such as occurs in planetary and 
diffuse nebulae, would convert the ultraviolet energy of the hot companion star into 
Lyman-a and Lyman continuum. The theory of the intensity of these emissions involves 
the relative probability of the emission of Lyman-a and Ha, the electron temperature, 
dilution, velocity distribution, and expansion of the nebula. In planetary nebulae a 
sharp inner boundary at large distances from the star is assumed. In the binary system 
of v Sgr it is probable that the gases, in rapid motion, extend close to the stars, so that 
the dilution may not be large. The energy density of the Lyman continuous radiation 
at the inner boundary of a planetary nebula may reach large values. S. Chandrasekhar" 
has given the diffuse Lyman continuous intensity, J(7;), at the inner boundary of a 
nebula in units of the incident stellar intensity, S, beyond the Lyman limit. This diffuse 
intensity approaches that of the starlight incident on the nebula, if the nebula is optically 
thick (7:;— © ). The quantity Sis roughly the black-body emission of the star multiplied 
by the dilution factor. Consequently, the star we observe is surrounded by a roughly 
isotropic source of ultraviolet radiation of high temperature and moderate dilution. 
Since the entire solid angle is subtended by the nebula, the energy density everywhere 
within the nebula is constant and equal to the energy density at its inner boundary. 
Thus the entire star is uniformly heated by the diluted radiation of the companion 
star. Excitation and ionization of high-temperature elements would be governed by this 
radiation; if the nebula extends close to the hot star, as would be true in a system in 
which ejection of matter occurs, the dilution could be negligible. Such a hypothesis 
would explain the constancy of the high-excitation lines around the orbit. Further, if 
there is considerable motion in the nebula, the recent work of Chandrasekhar'’ indi- 
cates that an inwardly directed radiation pressure may be present, which would help 
stabilize its atmosphere. The hypothesis requires certain spectroscopic effects in the 
form of excess ionization for elements with ionization potentials beyond the Lyman 
series limit. If these cannot be detected or if other observational methods show that 
the companion of v Sgr is not a hot star, the hypothesis of excess excitation energy in the 
ultraviolet may have to be abandoned and the peculiarities of the spectrum ascribed to 
true differences of abundances of the elements. 


16 Zs. f. Ap., 9, 266, 1935, eq. (53). 17 4 p. J., 102, 427, 1945, eq. (189). 








THE BALMER DISCONTINUITY IN THE SPECTRUM 
OF HD 190073* 
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ABSTRACT 


The discontinuity at the Balmer limit has been measured on several McDonald Observatory spectro- 
grams as D = ().84. For the comparison star a Aql, under similar conditions, D = 0.39, agreeing well with 
Barbier and Chalonge’s value, D = 0.38. The large discontinuity in HD 190073 is probably related to the 
peculiar features in its spectrum. 


The theoretical relation between the discontinuity, D, at the head of the Balmer 
series, the effective teimperature, and the electron pressure has recently been discussed by 
Chandrasekhar and Miinch.' If we disregard scattering by free electrons, then for val- 
ues of 6, = 5040/T, < 0.5 the discontinuity is determined almost wholly by the photo- 
electric ionization of H-atoms in the second-quantum level. This type of absorption has 
been discussed by Unsold,? and his results require no modification. If electron scattering 
is present, it will reduce the value of D. For values of 6, > 0.5 the continuous absorption 
of the negative H--ion becomes appreciable. If there were no such ions, the discontinuity 
would increase indefinitely with diminishing temperature. This tendency is checked by 
the absorption of H—-. Since the formation of the latter depends upon the electron pres- 
sure, it was shown by Chandrasekhar and Miinch that the supergiants should have larger 
values of D for values of 6, > 0.5 than do the stars of the main sequence. This is in gen- 
eral accord with the observations by Barbier and Chalonge,’ except that the theory, as 
it now stands, does not satisfactorily account for the fact that, for spectral classes A2 and 
earlier, the observed values of D are smaller in the supergiants than in the main-sequence 
stars. For example, a supergiant of class AO has the same value of D as does a main-se- 
quence star of class BS. 

We are here primarily concerned with the fact that the most recent observations by 
Barbier and Chalonge? give, for 204 stars, a maximum value of D = 0.53 (for y UMin, 
A3 II-IIT*), while in an earlier paper*® they found D = 0.54 (for a Lep, FO Id). The great 
majority of main-sequence stars, whose maximum values of D fall between AO and A2, 
have D < 0.50. The supergiants, whose maximum values of D fall near FO, have D < 
0.55. With the usual solutions of the transfer problems, larger values of D should be ex- 
pected only for values of @ > 0.5 and electron pressures log p, < 3.7. It is significant that 
an increase in the abundance of hydrogen relative to other atoms will not increase the 
value of D, because we no longer attribute to the metals any appreciable tendency to 
check the increase of D with decrease of 7, as we did prior to the recognition, by Wildt 
and by Chandrasekhar, of the importance of H—. 


* Contributions from the McDonald Observatory, University of Texas, No. 142. 
1 Ap. J., 104, 455, 1946; see also B. Strémgren, Physica, 12, 701, 1946. 
2Zs.f. Ap., 8, 32, 1934; Physik der Sternatmospharen (Berlin, 1938), p. 134. 

3 Ann. d’ap., 2, 258, 1939. 

4 Thid., 4, 30, 1941. 


® The spectral types and luminosity classes used in this paper are from the Aflas of Stellar Spectra, by 
Morgan, Keenan, and Kellman. 


® See, e.g., Unséld, Physik der Sternatmosphdaren, p. 134; Zs. f. Ap., 8, 225, 1934. 
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There are now known a considerable number of stellar spectra in which the value of D 
is abnormally small.’ In all these stars the Balmer lines are also abnormally weak.* I am 
not aware, in the literature, of an example of an abnormally large value of D. Hence the 
existence of exceptionally strong and broad Balmer absorption lines in the peculiar spec- 
trum of HD 190073° presented a problem of great interest. During the months of June 
and July, 1947, I obtained several sets of spectrograms for the determination of D. The 
observational procedure was similar to that employed by Barbier and Chalonge, and 
their definition of D = A logio F,, taken at 1/A = 2.70 from a curve in which log J is 
plotted against 1/\, was also adhered to. But, while Chalonge and Barbier'® measured J 
against the background of a continuous spectrum of H2 produced in the laboratory, my 
values of J refer to the densest point measured on each spectrogram. 

In order to guard against systematic errors arising from the use of a different spectro- 
graph, I obtained similar spectrograms of a Aquilae, which is located not far from 
HD 190073, at zenith distances similar to those used for the latter star. This should elimi- 
nate errors caused by differences in extinction. My spectrograms were calibrated with a 
tube sensitometer equipped with an ultraviolet filter, giving maximum transmission in 
the vicinity of \ 3647. 

Two sets of spectrograms, on two different nights, were obtained with the Cassegrain 
spectrograph and quartz prisms. The first set was photographed with a UV camera of 
500 mm in focal length, giving a linear dispersion of 40 A/mm at A 3933; the second set 
was taken with a Schmidt camera of 180 mm in focal length, giving a dispersion of 100 
A/mm. The continuous spectrum for \ > 3647 shows appreciable curvature on all four 
diagrams of Figure 1; and there is no definite wave length \,, as there was in the work of 
Barbier and Chalonge, which defines the position of the discontinuity. This is, at least 
in part, caused by the confluence of broad H absorption lines. The points measured in the 
continuous spectrum were taken between the Balmer lines, for \ > 3647. In drawing the 
upper straight line, satisfactory results were obtained when the first four points, that is, 
the ranges HB-Hy, Hy-H56, Hé—He, and He-H¢, were considered to be free of confluence 
of the wings. That this is not strictly true, even for such a star as a Lyrae, has been known 
for a long time.!! The results of the measurement are as follows: 


First set: D= 0.83) 
HD 190073....4 D=0.84 
Second set: D= 0.35) 
First set: D= 0.43) 
a Aquilae.... { D=0.39. 
Second set: D= 0.35/ 


The latest determination by Barbier and Chalonge* gives for a Aquilae 
D=0.38. 


The exceptionally large value of D in HD 190073 is undoubtedly connected with the 
presence of strong metallic emission lines (Fig. 2) and with the tendency of these lines to 
be especially conspicuous in the ultraviolet region, \ < 3647. These emission lines are 
not affected by the continuous Balmer absorption and stand out on the depleted back- 


7 See, e.g., J. L. Greenstein, Ap. J., 91, 438, 1940. 

*D). M. Popper, Pub. A.S.P., 58, 370, 1946. 

°O. Struve, Pub. A.S.P., 54, 12, 1942; P. Swings and O. Struve, Ap. J., 91, 594, 1940. 
10 Ann. d’ap., 2, 256, 1939. 

11, T. Elvey and O. Struve, Ap. J., 72, 284, 1930. 
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ground of the continuous spectrum below the Balmer limit. The emission lines of H are 
weak, and this has been previously attributed® to the probable depletion of stellar radia- 
tion at A < 911. 

Despite the presence of emission lines and of complex absorption lines of Ca 11," this 
star is not a supergiant, and the H absorption lines have very broad wings, which sug- 
gest strong broadening by Stark effect. It is fairly certain that the shell of this star of 
relatively low luminosity contains little H above the ground level and therefore produces 
negligible additional absorption at A < 3647. We cannot assume that the electron pres- 
sure is lower than in a normal main-sequence star. The spectral class, as judged from the 
H absorption lines, as well as from those of Mg 11 and Si 1, is early A. But even if we 
should postulate unusual conditions which would reduce p,, such as might be produced 
by the suppression of ionization of hydrogen because of some process which would de- 
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Fic. 1.—The abscissas are logarithms of intensity, the ordinates are values of 1/A. The Balmer dis- 
continuity is measured as the ordinate at 1/A = 2.70 between two straight lines, the one defining the 
energy-curve between //8 and //¢, the other defining the slope of the continuous spectrum for \ > 3647. 


plete the available stellar energy at X < 911, we could not, by this process, obtain a larger 
value of D than that computed by Unsold? for an atmosphere consisting of only H-atoms 
(without the admixture of H—). From his work we find 


D=0.50 at 06.=0.5 (orT, 


10,000°) , 


D =0.67 at 0.=0.6 (orT, =8,400°). 

In order to obtain the observed value D = 0.83, we should have to assume an effective 
temperature of the order of 7, = 5,000°; and this is inconsistent with the energy dis- 
tribution of HD 190073 between HB and H¢, which closely resembles that of a Aquilae 
(A7 V). 


2 C.S. Beals, J.R.A.S. Canada, 36, 145 and 201, 1942; Pub. A.A.S., 10, 222, 1942; Struve and Swings, 
ve 


Ap. J., 96, 475, 1942. 
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It must be emphasized that the spectrum of HD 190073 is peculiar, and the star must 
be regarded as a freak. But the presence of the emission lines cannot explain the observed 
value of D. They are not so closely spaced as to blend into a continuum. Moreover, since 
their intensities are not affected by the Balmer discontinuity and their density per unit 
wave length is not dependent upon X, they would tend to reduce D rather than to in- 
crease it, if they were blended. The theory of the hydrogen absorption coefficient is un- 
assailable; hence the question might arise as to whether the assumptions of the theory of 
radiative transfer used in deriving the Balmer discontinuity are applicable. Another pos- 
sibility, which should not be overlooked, is that the star is a binary. But there are no 
indications, in the ordinary photographic spectrum, of any absorption features other 
than those associated with spectral class A. Hence it is unlikely that the large value of D 
has been simulated by the overlapping of the continuous spectrum of an A-type star 
with that of a star of much later type. 








THE SPECTRUM OF T CORONAE BOREALIS AT ITS 1946 OUTBURST 


W. W. MorGAn AND ARMIN J. DEUTSCH 
Yerkes Observatory and Perkins Observatory 
Received June 16, 1947 


ABSTRACT 


_ Reproductions are given of the series of spectrograms obtained at Yerkes of the recent outburst of 
T Coronae Borealis, together with a short qualitative description of the variation of the principal spec- 
tral features in the photographic region. 


I. INTRODUCTION 


The 1946 outburst in light of T Coronae Borealis was independently discovered by 
Deutsch on February 9, 1946, at approximately 7 hours 30 minutes U.T. (Feb. 9.31).! 
The first careful estimate of brightness was made by Morgan at 8 hours U.T.; at this 
time the brightness of the variable was found to be 3.2, on the scale of the Revised 
Harvard Photometry. In the 3 hours following, the brightness was estimated on a number 
of occasions, but at no time was it found to differ by more than 0.1 mag. from the earliest 
determination. The principal comparison star used was ¢ Herculis, which was approxi- 
mately 0.2 mag. brighter than the variable. 

The first spectrogram was obtained by Miinch, Deutsch, and Morgan at 8 hours U.T. 
After the plate was developed, the spectrum was found to show the characteristic 
features of nova-like objects; and, when the star had been identified with T CrB, the 
discovery was communicated to Director Struve, who sent out the announcement by 
telegram. 

Since it was not possible to carry out a large-scale observational program on the 
variable, the authors of the present paper decided to obtain a series of spectrograms on 
low dispersion which would be as closely comparable with one another as possible and 
also with other stars in the collection obtained by Morgan and his associates at Yerkes. 
The same spectrograph was used with which plates for spectral classification and spectro- 
scopic paraiaxes are being obtained. The principal series consists of spectra having a 
dispersion of approximately 125 A/mm at Hy, which are greatly widened to facilitate 
intercomparison of spectral features of varying degrees of sharpness. It is possible to 
obtain such plates of identical quality for stars down to the eleventh magnitude with 
the 40-inch refractor; the disadvantage of the low resolving power is partly balanced by 
the ease with which spectral changes can be observed and studied. A short series of 
spectrograms having double this dispersion was also obtained. The range in wave length 
is limited to the interval HB—He; it is unfortunate that no plates of the visual and ultra- 
violet regions were taken on the first night of the outburst. 

Plates obtained with the small spectrograph are not suitable for the determination of 
radial velocities; as a consequence, the only velocities listed are those of the original out- 
burst on February 9. Because of coma in the camera lens of longer focal length then in 
use, the velocities depend onthe Hy line—the axial ray—alone. 

The present paper consists of a description of the behavior of the spectral features as 
observed with low dispersion; the value of such a description is limited to (a) its com- 
pleteness for early stages of the outburst and (0) the fact that an accurate comparison 
of the spectral appearance at various epochs is possible because of the identical quality 
and dispersion of the spectrograms obtained while the star faded in light. The present 


! An erroneous value for the time of discovery was sent out from Yerkes and printed on Harvard 
Announcement Card No. 738. 
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description is intended to be supplementary to others which have been, and will continue 
to be, published by investigators having plates of higher dispersion at their disposal. 


II. THE LIGHT-CURVE NEAR MAXIMUM 


The magnitude determinations of Morgan are listed in Table 1 and are included with 
the long and valuable series published by Edison Pettit? in Figure 1. The magnitudes 
determined at Yerkes are on the system of the Revised Harvard Photometry. The observa- 
tions on February 9 are of good quality; while the number of comparisons on that date 
was not as great as might have been desired, there seems to be no reason to doubt that 
the light of T CrB was sensibly constant for the period included in the observations. 


lil. THE SPECTRUM ON FEBRUARY 9 AND 10 


The spectral features observed on the night of outburst consist of broad emission 
lines of H, Het, and Fe 11, together with absorption components in the case of the hydro- 
gen lines and He 1 4471. The wave length of the center of the greatly displaced absorp- 


TABLE 1 
VISUAL OBSERVATIONS OF T CrB 


Date U.T. 1946 Mag Remarks 








Date U.T. 1946 | Mag. | Remarks | 
Feb. 9.33-9.46. 3.2 | Naked eye || Feb. 20.36.....| 8.2 | 40 inch finder 
10.29... 3.6 | Naked eye i 21.36 8.3: | 40-inch finder; sky very 
11.40. 3.7 | Opera glass; sky thick || bad 
12.D.. | 4.3 | Opera glass; sky thick || 22.32.....; 8.5 | 40-inch finder 
15.36... 5.7 | Field glass 28.30 .| 9.0 | 40-inch finder 
16.29. . | 5.9 | Small hand telescope;}| Mar. 7.30 ..| 9.4 | 40-inch finder 
| sky thick | 10.30... | 9.5 | 40-inch finder 
17.31......| 6.7 | Small hand telescope || 11.25.....| 9.4 | 40-inch finder 
18.38.. | 7.3 | Small hand telescope || 20.24.....| 9.6 | 40-inch finder 





tion component at Hy corresponds to a radial velocity of approximately — 4500 km/sec; 
the radial velocity of the violet edge of the line is approximately —5000 km/sec, and 
this is a more nearly correct value of the actual velocity of expansion. An additional 
weaker component was measured at approximately —1350 km/sec; the interpretation 
of this feature is uncertain, since it appears to be flanked on both sides by broad emission. 
An inspection of the region of H@ on the first spectrogram illustrated in Figure 2 indi- 
cates that there is an emission component at the red edge of the more displaced ab- 
sorption line, in addition to the one situated at the normal position. The most con- 
spicuous emission features for Fe 1 are those in the range AA 4500-4600. On February 10 
the original outburst had almost completely disappeared except for a component at 
HB having somewhat smaller radial velocity. The second absorption spectrum was very 
much stronger in intensity, while He 1 4471 had become comparable in intensity to Hy. 
The Fe 11 emission lines in the blue-green were stronger and possibly slightly narrower. 
He 11 4686 and the complex feature near \ 4640 had appeared. The absorption compon- 
ents of He 1 4471 and 4026 appear to be stronger and possibly sharper near their violet 
edges. In the days following February 10, the most striking phenomenon was the rapid 
decrease in emission- and absorption-line width. Sanford* has given values for the emis- 
sion-line widths from February 10 to February 22; on February 9 the width of the 
principal emission at Hy was approximately 20 A. 


? Pub. A.S.P., $8, 153, 213, 255, 359, 1946. 5 Pub. A.S.P., 58, 156, 1946. 
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Fic. 2.—Negative prints of spectrograms of T CrB. The dates and visual magnitudes are: 7, 1946, Feb. 9.45, 3.2; 


2, Feb. 10.40, 3.6; 3, Feb. 15.40, 5.7. 
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: Fic. 3.—Positive prints of spectrograms of T CrB. The dates and visual magnitudes are: /, 1946, Feb. 9.34, 3.2; 
¢; Feb. 10.42, 3.6; 3, Feb. 11.41, 3.7; 4, Feb. 12.36, 4.3; 5, Feb. 14.49, 5.2. 
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Fic. 4.—Positive prints of spectrograms of T CrB. The dates and visual magnitudes are: /, 1946, Feb. 15.31, 57 
182. 


2, Feb. 16.29, 5.9; 3, Feb. 17.32, 6.7; 4, Feb. 18.30, 7.3; 5, Feb. 20.47, 


= 




















The dates and visual magnitudes are: /, 1946, Feb. 


Positive prints of spectrograms of T CrB. 
Mar. 17.39, 


, Mar. 11.36, 9.4; 3, May 29.15, 9.5; 4, June 8.17, 8.6; 5, June 11. 13, 9.4; 6, 1947, 
‘1947, April 28.24, 9.6. The last spectrogram is of g Herculis, an M star, for comparison. 
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IV. QUALITATIVE DESCRIPTION OF MAJOR SPECTRAL CHANGES 


The three spectrograms reproduced in negative form in Figure 2 were obtained with 
the 12-inch camera and show considerably more detail than the principal series, which 
has only half the dispersion. The latter are reproduced as positives in Figures 3, 4, and 5. 
In spite of the small scale of the spectrograms, it is possible to obtain an idea of the 
changes which occurred in the ordinary photographic region over the period February 9, 
1946, to April 28, 1947. There is little or no change in the appearance of the spectrum 
on successive plates taken on February 9; it is possible that on the first plate of all, il- 
lustrated in Figure 3, the emission lines are somewhat weaker than they were an hour 
later. The progressive narrowing of all lines and the decrease in velocity of the second 
absorption spectrum are illustrated in Figure 3. The most remarkable circumstance in 
the spectrograms illustrated in Figure 4 is the lack of major change, in spite of the fact 
that the star lost nine-tenths of its light between the dates illustrated. The sudden 
strengthening of the forbidden lines of Fe 1 is shown by a comparison of the first and 
second spectra in Figure 5. The rapid quenching of the lines of He 1, He u, N m1, and H 
at the time of rise to secondary maximum, which is illustrated in Figure 5, has been 
noted by Herbig.* On March 17, 1947, He 1, H, and N 11 were again strong relative to 
other emission features, while the forbidden [O 111] 4363 had become outstanding. On 
the last two exposures illustrated, the spectrum is filled with absorption features due to 
the M component. These can be identified by comparison with g Herculis, illustrated 
at the bottom of the plate. 

All of the spectrograms reproduced were obtained with the 40-inch refractor on East- 
man 103a-O emulsion and were developed to similar contrast. Except for the unavoidable 
loss in range of density, the figures give a fairly truthful reproduction of the original 
spectrograms. 


We are indebted to Messrs. G. Miinch and W. P. Bidelman for assistance in obtaining 
the spectrograms discussed and to Miss Irene Hansen for computational assistance. We 
also wish to thank Dr. Leon Campbell, of Harvard, for furnishing us with a light-curve 
for T CrB. 


4 Pub. A.S.P., 58, 208, 1946. 








THE DETERMINATION OF MAGNITUDES BY COMPARISON 
WITH A STANDARD FIELD* 


HAROLD F. WEAVER 
Lick Observatory 
Received August 15, 1947 


ABSTRACT 

The accuracy of the magnitudes established by comparison of an area with a standard field depends 
upon a large number of factors. Those factors that generally determine the existence or nonexistence of 
systematic errors in the scales established by such comparisons are: constancy of seeing, focus, and guid- 
ing during the two exposures that constitute a comparison. Experience has shown that one point (the 
“point of optimum density”) on the reduction-curve is insensitive to small changes in seeing, focus, and 
guiding. The value of the Ross Q of this point of optimum density is, within experimental error, found to 
be constant for a given instrument. Changes in seeing, focus, and guiding are found, at least to a first 
approximation, to rotate the reduction-curve about this point of optimum density. A means of determin- 
ing the amount of this rotation between the reduction-curves of the area and standard field by use of 
comparisons of different exposure times, and hence of eliminating systematic scale errors in the area under 
study, is described. Variations of the basic method of accomplishing this scale adjustment are discussed. 
Further desirable investigations of certain aspects of the bases of the adjustment are pointed out, and 
some possible advantages arising from the use of a Seidentopf photometer are mentioned. 


I. INTRODUCTION 


Photographic magnitudes are commonly determined by comparison of focal images 
of the group of stars under study with focal images of a field of standard stars having 
accurately known magnitudes.! Such a procedure involves numerous assumptions about 
the similarity or constancy of conditions under which the exposures on the given and 
standard fields are made, developed, and measured. Two examples of such assumptions 
are: that the exposure times on the two fields were equal and that the sensitivity and 
development of the plate (or plates) on which the fields were photographed were every- 
where identical. Fulfilment of assumptions of this type is dependent primarily upon the 
skill of the observer and of the plate manufacturer, and very generally may be considered 
achieved. Other factors important to the success of the comparison but either very little 
or not at all under the control of the observer are: sky brightness,” seeing, transparency, 
and similarity of guiding and focus during the two exposures. Sky brightness, seeing, 
and transparency fall in the category of factors over which the observer has no control; 
guiding and focus in the category of factors over which the observer may have little 
control. This latter statement is particularly true if a reflector of great focal length is 
used for the observations. With such an instrument, guiding errors at the pole can become 
appreciable even if the telescope is only slightly maladjusted, and the focus of the mirror 
can change greatly in a period of less than an hour. 

The primary factors generally determining the success or failure of a photometric com- 
parison are constancy of seeing and similarity of guiding and focus during the two ex- 
posures. To these factors instruments of long or moderately long focal length are decided- 


* Contributions from the Lick Observatory, Ser. II, No. 20. 
1 Quite generally the North Polar Sequence (NPS) is used as the standard field. 


2 Sky fog may greatly affect the results of a comparison through pre-exposure and postexposure effects 
if both exposures are made on one area of the plate, or in all cases, regardless of how the plates are taken, 
through variability if the brightness of the sky differs for the two areas photographed. The error caused 
by the effect can amount to 0.2 mag. or more (see, e.g., the paper by Alter, Barber, and Edwards, M.N., 
100, 529, 1940. 
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ly sensitive, and changes in them during the two exposures of a photometric comparison 
can Cause serious systematic errors in the magnitude scale established. Experiences with 
the 60-inch reflector at Mount Wilson extending over some years have shown that, under 
unfavorable conditions, systematic errors of as much as 0.5 mag. in the scale established 
by the comparison method are not unusual and that even under favorable conditions 
that yield apparently excellent plates, systematic errors of 0.2-0.3 mag. are common. 

The physical causes of such systematic effects are not difficult to visualize. Changes 
in seeing, focus, and guiding (even though they may be slight) between two exposures 
on a given star cause differences in the resultant images of that star. If the star is bright, 
the image obtained under poorer seeing conditions or with poorer guiding or focus will be 
larger than that obtained under better conditions, for the intense light of such a bright 
star is sufficient to affect the emulsion either by direct or by indirect processes even if the 
light is attenuated by being spread out over an area larger than normal by poor observing 
conditions. For a faint star the effect is just the opposite. The feeble light of a faint star 
must remain concentrated in one position on the plate for a long period of time in order 
to produce any noticeable effect on the emulsion. If the light of the star is moved about 
or diffused over an area larger than normal by poor seeing, focus, or guiding, it is clear 
that the photographic density of the resultant developed image will be less than it 
would be if the image had been formed under better conditions of seeing, focus, or guid- 
ing. 

If the bright stars are made to appear brighter and the faint stars* are made to appear 
fainter by a decrease in the quality of seeing, focus, or guiding, there must exist stars of 
some intermediate brightness for which these opposing tendencies compensate. Stars of 
such intermediate brightness must produce on the plate images of optimum size and 
density that are not affected by changes in seeing, focus, or guiding, provided that these 
changes are reasonably small. The existence of such a point of optimum density has been 
noted by Blaauw.* Its existence has likewise been recognized by Trumpler® for many 
years, and it was previously mentioned by Zug* and others. Experience has shown that 
this point of optimum density occurs (within experimental error) at the same value of 
the Ross Q? for plates taken under quite different conditions. 

Making use of the constancy of the Q-value of the point of optimum density and of a 
relationship between magnitude systems suggested by Hertzsprung,* Blaauw has de- 
vised a method of plate reduction which has as its purpose the elimination of systematic 
errors in magnitude scales caused by changes in seeing, focus, and guiding. This purpose 
is achieved by his method, however, only in a statistical sense. 

The relationship proposed by Hertzsprung and used by Blaauw is one concerned with 
the transformation of one magnitude system into another. In general, if (m, Q)-curves® 
are determined for two plates, the two curves will, for the same value of Q, yield different 

’ The terms “bright” and “faint” are used here in a purely relative sense. “Faint,” for example, here 
refers to the faintest stars photographed on the plate. If the aperture of the camera is small and the 
exposure time short, these so-called “faint stars” (the faintest recorded on the plate) may, in fact, be rela- 
tively bright, that is, of the fifth, sixth, or seventh magnitudes. 

4B.A.N., 9, No. 333, 141, 1940. © Lick Obs. Bull., 18, 176, 1938. ° Lick Obs. Bull., 16, 121, 1933. 

7 The plates are assumed to be measured in a physical photometer of the Stetson, Ross, or Schilt type, 
according to the procedure described by Ross (A p. J., 84, 241, 1936). Q=s/f, where s represents the gal- 
vanometer deflection obtained with the star image centered in the photometer light-beam and f represents 
the average galvanometer deflection obtained for the fogged emulsion in the vicinity of the star image. 
The value of Q varies from 0.000 (total blackening) to 1.000 (emulsion fog). 

Trumpler measured his plates by the image-scale method. He found that the point of optimum density 
occurred (within experimentalerror) at 1.5 mag. above the plate limit (see Lick Obs. Bull., 18, 176, 1938). 

’ See Oosterhoff, B.A.N., 5, No. 190, 195, 1930; and Wesselink, B.A.N., 8, No. 318, 331, 1939. Hogg 
(Harvard Coll. Obs. Bull., No. 856, 1928) has suggested a similar relationship. 


* The symbol m represents magnitude. The (m, Q)-curve for any plate is the graphical representation 
of the relationship m = © (Q) or Q = © (m) for the plate under consideration. 
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values of m. We may represent these values by m, and me, where the subscript designates 
the (m, Q)-curve used to determine m. Hertzsprung asserts that it is possible to find 
constants a and B such that 


m=am+68. 


Tests of this equation show that it is not exact and that, in fact, the coefficients a and 8 
are functions of Q or, alternatively, of the sets of m’s. In general, if constant values of a 
and 6 are employed, it is found that, in the regions of small and large Q, small systematic 
differences exist between the observed values of m, and those derived from the values of 
mz. This is precisely the behavior that might be predicted for Hertzsprung’s equation, for 
it is in these regions of large and small Q that the (m, Q)-curves have appreciable curva- 
ture. In the region of intermediate values of Q, the (m, Q)-curves are essentially straight 
lines, and simple scale and zero-point corrections of the type proposed by Hertzsprung 
are sufficient to transform one (m, Q)-curve into another with a rather high degree of 
precision. 

Although the reduction method proposed by Blaauw is in many respects superior to 
the one commonly used, it has certain limitations, inasmuch as its use is restricted to 
pairs of plates taken with specified exposure times (Blaauw used exposures of 1 and 5 
minutes), and, in addition, it requires the establishment of certain statistical relation- 
ships from a large number of plates. It is, furthermore, subject to some uncertainties 
through the use of these statistical functions when they have been established. It is pos- 
sible, however, to formulate a more general method of reducing photometric plates than 
that proposed by Blaauw, which has as its purpose the elimination of systematic errors 
in the magnitude scale established. This more general method of reduction makes full 
use of the point of optimum density and can be extended to any number of exposures of 
any exposure times. Moreover, it does not require the determination of any statistical 
relationships such as Blaauw used. 


II. THE GENERALIZED POINT-OF-OPTIMUM-DENSITY METHOD 


1. It will be assumed that for a photographic plate there exists a ‘‘point of optimum 
density” such that a star image of this optimum size and density is not affected by rea- 
sonably small changes in seeing, focus, and guiding. Following experience, we may say 
that for a given instrument this point always occurs at the same value of the Ross Q, 
which value will be designated by Qo. 

2. It will also be assumed that between magnitude systems there exists a transforma- 
tion very similar to the one proposed by Hertzsprung, valid at least in the range in which 
Q is linear. A statement of the assumed relationship between two systems may be made 
as follows: All (m, Q)-curves are identical in shape (if the same Q-system is used for all), 
but for each plate the (m, Q)-curve is placed differently with respect to the m, Q-axes. 

Actually, it must be realized that this second assumption is not true in general. Just as 
Hertzsprung’s relationship is approximate, so is the one above; they are equally good 
to essentialiy the same degree of approximation. They are both quite good approxima- 
tions for that part of the (m, Q)-curve which is most favorable for photometric work and 
which lies roughly between the limits Q = 0.20 and Q = 0.85. The regions of the 
(m, Q)-curve having Q less than the first of these limits and greater than the last show a 
marked curvature. As these limits are exceeded and regions of greater curvature are 
encountered, the assumption becomes progressively more invalid. 

In describing the reduction method, it will be assumed that ” comparisons of some 
area A, for which we wish to determine magnitudes, have been made with some standard 
field, S. Let A; or S; denote the exposure on the area, A, or the field, S, on plate 7. The 
durations of the exposure times of these various comparisons are ¢1, é, .. . . , €n, Where 
some of the e’s are different. It is not necessary that all the comparisons be made on one 
night; neither is it necessary that all the comparisons be made with the same standard 
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field. It is necessary, however, that all the standard fields be on the same magnitude sys- 
tem. Let us also assume, for convenience and added accuracy of the results, that all 
exposures were so arranged that at the time of the mid-exposure of A; and S;, the zenith 
distances of A and S were very nearly the same. 

Measurement of the m plates will yield sets of Qu, for the stars in area A, and Qs, 
for the stars of known magnitudes in field S;. For each comparison we draw an ‘(m, Qs, )- 
curve. If we were to use the customary method of reduction in determining the magni- 
tudes of stars in A, we should say that the known (m + 6mi, Qs,)-curve (where 6m; is 
the correction for differential extinction between the two exposures of the comparison) 
~ the unknown (m, Qu ,)-curve were identical. With the value of Q for a particular star 

A on plate 7, we should be able to determine m. This simple procedure, however, leads 
o systematic errors, for reasons already enumerated. 

One plate, number k, for which the exposure time is near the average exposure time 

for all n plates, is chosen and all Q, , are reduced to one common (Q-system, that of Q4,,. 
This is accomplished by plotting, for each star measured in A, its value Q4 , as a function 
of its value Q4,, by drawing the curve best representing these points and by determining 
from this curve, for each Qu -value, the equivalent Q4,-value, which will be designated’? 
by Q4,. 
With the aid of the ( (Q4,, Qa,) transformation-curves, the (m + 6m;, Qs,)-curves 
may also be reduced to a common Q- system, that of Q4,, except for differences in the 
Qa, 4 Qs, -systems. If the (m + 6m,, QS,)-curves be plotted together, they will not coincide 
because of these differences, which are caused by changes in seeing, focus, and guiding 
during the period when the two exposures were made." The elimination of ‘the effects of 
these changes in observing conditions, and the formation of the best possible magnitude 
system obtainable from this set of curves, constitutes the central problem involved in 
the reduction of photometric comparisons. 

From the assumption dealing with the point of optimum density, Qo, it is evident that 
the transformed Qo-values, (3, should be given very high weight in the formation of the 
final magnitude system. With this in mind and following the second assumption, we 
rotate each curve about its Qj-point in an effort to bring each curve into coincidence 
with all the Qj-points. This process of rotation serves primarily to strengthen the system 
of the brightest stars (and to a lesser extent the system of the faintest stars) in whose 
Q-region no Qj may fall. 

When these rotations have been completed, a final smooth master reduction-curve, 
to be used for all the exposures, is drawn as nearly as possible through the Qj points 
and through the mean of the curves in the regions of small and large Q. From this curve, 

values of m for all the stars in A can be obtained either from their (4 -values, or from 
their Quy -values, if the master reduction-curve is transformed to the Ou system by 
means of the (On, , Qa,)-curves. In this latter case it is important to note that an ex- 
tinction correction must be applied to transform from the Qa, extinction system to that 


of O4,. 
III. THE VALUE OF Qo AND AN ILLUSTRATION OF THE REDUCTION PROCESS 


The value of Qo must be determined experimentally for each telescope; experience is 
not yet sufficient to allow a prediction of how the value of Qo may vary from one instru- 
ment to another. It is probable, to judge from the small amount of evidence at hand, 
that the value is not a sensitive function of the telescope. 

‘We may also represent by Q's, the value of Qs, transformed to the Qa, system through the (Qa, 
V,) transformation-curve. This is only an approximate transformation, for it assumes the equivalence of 
the Qa; and Qs; systems. 

' This set of (m + 6mi, Q's,)-curves is convenient in that it illustrates by the differences between the 
various curves the systematic errors that would have been present in each plate if we had used the cus- 
tomary reduction methods. 
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The photometric plates used by Blaauw were taken with the 8-inch Draper telescope 
(focal length = 1.26 meters) at the Harvard College Observatory. In order to determine 
the value of Qo, he compared pairs of plates of the same region taken within a period of 
30 minutes. The Q’s of corresponding images were plotted ; that value of Q at which ordinate 
and abscissa are equal is Qo. It is evident that Qo is well determined only if observing 
conditions have changed between exposures. From four pairs of exposures on the NPS, 
two pairs on the Harvard Standard Regions (HSR), and two pairs on Selected Areas 
(SA), Blaauw found: 


Qo = 0.851 + 0.012 (p.e.) 5-minute exposures , 
{ (a) 
Qo = 0.875 + 0.019 (p.e.) 1-minute exposures . ) 
The value of Qo may also be found from exposures on areas for each of which an 
(m, Q)-curve may be drawn. 
From three pairs of NPS—HSR plates Blaauw found: 


Qo = 0.805 + 0.022 (p.e.) 5-minute exposures , | 
( (0) 
Qo = 0.855 + 0.015 (p.e.) 1-minute exposures . } 


From thirteen pairs of NPS-SA plates he found: 


Qo = 0.856 + 0.008 (p.e.) 5-minute exposures , (¢1) 


and from twelve pairs of HSR-SA plates, 


Qo = 0.835 + 0.016 (p.e.) 5-minute exposures . (C2) 


The differences between these values seem larger than might be expected from acci- 
dental errors alone. Blaauw considered it possible that the values (6) and (c) had been 
vitiated by errors in the HSR and SA magnitudes. He adopted the values 0.850 for Qo 
for both 1- and 5-minute exposures. 

From a series of nine pairs of comparisons made with the Mount Wilson 60-inch 
reflector (focal length = 7.60 meters) diaphragmed to 40 inches, the writer has found 
that 


Qo = 0.822 + 0.009 (p.e.) 15-minute exposures . 

In the determination of this value, which is in satisfactory agreement with that of 
Blaauw, NPS-NPS and NPS-SA plates were used. For these latter comparisons the ex- 
posure times are such as to bring the more satisfactorily determined part of the SA scale 
into the range of Qo, and thus there is less danger that the value of Qo has been vitiated 
through use of this scale than there is in the case of Blaauw. In the photometric work 
carried on with the 60-inch reflector, 0.822 has been used as the value of Qo. 

As an example of the photometric method that has been discussed, the reduction of 
three photometric plates of an area (which will be designated by A) in Aquila taken 
several years ago with the 60-inch reflector diaphragmed to 40 inches will be described. 
Two polar comparisons of A were made. These were of exposure times 40 minutes (plate 
a) and 15 minutes (plate 8). A was also compared with SA 61" (plate y); the exposure 
time for this comparison was 45 minutes. 

In making a comparison, the fields photographed were not superimposed on one area 
of the plate. A was photographed on one half of a plate, the NPS or SA on the other half. 


12 The magnitude system of SA 61 used in this work was an unpublished one by Baade (see Ann. 
Rep. Dir. Mt. W. Obs., 1940, p. 12). 
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In each instance the plate was moved so that the optic axis of the telescope intersected 
the center of the half-plate being exposed. 

Ao.—When the Q’s resulting from the measurement of the plates were available, two 
sets of plots were made: (1) The (m, Q)-curves were drawn for the NPS on a and §; for 
SA 61 on y, and (2) a series of transformation-curves was constructed. In order to make 
these reductions homogeneous with a number of other comparisons then in progress, 
(Q, was chosen as the standard system. For the stars in A, Q-values for corresponding 
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Fic. 1.—The transformation-curve (Q,, Qy) 


images on a and y were plotted, and a (Q., Q,)-transformation-curve was constructed. 
Similarly, (Qg, Qy)- and (Qg, Qa)-curves were drawn. The (Qg, Qa)-curve was used to 
strengthen the (Qg, Q,)-curve through the double transformation (Qg, Qa) (Qa, Oy), each 
of which was perhaps slightly better determined than (Qg, Q,). 

One of the transformation-curves, (Q., Q,), is illustrated in Figure 1. 

By.—Since the Q,-system was adopted as standard, the magnitudes of the NPS and 
SA 61 were reduced to the extinction system of Q,. This was accomplished by applying 
to each of the (m, Q)-curves a small, easily determined, corrective constant, 5m, for dif- 


ferential extinction. 
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Co.—These (m + 6m, Q*)-curves were plotted together on the Q,-system. This was 
made possible through formation of (m + 6m, Q*)-curves with the aid of the trans- 
formation-curves. 

The (m + 6m, Q*)-curves of a, 8, y are illustrated in Figure 2. Noteworthy features 
are (1) that the three curves are not coincident because of changes in observing condi- 
tions that occurred during the comparisons; (2) that the points of optimum density, 
Qoy, Qos, and Ba, are distributed along the Q-axis because of the choice of exposure times. 
Because of this distribution of Qo’s we may adjust the entire magnitude system.'* 

It will be noted that the (m + 6m, Q,)-curve lies between the Qja- and Qos-points; it 
requires no adjustment. The (m + 6m, Qz)- -curve does not pass through the Qj¢-point. 
The curve was therefore copied on tracing paper, and this copy was rotated about the 
(Q}-point to bring the curve into coincidence, or near-coincidence, with Qjg. When prop- 
erly adjusted by such rotation, the tracing was securely fastened to the original sheet 
and was used thereafter as the final (m + 6m, Q3)-curve in forming the mean reduction- 
curve. A similar adjustment procedure was followed for the (m + 6m, Qz)- curve. 

When these adjustments by rotation were completed, the final compromise reduction- 
curve was drawn, great weight being given to the Qj-points. In the Q-region where no 
Qo-points occur, the mean of the adjusted curves was oad to determine the final curve. 

Do.—When the final reduction curve was available, two courses of action were open: 
With the values Q,, Q%, and Q3 for individual stars (the latter two quantities having 
been obtained with the aid of the transformation-curves) it was possible to read magni- 
tudes directly from this final compromise reduction-curve. Alternatively, it was possible 
to transform from (m + 6m, Q3) to (m+ 6m, Qs), and from (m + 6m, Q%) to (m+é6m, Qa) 
through the transformation-curves. Magnitudes could then be determined from the 
original Q.-, Qg-, and Q,-values. If this second procedure is used, one must be careful 
to apply the proper correction to transform from the Q, extinction system to that of the 
Q-system in use. 

The results obtained by the general reduction method described above have proved 
to be entirely satisfactory. Probable errors for a single measurement on a, 8, y, as deter- 
mined by internal consistency, are as given in the accompanying tabulation. If no ad- 
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justment of the three scales had been made, it is evident from an examination of Figure 2 
that the probable errors would have been considerably greater than those listed. If some 
adjustment had been made after reduction by the customary methods, the question of 
choosing the system to which to adjust would have arisen immediately. Generally, the 
mean system is adopted for such adjustment. If the mean system had been adopted and 
individual scales adjusted to it, the probable errors would have been reduced below the 
values obtained with no adjustment, but the final scale (as can be seen from a glance at 
Fig. 2) would have had in it several regions of irregularity. 


IV. ALTERNATIVE METHODS OF PLATE REDUCTION 


1. The procedure just described requires, in addition to the formation of (m, Q)-curves, 
the construction of transformation-curves. It is possible, however, to formulate a method 
of reduction which does not require such transformation-curves and which substitutes 


‘3 Tt would have been very desirable in this series to have had one more plate taken with an exposure 
time such that Q§ would have been of the order of 0.25. 
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Fic. 2.—The (m + 6m, Q*)-curves for plates a, B, and y 
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for them directly constructed transformed (m, Q*)-curves. This alternative procedure 
may be illustrated with the same plates a, 8, y, used in the foregoing example. 
A;.—The reduction curves were formed for the standard field on each plate. These 
are, symbolically, 
(mM, Qas) ’ (m, Qgs) ’ (m,Q,5s) . 


B,.—By application of the differential extinction corrections, dma,,7, these curves 
were, in each case, transformed to the extinction system of the area A: 


(m + 6m, Qas) , (m + dmg, Oss) , (m + dm,, Qs) 
C,.—These curves were assumed to be equivalent to the (m, Q)-curves of area 4, 
(m + dma, Qas) = (m, Qaa) , (m + dmg, Ops) = (m, Qpa) ; 
(m + 8m, Qys) = (m, Ora) 


a from these curves, magnitudes, m., mg, m,, were determined for each star measured 
in A. This is the common procedure used to determine magnitudes by the comparison 
ca it neglects differences in the (m, Q)-curves of the standard field and the area, 
caused by changes in seeing, focus, and guiding. 

In order to correct for these differences, the m-values found from the (m + 6ma, Qas)- 
and (m + 6mg, Qgs)-curves for the stars in A were plotted as functions of the Q,-values 
of the stars; that is, the functions? 


ma = B2(Q,) , mp = O5(Qy), 


were formed by plotting, successively, for each star, its ma or mg against its measured 
Q,. Through these sets of plotted points (m. against Q,; mg against Q,), the curves of 
best fit were drawn. These are the @-curves;’ they are completely equivalent to the former 
(m + 65m, Q*)-curves. 

D,.—The ®-curves, £3, ©}, ®, (this latter is identical with [m + 6m,, Q,]), were plotted 
together to form a system of curves identical with that illustrated in Figure 2. They 
were rotated about their Qo-points in precisely the same manner as that described in 
section Do, and a compromise curve was formed as before. There was only one slight 
point of departure from the procedure of section Do; this was in the location of the Q}- 
points. Since there were available no transformation-curves, it was not possible to de- 
termine (Qj, and Qj,; there were used in their stead the points Moa, the magnitude corre- 
sponding to Qoa, and mog, the magnitude corresponding to Qog, these being determined 
from the (m + dma, Qas)- and (m + dmg, Qgs) -curves. The fixed points on the @-curves 
were, then, Qoy, mog, and moa, these latter points being equivalent to Qj,, and Q),. 

When the mean ®-curve, m = ®(Q), had been determined in the same manner as 
the (m, Q)-curve described in section Do, two procedures were available for correcting 
the m-values that had been read from the unadjusted curves. 

a) The corrections, Am, the differences between the final ®-curve and the unrotated 
-curves, were determined from the composite plot of the final and unrotated -curves, 
and were plotted as functions of Q,: 


Mm — Ma = Ama = fa(Qy) , im — mp = Amp = fa(Qr) , =m — m, = Am, = f,(Q,) - 


These f-curves are illustrated in Figure 3. 

With the value of Q, for any star, the values Am,, Amg, and Am, necessary to convert 
the uncorrected m-values of the star to the system of the final @-curve were read off 
from these f-curves and were applied to the previously determined provisional magni- 
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tudes, ma, mg, m,. This procedure gives great weight to the Q,-values, since they are 
involved directly in the determination of each Am-value for each star. In general, since 
the Am-corrections are small, this procedure probably does not introduce appreciable 
errors. Possible objection to this method can be avoided, however, and Am-corrections 
can be determined for each m-value without reference to individual Q,-values by a proc- 
ess slightly different from, and possibly preferable to, the one just described. This 
second correction process is as follows: 

b) From the collection of final and unrotated -curves were derived the functions: 


Mm — ma = Ame = palma) , m — mp = Ams = pp(mes) , 


which are simply the differences between the mean ®-curve and the unrotated ®-curves, 
plotted,as functions of the uncorrected m.- and mg-values rather than the Q,-values as 
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Fic. 3.—The f-curves for plates a, 8, and y 


they were previously. From these plots of the u-curves, illustrated in Figure 4, the cor- 
rections, Am, and Amg, to be applied to the previously determined m, and mg were read 
off for the uncorrected m,a- and mg-values. The Am,-corrections can be found from either 
a By curve or an f,-curve, whichever is the more convenient. 

2. In the alternative reduction method described in section 1 above, the uncorrected 
magnitudes Ma, Mp, and m, were determined for the stars in A as the first step in the 
process. It should be pointed out that it is unnecessary to determine magnitudes m, for 
the stars in A in order to apply the short methods of correction of section 1; the final 
corrected magnitudes for exposure y can be determined without first going through the 
process of determining provisional or uncorrected values m,. In order to accomplish this 
adjustment without preliminary m,-values, the procedure of section 1 was, for plates 
a, 8, and y, followed through the determination of the curves 


(m + dma, Qas) = (m, Qaa) , (m + dmg, Qas) = (m, Qpa) , 
(m + dm,, Qs) _ (m, Qya) ’ 
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and through the reading-off of the uncorrected magnitudes m, and mg for the stars in A. 
The m,-values were not determined from the (m + 6m,, Qys)-curve for the stars in A. 
The ®3- and 3-curves were determined as in section C,; they were plotted together 
with (m + 6m,, Qys), which is identical with ®,. The resulting set of curves is identical 
with that illustrated in Figure 2. The curves were adjusted by rotation about moa, mog, 
and Qo,; the corrections to the m,.- and mg-values were determined as f- or u-functions. 
The final corrected m,-values were read directly from the final adjusted -curve, which 
is, of course, on the Q,-system. 

3. If a number of plates of approximately the same exposure times is to be reduced, a 
slightly different method of determining the preliminary uncorrected magnitudes may 
be desirable.'* With such plates it may be convenient to use a mean, or standard, reduc- 


403 T T 1 T T l T 





40.25 


+01 








i N 
2 3 4 1 6 I7 VW 9 ® 
m 








be 0.3 


Fic. 4.—The u-curves for plates a, 8, and y 


tion-curve, (m’, Q), and to plot for the standard field on any plate an (m — m’, Q)- 
curve rather than an (m, Q)-curve. It is possible that in some instances greater ac- 
curacy may result from the use of (m — m’, Q) rather than (m, Q), inasmuch as the 
former may be more accurately drawn than the latter if relatively few stars are available. 

A».—For the standard field on each plate an (m — m’, Q)-curve was formed. For the 
plates a, B, y, these are represented symbolically by 


(m—m', Qos),  (m—m’,Qgs), (m—~m’,Qys). 


‘4 The reduction of plates with a standard reduction-curve was suggested in conversation by R. J. 
Trumpler, who has made frequent use of the method. 


6 The (m—m’, Q)-curve is determined by finding for each Q the m-value given by the (m’, Q)-curve, 
m’ (which may be tabulated), by forming the difference m—m’, where m is the known magnitude of the 
star under consideration, and by plotting this difference as a function of Q. 
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Bz.—The extinction system of each of these curves was adjusted by application of the 
proper differential extinction correction, 6m.,,,, to bring it into coincidence with the 
system of A, thus: 


(m — m' + dma, Qas) = (Ama; Qas) ; (m — m' + 65mg, Oss) = (Ama, Qas) , 
(m — m’ + bm,, Qys) = (Am,, Q,s) . 


These curves are illustrated in Figure 5 
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Fic. 5.—The (Am, Q,)-curves for plates a, 8, and 4 
C».—In accord with general photometric practice, which does not take into account 


changes in seeing, focus, and guiding, corresponding (s—Qa-systems were assumed to be 
identical, and hence 


(Ama, Qas) = (Ama, Qaa), (Amp, Oss) = (Amp, Opa), (Am,, Qys) = (Amy, Qya) « 


With these curves, provisional magnitudes, m., mg, my, were determined for each star 
measured in A. This was accomplished by reading off, from the tabulated values of the 
standard reduction-curve, the m’-value for a given Q and then, with the same Q, deter- 
mining from the appropriate (Am, Q)-curve the proper correction to be applied to m’. 
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The m-values thus obtained were equivalent to the uncorrected m-values obtained by 
the methods of section C,; they were corrected for seeing, focus, and guiding differences 
between the standard field and the area by the methods of sections C; and D,. 

While it would be highly desirable to make these corrections for changes in seeing, 
focus, and guiding directly in the (Am, Q)-curves before making use of the curves in 
determining the magnitudes of the stars in A, it is, in general, not possible to do so. 
The preliminary or provisional magnitudes of the stars on plates a, 8, and y are sums of 
two quantities, m’, the value from the standard reduction-curve, and Am, the difference, 
for a given Q-value, between m’ and the m that would be derived from the reduction- 
curve that obtains for the plate under consideration. Written as an equation, 


/ 
Ma, B, y = Ma, B,y + Ama, B, 7; 


or, in terms of the @-functions, 
Ma, B, y = Po(Qa, B, x) + Pe(Qa, 8, x) 5 


where the m, taken from the standard reduction-curve, written as a function of Q, is 
represented by #o(Q), and Am, written as a function of Q, is represented by ®.(Q). In 
order to use the method of adjustment by rotation, we must have the ma, g, , as functions 
of Q,. The magnitudes m, are on the Q,-system; the magnitudes m.,g must be trans- 
formed from their respective Q-systems to the Q,-system. Such a transformation may be 
represented symbolically by 


Ma, ana oe a, B (Q,) + oe a, 8 (Q,) . 


In attempting to make all the adjustments through the correction-curves alone, how- 
ever, we should not make use of the above transformations in our composite plot of all 
reduction-curves, but only one part of each of them, namely, ®%, «, g(Q,). This would be 
represented by 


Ma, 8 — Po(Qa, s) = ®*, a, B (Q,) } 


®,) would not be transformed from the Qa, g-system to the Q,-system. Through failure to 
transform ®» and through use of only #% in the process of adjustment, errors would result 
in the final magnitudes because of false corrections forced into the corrected * during 
the process of adjustment by rotation. These would arise from failure to take into ac- 
count changes in the shape of the standard reduction-curve that are caused by transfor- 
mation from one Q-system to another. While these shape changes can be eliminated, 
transformation-curves are required in the process. The most satisfactory procedure for 
making corrections for changes in seeing, focus, and guiding when a standard reduction- 
curve is used in the determination of magnitudes, therefore, seems to be that of going 
through the intermediate step of determining provisional magnitudes, ma, mg, as de- 
scribed above. 

Which of the various methods of reduction that have been discussed is to be used in a 
given case depends upon the number of plates to be reduced, the number of stars per 
plate, and numerous other factors. It must be left to the observer to decide which method 
(or variation of it) is most advantageous for his particular problem. 


V. CONCLUSIONS 
It seems probable that the generalized point-of-optimum-density method of reducing 
photometric comparisons described here offers a means of eliminating systematic scale 
errors caused by changes in seeing, focus, and guiding. Results so far obtained through 
its application have been highly satisfactory, and it is believed that it has several ad- 
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vantages over the procedure proposed by Blaauw, which is restricted in application to 
pairs of plates taken with specified exposure times. Blaauw’s method requires, moreover, 
the determination, through study of a large number of plates, of empirical relationships'® 
that are statistical in nature. None of these statistical relationships is required in the 
application of the reduction methods herein proposed. 

Several questions about certain aspects of the assumptions involved in this proposed 
method remain to be investigated. It would be desirable to know, for example, if Qo is a 
function of exposure time or of other factors. It may be that in short exposures the time 
average of observing conditions is such as to cause the value of Qo to differ from the 
value found from longer exposures. It would be helpful to know the way in which each 
of the variables—seeing, focus, and guiding—individually distorts the (m, Q)-curve. 
Likewise, it would be useful to know how the telescope is involved with these variables 
and how it modifies their effects. It is anticipated that these questions, or some of them, 
will be dealt with in future discussions. 

It has been mentioned several times that inaccuracies may occur in those regions of 
the reduction-curves that show appreciable curvature. It is likely that the reduction 
method discussed here could very advantageously be applied to measurements made 
with a photometer of the Seidentopf type.'’ This is a null-type instrument that, in 
effect, measures diameters of the star images on the plate and produces essentially 
straight-line reduction-curves over a much greater magnitude range than does a photom- 
eter of the Stetson, Schilt, or Ross type. With such a straight-line (or nearly straight- 
line) reduction-curve, the simple transformation assumption made here would be valid 
over a much greater magnitude range than it is for reduction-curves of the type illus- 
trated in Figure 2, and the accuracy of the adjustment by rotation would consequently 
be greater, particularly for the brightest and the faintest stars, than it is with nonlinear 
reduction-curves. Numerous problems in the use of such a photometer, however, remain 
to be investigated. Paramount among these, of course, is that of the constancy of the 
value of the photometer’s measure of the point of optimum density. 

16 The first of these is a relationship between Q/,,, the Q-value of the long exposure read from the 
(m, Q)-curve of the long exposure for the m-value corresponding to the Q» of the short exposure, and the 
constant a (which may be represented by a;) in Hertzsprung’s equation required to derive the magnitude 
system of the 5-minute exposure from the standard (m, Q)-curve used by Blaauw. The second relationship 
is one between a; and ay, the a in Hertzsprung’s equation required to reproduce the magnitude system of 
the 1-minute exposure from the standard (m, Q)-curve. This latter relationship is equivalent to one be- 
tween a; and Qj), since as is determined from (Qj). 


17 H. Seidentopf, A.N., 254, 33, 1934. 
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ABSTRACT 


Tables which greatly shorten the least-squares solution of an eclipsing binary light-curve are developed 
and presented. It has been found possible, with some minor qualifications, to tabulate the differentia! 
coefficients appearing in the equations of condition as functions of the well-known parameters & and p. 
These coefficients, which are also functions of the limb-darkening coefficient x, may be numerically 
evaluated for any intermediate limb darkening by interpolation between the uniform (x = 0) and the 
darkened (x = 1) tables. Tables of the differential coefficients for x = 0.4 and x = 0.6 are also given. 

These tables are of very general applicability and are especially recommended for the solution of 
photoelectric light-curves in one or more colors. 


In his paper on the application of the method of least squares to spectroscopic binary 
orbits, Schlesinger stated: ‘‘.... The method of least-squares not only has the ad- 
vantage of greater accuracy and of telling us how reliable our results are, but it eliminates 
from the computations any personal bias or arbitrary step.”! Computers of eclipsing 
binary orbits, however, have been none too enthusiastic in adopting this method. The 
approximate methods of solution of a light-curve are straightforward and quick. In 
general, photographic or visual observations are so inaccurate that they can be satisfied 
even under oversimplifying assumptions; the use of more refined methods is probably 
justified only for light-curves of the very highest precision. The increasing efficiency of 
photoelectric photometers, therefore, has stimulated the development and application 
of the method of least squares to the determination of the photometric elements of eclips- 
ing binaries. Wyse? gave the first exhaustive treatment of the problem, in which all ele- 
ments were subject to an adjustment. Kopal* extended Wyse’s treatment of the problem, 
devised an alternative method for obtaining the differential coefficients of the equations 
of condition from tabular differences of the respective a-tables, and gave applications to 
practical cases. Later, Kopal* published tables of associated a-functions, some of which 
are appropriate to the problem. At best, however, the method is very laborious. For ex- 
ample, in the solution of a light-curve of YZ Cassiopeiae, Wyse and Kron? found it 
necessary to compute 183 differential coefficients. The calculation of even one such coef- 
ficient may be a lengthy and involved process with the tables heretofore available. 

The development of the 1P21 multiplier phototube has now made it possible for an 
observer, with a telescope as small as a 12-inch, for example, to obtain photoelectric 
observations? of ninth- or possibly tenth-magnitude stars with a probable error of an 
observation of less than +0.005 mag.*® 7 Presumably even fainter stars may be observed 
with this high precision, provided that the 1P21 is refrigerated with ‘dry ice.’’ More- 
over, Kron® has shown that two-filter colors, referring to a base line slightly longer than 
that of the international system, may be obtained with the 1P21. We may therefore 


1 Pub. Allegheny Obs., 1, 33, 1908. 3 Proc. Amer. Phil. Soc., 86, 342, 1943. 
2 Lick Obs. Bull., No. 496, p. 17, 1939. 4 Tbid., 88, 145, 1944. 


5 One observation usually consists of from five to ten settings on the variable star and a like number 
on the comparison star. 


6 Kron, Ap. J., 103, 326, 1946. 7 Weaver, Pop. Astr., 54, 504, 1946. 
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expect a greatly increased output of photoelectric light-curves; and many eclipsing sys- 
tems will be observed in two (or more) color regions. In view of these considerations it 
seems worth while to re-examine the least-squares problem, shortening the lengthy com- 
putations where possible and extending the method to include differential effects (dif- 
ferential limb darkening) arising from the comparison of two light-curves of one eclipsing 
system in two color regions. 

As is well known, /, the fractional loss of light of the eclipsed star, and a, the normal- 
ized fractional loss of light (a = 1 at the moment of interior contact) are functions of the 
two familiar parameters & and p* only. We might expect, therefore, that the differential 
coefficients (0f/0r;, 0f/Ore, Af/ [a(cos? i)], 0f/dx) appearing in the equations of condi- 
tion are, with a few complications, functions of & and p also. If tables of the differential 
coefficients as functions of k and p were available, the determination of a given coef- 
ficient would be a matter of seconds rather than of minutes, shortening this phase of the 
least-squares calculations by an enormous amount. It is the purpose of this paper (1) 
to show how and with what modifications the differential coefficients may be tabulated 
as functions of k and p; (2) to present these tables for x = 0.0, 0.4, 0.6, and 1.0; and 
(3) to discuss the application of the tables to various problems. 


THE THEORY AND CONSTRUCTION OF THE TABLES 


In the main the notation of Merrill? is here used. Merrill’s tables (and nomograms), 
which are shortly to be published, will presumably be the standard tables used for the 
preliminary solution of a light-curve for many years to come. It is necessary in the 
present treatment, however, to employ the variable f as well as a. The following symbols 
are used frequently: 


L, = Light of large star ; 
L, = 1 — L,; = Light of small star ; 


r, = Radius of large star in terms of the distance between centers of the two stars as 


unit distance ; 


= Radius of small star (same unit) ; 


no = 
T2 
k=—; 
11 
6 = Apparent distance between centers 


= (cos? i + sin? sin? @)”/? = 7, (1 + kp) 
where i = Inclination (angle between the line of sight and the normal to the orbit plane), 


and 6= Phase angle = ——~——, 


‘Strictly speaking, f and a are also functions of x, the coefficient of limb darkening. It is customary to 
tabulate a asa function of k and p for the uniform and the darkened hypotheses only. The numerical rela- 
tionships corresponding to an intermediate degree of limb darkening may be derived by the use of well- 


known interpolation formulae. 
°T am indebted to Professor J. E. Merril! for checking the notation, which is a slight modification of 
that given by him in 4.J., 52, 26, 1946. 











382 JOHN B. IRWIN 


where P = Period ; 

t = Time of observation ; 

fo = Time of mid-eclipse ; 

>= ae ri) = Geometric depth of eclipse ; 
: 


=a 
ie 
Ate 
~S 


- = Parameter used during annular phase instead of p ; 


x, = Coefficient of limb darkening of large star in the expression J = J,(1 — a; + 21 Cos 
vs 


x» = Coefficient of limb darkening of small star ; 


f = Fraction of total light of eclipsed star that is cut off at any time ; 
rt = Fraction of total light of eclipsed star that is cut off at moment of interior contact; 


a =~ = Fraction of total light of eclipsed star that is cut off at any time, normalized so 
. 


that a = 1 at moment of interior contact ; 


e = Eccentricity of the orbit ; 

w = Longitude of periastron, measured from the ascending node in the direction of 
motion of the primary component (star with the greater surface brightness) and in 
the plane of the orbit (the ascending node is that node at which the primary 
[hotter] component is moving away from the observer) ; 

1 =1-—/fL = Light of system at any time during eclipse, L (= ZL; or Lz) being the 


light of the eclipsed star. 


The superscripts oc and ¢r refer to occultation (small star eclipsed) and transit (large 
star eclipsed), respectively. The superscript x, when given a numerical value, refers to 
the limb-darkening coefficient expressed in tenths. From the definition of a and 7 we 
may write: 


0 foc = 0goe = 0g , (ar =a =%q), (1) 
10 foc = 10g oc (7 =1 for occultation) , (2) 
0 ftir = 07 Ogtr = R2 0g (3) 
10 ftr = 107 Wg tr (4) 
where 
Or = k2, (5a) 
107 == {sin-! /B +3 (4b —3)(2k+1) VEG—#)}. (55) 9 


10 Cf. Kopal, An Introduction to the Study of Eclipsing Variables (Cambridge: Harvard University 
Press, 1946), p. 29. Kopal calls this quantity g?; it may be obtained by straightforward integration. 
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The following interpolation formula is well known:!! 


; 3 (1— x) 2% 
°F imc acre. 6 
’ 3—£. i Sa (0) 
Therefore we may write 
3(1-— x) 2x 
*s oc Tq 0c = f: — {q oe —— 10 go 
ale 3 Sn ( 7) 
or 
7q% a= (1 — 6°) q+ 6°° gee 
where 
2x ‘a 
u°° = ——— (7a) 
3—4 
also 
; 3(1—-2x 2x 
zftr tp tq tt = cons —*) k2 \o- —— — 107 10g tr (8) 
3-—x 3-24 
where 
3(1-—x Z 
Sip we oe le Rs 9) 
3—Nx 3 X 
or 
(1— «)°a + xB %q 
tgtr — .*_... i aes — = = (1 — yr") tr 10,. tr 10 
a oer eg ate a". (10) 
where 
k ‘ 11) 
md =< ee ee ( 
b= (k) 3B cake 
x® 
i (12) 
1—x+ x4 


The above equations enable one to compute /, a, or 7 for any intermediate degree of 
limb darkening from tables of °a, !°a”, !°a'", and ®.” 

At any phase angle 6, during the eclipse of the large star by the small one (transit), 
zf" = +f (ry 9, COS i, m). Differentiating the expression / = 1 — *f'"Z,, we can write the 
equations of condition i in the form: 





, xf zftr dit Jd 
Al (o—c) = —*f "ALi— ~ige ae Jar + p’ Afret+ : iy A (cos® i) + ant (13) 
Or 8 (cos? 
for a transit. Similarly, for an occultation: 
oc Tp oc ) 7a oc 
Moc) —*0°°ALy—Ls je on Art gee A (cost i) +S Aaat . (14) 
or Sats OX, 


One equation of the form (13) or (14) can be written for each normal point of the 
light-curve. The differential coefficients are functions of the unknowns themselves, so 
that a good set of preliminary elements, obtained by one of the well-known approximate 
methods, must be available before a least-squares solution is begun. It is assumed here 
that we are dealing with a rectified light-curve and a circular orbit; therefore, our un- 
knowns, six in number, are LZ; (or L2), 71, 72, Cos? i, 41, and x2. Orbital eccentricity, to be 
considered later in more detail, will sometimes require the additional unknown, e sin w, 
the radial component of the eccentricity. The tangential component of the eccentricity 


" Tbid., pp. 24-25. 


The most complete tables (five-place) yet published are those of Zessewitsch, Bull. Astr. Inst. 
Leningrad, No. 45, 1938, and No. 50, 1940. The quantities °a, a, and a‘" are denoted a°, a’,and a’”’, re- 
spectively. Values of &(k) are tabulated to six places from k = 0. 20 to k = 1.00 at intervals of 0. 01 (Table 
5, No. 50). They may, of course, be computed from equations (5b) and (11). Iam greatly indebted to Dr. 
Harold S. Alden, of the Leander McCormick Observatory, for the loan of one of these Bulletins. 
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(e cos w) and ¢o, with their respective probable errors, are usually evaluated from a pre- 
liminary determination of the times of primary and secondary minima. It is often ad- 
visable, from considerations to be discussed in more detail later, to fix one or more of the 
following: Ly, x1, #2, € sin w. A reduction in the number of unknowns greatly shortens the 
computations. 

The quantity A(cos? 7) is used rather than Ai for the following reason. It has often 
been found necessary or convenient to fix the value of 7 in the preliminary solution at 
90°. But df/di = Ofori = 90°, and the coefficients of Ai would be identically zero, making 
impossible a correction to the inclination. The quantity 0f/[0(cos? 7)] is always real and 
finite throughout eclipse (except during totality) even when 7 = 90° and is therefore 
the more appropriate coefficient to use. 

Of the four differential coefficients involved in equation (13) or equation (14), 
0 *f"/dx, and 0 7a”/dx2 involve the least difficulty; for, differentiating equation (6), we 
get at once: 


oh ee eo: ae (10 fer at ft) E ) 


"4 (15) 

eat = - oa (Ma%—%a). | 

OX, (3 — Xe)? ) 

Values of '°f" and °f* can be easily computed with the aid of equations (3) and (4) and 

the Zessewitsch tables.” The quantity (!°f — °f*") is tabulated here in Table 8. Values of 

qr and °%a are obtained directly from the Zessewitsch tables and (!8a% — °a) may be 
found here in Table 4. 

The derivatives of the f-functions with respect to the geometrical elements are gen- 
erally complex, involving elliptic integrals of the first and second kind. Kopal has shown 
that the derivative of the a-functions with respect to the geometrical elements may be 
made to depend on da/dk and da/dp, and values of the latter two derivatives may be 
readily extracted from the appropriate tabular differences of the Zessewitsch tables. 
Kopal’s analysis need be only slightly modified to fulfil our present requirements, and it 
enables us, with some slight modifications, easily to tabulate values of the derivatives of 
the f-functions with respect to the geometrical elements. 

Since f is a function of k and p only (for « = 0 or x = 1), we are entitled to write 


af af ak, af ap 





il et a a te Me 16 
dw Ok Ow Op dw’ UG 
where w = 7, 72, and cos” 7 in turn. We can readily obtain the following: 
Ik - 
OR _ = Ok 1 ‘ ea =0; (17) 
Or, Tr) Of. 1 0 (cos? i) 
Op —s I op _—p Op  _9Op 906 _ cos’é (18) 
an, . Fe? ‘i O(cos?i) 06 dfcos?i) 267r2° ' 


Substituting equations (17) and (18) in equation (16), we obtain for either occultation 
or transit: 


of of of 
ai i lee 19 
"? Or, Ok Op’ ( ) 
Of Of of 
a ee ey cae 20 
"2 Or; ak | ap’ ies 
1,72 Of a ae of (21) 


cos? 6 0 ‘cos?i) 2(1+kp) dp’ 
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where 

0 f° 0a’ afr e 0a°’’ 

Ok OR’ “ap ap” am 
and 

eae oa" a OT ee Oa" 

Be a Ee om 


For an intermediate degree of limb darkening we can apply equation (6) and obtain 


df _9*f _3(1—x2) 0 °f 2x Of (24) 











ow ow 3-%x Ow 3—x dw ' 


where, as before, w = 7, r2, and cos? 7 in turn. 

An inspection of equations (19), (20), and (21) shows that everything on the right- 
hand side of the equations is a function of k and only, and hence the quantities on the 
left-hand side of the equations can be tabulated as functions of k and p. Because f* = a” 
and 7 is equal to, or approximately equal to, k’, it is more convenient to tabulate the 
following quantities for x = 0.0, 0.4, 0.6, and 1.0: 





0a’ 0a’ — 111e 0a’ 
rs no, =p a 
Or,’ Or,’ cos? @ @(cos?2) ’ 
r, of" %, of” —Tri of” 


k an,’ k Or,’ k cos? 6 0 (cos?i) ° 

The tables were constructed as follows: the quantities da%/dk, da°/dp, da""/dk, and 
da‘/Op were tabulated for the uniform and darkened hypotheses by numerically dif- 
ferencing the Zessewitsch tables” of a°, a’, and a”’ in appropriate fashion. For example, 
d a°e/dk for k = 0.40 and p = 0.50 was derived by subtracting the value of a’ at 
k = 0.35 and p = 0.50 from the value of a’ at k = 0.45 and p = 0.50, multiplying the 
resulting difference by 10. The differences so obtained were tabulated at intervals of 
k and p equal to 0.05, and the resulting tables were differenced. From these second (and 
sometimes higher) differences, small corrections were applied to convert the first differ- 
ences to the appropriate derivatives; these corrections were obtained by means of various 
interpolation formulas. They were usually small, but, when greater than ten units in the 
last place, the value of the derivative was checked by means of the associated alpha- 
functions.!* In the case of annular phases, Zessewitsch does not tabulate a” directly and 
also changes from p to the new parameter g, where 


gap (It). (25) 


The calculation of 0 !°a'"/dk and @ '°a'"/dp for annular phases was therefore somewhat 
more complicated than for partial phases but was perfectly straightforward, and the 
details will not be given here. In general, it was possible to obtain da/dk and da/dp to 
four-place accuracy. For transits it was then necessary to tabulate df/dk and df/dp, 
making use of equations (5a), (5b), (23), and the expressions 
0°r 0%, 16 m 


pth, pe bE (I-28). 


13 T am indebted to Dr. Z. Kopal for a copy of some unpublished five-place tables of the two associated 
alpha-functions, J°,,, and J1,,, tabulated for both partial and annular phases. The associated alpha- 
functions were also used to compute all values of the derivatives for the k = 0.975 column, the p = 
—0.975 row, and many values of k = 1.00, 0.20, and 0.00 and » = —1.00, as well as for numerous spot 
checks. 


(26) 
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The final tables were computed from equations (19), (20), (21), and (24), checked by 
differencing, and rounded off to three significant figures. They have also been spot- 
checked by the following formulas:'4 

0 f of { == £1 Ts 0 f ' 
rsotk( ns )=2+ep {oe oF t (27 
Or, Ore P ( cos? @ 0 (cos?7) J ) 
o's. < 
—_ [° 


4 *) ‘ b | 
a Or, k 1,0 


7 i: ene 1+kp J? 
? an me PS m1,19 | 
0%a — i 2(1+kp) 
"s Or. RB? ae a Od a 
> (28) 
Se ee ee 
"2 Or. VitkpJ ib gv (1+ kp)? Jn, a, | 
“<fit; O%%. 1 I 
cos? @ d(cos?i) k(1+kp) stacat 
=nn ae 38, | 
cos? @ A(cos?i) 2k®?>V1+kp > - 1? 
r, 0 i “— ) , , 
kon | aie Tiedt ide °. 1 
ry 9 fer —— : = ET 
~—— = —3kRVR(A+kp) J°, +3VR(1+kp) 3S! ; 
k Or, 4 die 
r; 0 Sse ) 70 
k Ons are ee 
(29) 
r, awyer — 
ieakcomaiaaiage' aes 3 2 J® 
5 ee IVR + OP) Ft, sy, 
gosh 


1 


k cos? 6 0 (cos? i) ma 1 aw kp Y 1,0? 


en ee sf Te | 
omens — = —_—— J! ; | 

k cos? 6 d(cos?i) 2 NI+ | is ) 

An inspection of equations (28) and (29) reveals the advantages arising from the use of 
the tables. Numerical values of the quantities on the left-hand side of the equations may 
be quickly extracted from the tables for any value of k and p by the use of linear double 
interpolation. It can be seen that the computation of the differential coefficients from 

4 Cf. Kopal, Eclipsing Variables, pp. 80-83. Our eqs. (27), (28), and (29) may be derived from Kopal’s 
eqs. (93), (94), and the expression at the top of p. 83, remembering that 
of  __cos?6 af 
A(cos?i) 26 08° 


In Kopal’s notation, 7; and rz refer to the radius of the eclipsed and the eclipsing star, respectively. 
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equations (28) and (29) would not bea particularly rapid process, even if the appropriate 
values of the /’s and the J’s were known; and these values must be extracted from 
Kopal’s tables by nonlinear (Everett) interpolation, involving modified second differ- 
ences. They are tabulated as a function of a parameter a (not to be confused with the 
fractional loss of light), which is a function of another parameter, wu, which, in turn, is a 
function of 71, 72, and 6 (or of k and p). 

The maximum error to be expected in Tables 1-24 is one in the last place. The con- 
struction of the tables has been greatly facilitated by the numerical methods used, which 
are based on a method by Kopal.*: © It is of interest to note that these tables could have 
been computed in 1912, with a somewhat lower but still adequate precision, by differ- 
encing the original Russell and Shapley a-tables,'® long before Wyse solved the problem 
analytically. The use of differential coefficients, extracted from the tables to fwo-figure 
accuracy only, will probably be entirely adequate for most practical applications. 


ELLIPTICITY AND REFLECTION 


The preceding discussion has implicitly assumed that the light-curve has been cor- 
rectly rectified for ellipticity and reflection. This assumes, in turn, that adequate obser- 
vations have been made between, as well as during, eclipses. The computer should be 
familiar with the Russell method of rectification'® and its more recent modifications.” 
Kopal!* has shown that rectification can remove only part of the terms associated with 
the distortion of the components and is not generally capable of rendering a rectified 
light-curve equivalent to one produced by eclipses of two spherical stars even to the first 
approximation. If the mass-ratio is known, it is possible to compute, from Kopal’s ta- 
bles,* the effects on the light-curve of the distortion of the eclipsing star.!* Tables associ- 
ated with the effects arising from the distortion of the eclipsed star, as well as with effects 
of reflection and gravity darkening, have been computed by Kopal and have recently 
been published.?° 

While a complete discussion of ellipticity and reflection effects is outside the scope 
of this paper, a few general remarks may be in order. As is well known, the solution of 
the orbital elements is very greatly strengthened whenever the depths of primary and 
secondary minima have been observed. It is especially important, therefore, that the 
rectification methods be correct in so far as these depths are concerned. This is especially 
true in the case of photoelectric observations, where shallow secondary minima can be 
observed with a high percentage of accuracy. As soon as approximate values of the 
orbital elements have been derived, it should often be possible to separate the rectifica- 
tion effects for the two components by means of the equations given by Russell!’ and to 
derive correctly rectified depths. This presumes that adequate spectroscopic (and pos- 
sibly color) data are available. 

The approximations of Russell’s “‘intermediary”’ model have been clearly stated;?! 
it is probable that most ‘‘typical’’ U Cephei-type stars differ radically from this model. 
The computer’s problem would seem to be, first, to rectify the observed depths by sepa- 


’ 


16 Considerably more time was spent in checking the tables by independent methods than in making 
the original computations for them. 


1 Ap. J., 35, 315; 36, 54, 239, and 385, 1912. 
17 Ap. J., 102, 1, 1945, and 104, 153, 1946. 
18 Eclipsing Binaries, p. 207. 


19 These effects may be far from negligible. In the writer’s unpublished photoelectric study of U 
Sagittae, the computed corrections, arising from the distortion of the secondary (eclipsing) component, 
amounted to as much as 0.15 mag. during primary minimum. The observed coefficient of the cos 2@ term 
for the light between eclipses was only —0.012 mag. 


20 Harvard Circ., No. 450, 1947. 2 Op. cét., p. 9, sec. 12. 
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rating the reflection and ellipticity effects of the two components, making use of the 
photometric and spectroscopic observations, combined with astrophysical theory; sec- 
ond, to compute the “perturbations” during partial and annular phases by Kopal’s 
tables, whenever such “perturbations” are appreciable. The preceding sentence is only a 
restatement of the principles enunciated in detail by Professor Russell. It is clear that 
the problems of correct rectification will increase with increasing photometric precision. 
In the future the mutual interplay of more precise observations, on the one hand, and 
more refined theory, on the other, should be beneficial to both observer and theorist. 


ORBITAL ECCENTRICITY 


A solution for the radial component of the eccentricity, e sin w, may logically be in- 
cluded in the general least-squares solution. The primary effect on the light-curve of the 
radial component of the eccentricity is a difference in widths of primary and secondary 
minimum. This difference is usually very small for most eclipsing systems, and its 
de‘ermination demands observations of the highest precision and free of systematic 
errors. If the tangential component of the eccentricity, e cos w, is not zero, its value may 
be derived from the spacing of the two minima. The solution for the tangential com- 
ponent of the eccentricity is usually much more determinate than that for the radial 
component and can be madé separately, prior to the general least-squares solution. 
If e cos w is found to be zero within the errors of observation, it is usually, though not 
always, safe to assume, from the nature of the problem, that e sin w will not be deter- 
minate. The least-squares problem of orbital eccentricity has been given such adequate 
treatment by Wyse? for small eccentricities” (e < 0.10, say) that the interested reader 
should refer to his paper for the details of the analysis. 

In Wyse’s paper the radial component of eccentricity is called e, whereas we shall call 
it e sin w; Wyse’s unit of distance is the distance between centers at the time of the 
eclipse of the /arge star, whereas the present treatment (necessitated by our definition of 
w) will specify unit distance as the distance between centers at the time of primary 
minimum; therefore 7; and rz are specified in terms of this unit distance. For primary 
minimum, then, 0f/[0(e sin w)] = 0; our problem consists in evaluating df/[0(e sin »)| 
for secondary minimum in terms of 0f/0n, 0f/dr2, and df/|A(cos? 7)]. 

If e is small, the distance between centers at the time of secondary minimum is 
1 + 2e sin w; the radii in terms of this distance are r} &17,(1 — 2e sin w) and r, = 
ro(1 — 2esin w). If @ is retained to denote the phase angle in terms of the observed period 
and the distance between centers during primary eclipse, then the corresponding angle 
during secondary minimum is 6’, where 


6’ = 6(1—4e sin w) (30) 
Qr 

= t— to). (31) 
r ( 


The apparent distance between centers during secondary minimum is given by the 
expression, 


6/2 =sin? 7 sin? [0 (1 —4e sin w)] +cos*7. (32) 
For secondary minimum it follows that 


|. a ae a af d(cos"i) 98 33) 
o(esinw) dr! d(esin w) dr, A(esinw) A(cos?i) 96’ Alesinw)” 





22 Reference should also be made to chap. v of Kopal’s monograph, in which the complications arising 
from large orbital eccentricity and for 7 ~ 90° are discussed in detail. 
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Performing the indicated differentiations and assuming that e sin w = 0 for the pre- 
liminary solution, we have, for secondary minimum, 


Of ' Of Of Of F 
ee ee oe Ome ti ee 4 
a(es sin w) ote 2 34, O ten: Com * 5 (costa) (39) 


The purpose of selecting the distance units in the above manner is to avoid the cal- 
culation of df/[d(e sin w)| for primary minimum. The calculation of df/[d(e sin w)| for 
normal points during secondary minimum is readily accomplished by means of equation 
(34), once the coefficients 0f/0r:, 0f/dre, and Af/|d(cos? 7)| have been calculated. In the 
final tabulation of the elements, however, it is desirable to adopt as unit distance the 
semi-major axis of the orbit. Therefore, after the least-squares solution has been made, 
it is necessary to reduce the final values of 7; and r2 by the factor (1 — e sin w). If the 
square of the eccentricity can be neglected, this reduction factor is correct, no matter 
what the value of w may be. 


OBSERVATIONS DURING TOTAL PHASE 


If the duration of totality is long enough to be well observed and if the total eclipse is 
not too shallow in comparison to the depth of the annular eclipse, Z2 (and therefore L;) 
can be obtained directly from the depth of the minimum at totality with an accuracy 
considerably exceeding that of the other elements. In such event it is preferable to as- 
sume that Ly and ZL; are known exactly, that is, that AZ, = 0 and AZ; = 0 in the equa- 
tions of condition. This assumption eliminates one unknown from the least-squares 
solution. 


SIMULTANEOUS SOLUTION OF THE PRIMARY AND SECONDARY MINIMA 


In many cases two well-observed minima are available, and it would be desirable to 
make a single solution using all the observations. If we can assume that L; + Le = 1, 
then AL; = —AZz, and one unknown is eliminated. It would also be possible to make a 
simultaneous solution of the two minima, assuming that AL;  —AZL» and solving for 
L, and L2 separately. In some cases we may assume that x; = x2 or that LZ; and Le are 
known from spectroscopic evidence. Equations (13) and (14) may be readily modified to 
fit these or other special assumptions. 

There are a number of reasons why it may not be desirable to make a simultaneous 
solution of the two minima. In many systems secondary minimum is quite shallow and 
with poorly defined shape. The contribution of a shallow minimum to the determinate- 
ness of the solution can arise only from the depth of that minimum. This depth may be 
systematically in error because of errors in the photometric scale or, more especially, the 
errors in rectification previously discussed. In making a simultaneous least-squares solu- 
tion, the depth of secondary minimum is weighted in accord with the accidental errors 
and not in accord with the systematic errors; in the case of photoelectric observations 
the systematic errors of the rectified depths may be of an order of magnitude greater than 
the accidental errors of the normal points. It may sometimes be desirable, and even 
necessary, to introduce the photometric ellipticity as an unknown into the least-squares 
solution. The assumption that AL; = —AZz implicitly assumes that no third body 
exists and that LZ; + Lz = 1. The systems of Algol and ST Persei** may be cited as 
examples in which the depths of the eclipses are greatly modified by the presence of a 
third body. The possibility of the existence of a third body should be kept in mind, 
therefore, whenever the assumption is made that AL; = —AL2. 


23 Princeton Contr., No. 21, 1946. 
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DIFFERENTIAL LIMB DARKENING 


The observational determination of the coefficient of limb darkening can be ade- 
quately accomplished only by photoelectric observations of favorable types of eclipses. 
This fact arises not so much from the smallness of the coefficients of Ax (Tables 4, 8, 12, 
16, 20, and 24) in comparison to the size of the other differential coefficients but from 
the striking similarity between the coefficients of Ax and the coefficients associated with 
the radius of the eclipsed star. This correlation is graphically shown (for x = 1 only) in 
Figure 1 for a typical eclipse for both a transit and an occultation. Only precise observa- 
tions could distinguish between a correction to the limb darkening or a correction to the 
radius of the eclipsed star. The deviations between these two coefficients, for an occulta- 
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Fic. 1.—Variation of the differential coefficients with geometric depth for a typical eclipse (k = 0.8, 
r; = 0.25, « = 90°, x = 1.0). The dots represent the coefficients of x. (occultation) and x, (transit), 
multiplied by —25 and —21, respectively. 
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tion, are greatest from —0.6 > p > —1.0 and illustrate how the solution of a partial 
eclipse, where pop > —0.6, may be quite indeterminate. 

The need for accurate empirical determinations of limb darkening over a wide range 
of wave length and spectral class is well known. Such determinations afford us valuable 
checks on the physical theories of stellar atmospheres and also provide us with a guide as 
to the degree of darkening which may be applicable in the solution of the great majority 
of eclipsing systems where the observations are not precise enough or the eclipses are not 
favorable enough to determine the darkening coefficient independently. If observations 
are made in two widely separated color regions, the differential limb darkening should 
be much more determinate than either darkening coefficient separately, because it can 
usually be assumed that the geometrical elements are the same for the two colors. Be- 
cause of their high accuracy and because they can be successfully made even for rela- 
tively unfavorable eclipses, such differential determinations may be of very considerable 
value. 

In the present treatment, x, and x, will denote the limb-darkening coefficient for blue 
light and for red light, respectively. We can write down our usual interpolation formula 
(eq. [6]) for both color regions as follows: 


aaa ye 
7b f = 3 (1 — x») Of+ aa 2 of (35) 
3— Xx} 3—%X, 
hea 3(1—~+x,) e 2S: oe 
iat  3—2, I+ 3—4x, fs (36) 


At any phase angle @, °f and !°f are functions of 7, r2, and cos? 7 only; and, as these 
geometrical elements should be independent of the wave length of observation, °f in 
equation (35) is identical with °f in equation (36), and similarly for !°f. Using these 
identities and subtracting equation (36) from equation (35), we obtain 


6 (x, — x,) 
™ f__7rf — Bk Sl (IO TOS, OPN 37 
' (3—H)G-2) °° * 7 


Making use of equations (1) and (2) and defining Ax = x, — x,, we have, for an occulta- 
tion, 

i606 2. © ° 
Aleta a 2b 0c — *rqoe (38) 

3—% 3—x,+Ax : 

where *a” and “ra” are observed quantities ;** , is either estimated or obtained from the 
preliminary solution of the observations in blue light; and ('°a% — °a) is tabulated in 
Table 4. For every normal point an equation of condition of the type of (38) may be 
written and a least-squares solution made for the quantity Ax/(3 — x, + Ax). From 
the value of this quantity so obtained, it is, of course, possible to solve for Ax. 

For a transit, the form of the equations of condition is slightly more complicated: 


sk ba beidoesal jh Ax pee 2b 7a tr Zp Zr. tr (39) 
3— Xx, 3—x4,+Ax ’ 





where *67 and “rz are obtained from equation (9), using preliminary values of k, x,, and 
x,, and (1% — °f*) is tabulated in Table 8. The solution for Ax proceeds in a manner 


4 The phases of “6a will usually not correspond with the phases of *ra®° because both are observed 
quantities, so that some sort of interpolation must be made. The phases chosen for the normal points 
should probably be the phases corresponding to the light-curve with the least precisely observed a’s. 
For partial eclipses, “a°° is a quantity derived from an observed quantity and from ao, the maximum 
normalized fractional loss of light. 
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similar to that for an occultation. If the preliminary estimates of x, and x, are incorrect 
as far as their difference is concerned, it may be necessary to make a second solution for 
Ax. It is essential that a plot be made of the adopted solution in order to disclose errors 
of computation, systematic errors in the observations, or errors arising through the 
violation of the fundamental assumption made here. In the case of stars with extended 
atmospheres, equations (38) and (39) do not hold. The observations themselves should 
be made as nearly simultaneously in the two colors as possible in order to minimize 
possible changes in the eclipsing system with time. In general, the observations should 
be made in colors separated as widely as possible in order to decrease the percentage 
error of Ax. 

The preceding method of analysis would seem to be most powerful when applied to a 
single (deep) minimum observed in two colors and when a definitive solution of the 
minimum in one color has been first obtained. Another method of attack consists in 
making a simultaneous least-squares solution of the two light-curves of one minimum, 
using either equation (13) or equation (14), whichever is appropriate. The correction to 
the preliminary value of x2,, for example, would be Ax», and the correction to x2, would 
be expressed as Axo, — A(x2o — X2,), where A(x2_ — x2,) is the correction to the pre- 
liminary value of x25 — %2,. This method could be extended to include the simultaneous 
solution of primary and secondary minimum in two or more colors. Whether such 
modifications are desirable or practicable in any given case would depend upon the 
judgment of the computer and the nature of the observational material available to him. 


WEIGHTS 
One of the peculiar advantages of a least-squares solution is that allowance can be 
made for differences in the weights of the various normal points. If the probable error in 
magnitudes of a single observation is constant for all observations, the weight of a 
normal point is proportional to the number of observations in that normal and inversely 
proportional to the square of the light of the system at that point. This latter fact follows 


from 
7, =0.921ir,, , (40) 


where r; is the probable error in light-units and r,, is the probable error in magnitudes. 
At a point on a light-curve 0.75 mag. down, an observation would have a weight of 4, 
relative to an observation at normal light, while at a point 2.5 mag. below uneclipsed 
light a single observation would have a weight of 100, provided that the probable error 
in magnitudes is constant. This analysis indicates the tremendous advantage of the 
1P21 tube when applied to eclipsing systems with deep primary minima. For stars similar 
to U Cepheior U Sagittae the probable error in light-units may well be less than + 0.0002 
for a single observation in or near totality.” The weights, inversely proportional to the 
square of the probable error in light-units (and proportional to the number of observa- 
tions in each normal), should be apportioned in accordance with equation (40), where rn 
as a function of / is determined from the residuals of the individual observations. Each 
equation of condition is multiplied by the square root of its weight and the usual least- 
squares methods applied as if the equations were of equal weight. 


INSTRUCTIONS TO THE COMPUTER 


Before attempting a least-squares solution, the computer should be somewhat familiar 
with the preceding discussion, especially as to the notation used and the remarks under 
“Ellipticity and Reflection.”” He should also be reasonably well acquainted with the 


26 The timing of such observations must be very accurate, possibly to the nearest second. Conversely, 
photoelectric observations afford us a powerful observational method of studying small changes in period. 
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material in Kopal’s monograph, especially chapter iv. A good preliminary solution of the 
light-curve should be available. In most cases an assumed preliminary darkening of 0.4 
or 0.6 will be used and the representation made in light-units to four decimal places by 
means of the Merrill or Zessewitsch tables. For nontabular values of x the representation 
is made with the aid of equation (7) or equation (10). Preliminary values of the elements 
may often be obtained by interpolation from previously published darkened and undark- 
ened solutions. The computer, at this point, should be reasonably well satisfied with his 
rectification procedures, both as to the depths of primary and secondary minima and as 
to “perturbations” during partial or annular phases. A reduction in the number of nor- 
mals to from 10 to 25 for each minimum will usually be found convenient. At the critical 
points on the light-curve where the differential coefficients are changing rapidly (near 
p = land p = —1) the normal points should not be too widely spaced. 

For a solution of both minima the preliminary values of the following elements should 
be available: 71, r2, cos? 7, X41, x2, Li, and Le. For a single minimum one of the x’s will not 
be necessary. For each normal point, values of the following quantities should be avail- 
able: Alio_c), p (gq for annular phases), cos? 6, *f‘", 7a°°, the square root of the weight, the 
appropriate differential coefficients. The values of */ and 7a” are not needed if a cor- 
rection to L,; and Le is considered unnecessary. If not already available, 7f" may be com- 
puted from the values of *a (derived during representation) with the aid of equations 
(8), (9), and (5). The weights may be computed with the aid of the discussion following 
equation (40) and their square roots computed. 

The numerical determination of the differential coefficients from the tables is so 
straightforward that no detailed instructions are necessary. The writer has found it eco- 
nomical in cases of intermediate darkening to interpolate first for k in the tables at the 
tabular values of p over the necessary range in #; then, in a single operation, interpolate 
for « by equation (24) and divide out the multiplying factors (72, 7/2, etc.) ; and, finally, 
interpolate for the ‘‘observed” values of ». The computer may find it preferable to use 
double interpolation for each “observed” value of ~. He should spot-check his results 
by the use of equation (27). A further useful check consists in plotting the computed 
differential coefficients as functions of P, 9, or ¢. 

If it is desired to include the radial eccentricity as an unknown, an additional term, 

zftr Ly oc 
e ae P sin w) or Es. sin w) , 
o.é sin w) 0(ésin w) 





should be added inside the parenthesis of equation (13) or equation (14), respectively. 
The value of this quantity is zero for primary minimum and is given by equation (34) for 
secondary minimum. Therefore, computation of its values should be postponed until the 
other differential coefficients have been obtained. For the simultaneous solution of pri- 
mary and secondary minimum, put AL; = —AZy, in either equation (13) or equation 
(14). For the solutions of observations in two or more color regions the interested reader 
is referred to the section on “Differential Limb Darkening.”’ 

If the preliminary value of & is equal to unity, some ambiguity may arise in the use of 
the tables.”* In such cases it is suggested that the star eclipsed at primary minimum be 
assumed slightly the smaller and that the tables be used in a manner consistent with this 
assumption. Tables 1-4 would therefore apply to primary minimum and Tables 5-8 to 
secondary, and r; would evidently refer to the radius of the eclipsing star at primary 
minimum. The results of the solution, of course, may reverse the assumed relative sizes 
of the components. 

Each equation of condition is multiplied through by the square root of its weight. 
The reduction to the normal equations and the determination of the unknowns with their 


25 T am indebted to Mr. Olin J. Eggen, of the Washburn Observatory, for pointing out this ambiguity 
and also for checking some of the basic tables used. 
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probable errors are carried out by the usual methods of least squares.”’ The correctness 
of the solution should always be checked by the representation. 


CONCLUSION 


The method of least squares is no substitute for good judgment on the part of the 
computer. For most eclipsing systems, especially when the eclipses are partial, it is im- 
practicable to determine x; and x2 from the photometric observations alone. To include 
them in the solution causes all the elements to come out with very low weights. It is 
therefore necessary to assume values of x; and «2 as best one may. By transposing Ax, 
and Ax, to the right-hand side of the equations of condition and solving for the other 
corrections in terms of these, the computer may exhibit the effects of errors in these esti- 
mates. Whether or not the method of least squares should be used for the solution of the 
usual photographic or visual light-curve is a matter of opinion; the method is reasonably 
short now, if the solution is made for only three or four unknowns; there may be some 
advantage in knowing the errors of the derived elements, in order that future observers 
may use these errors as a guide to planning more accurate observations. The tables also 
facilitate the calculation of the determinacy of the solution of any “‘theoretical”’ eclipse. 
The method of least squares is apparently the only feasible method at the moment that 
can be used in those cases in which it appears desirable to introduce the limb-darkening 
coefficient into the solution as an unknown. 

Tables 1-24 save such a large amount of time in the calculation of the differential 
coefficients that other phases of the least-squares solution may now be much more time- 
consuming. Tables for x = 0.2 and x = 0.8 would be used so seldom that it is thought to 
be uneconomical to compute or publish such tables; they could be quickly calculated 
from Tables 1-8 with the aid of equation (15) and equation (24). 

Finally, the writer would like to emphasize the importance, for all reliable observa- 
tions, of correct rectification, both in regard to the depths of minima and also in regard to 
“perturbations,” occurring throughout all phases, arising from ellipticity, gravity dark- 
ening, and reflection. Unless such rectification is accurately accomplished, the elements 
and their probable errors derived from a least-squares solution may be quite meaningless. 
This paper deals primarily with the theory for spherical stars; just how far this theory 
may be ‘‘stretched”’ to include more complicated cases is unknown and is a problem for 
the future. 


Iam indebted to Professor H. N. Russell and to Professor N. L. Pierce for their critica] 
reading of this paper and especially to the former for numerous suggestions and clarifying 
discussions. 


27 Cf. Chauvenet, Spherical and Practical Astronomy, Vol. 2 (Philadelphia, 1863), Appendix; Oppolzer, 
Bahnbestimmung, Vol. 2 (Leipzig, 1880), gives a form for the logarithmic solution of six unknowns with 
complete checks which may be easily converted to machine computation for a different number of 
unknowns; also Newcomb, A Compendium of Spherical Astronomy (New York, 1906), chap. iii; Doolittle, 
Practical Astronomy (New York, 1893), Introd. 
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424 
333 
223 
100 


0.70 


“37 
-88 
-140 
-187 


=227 
-259 
-283 
298 
=304 


-301 
291 
-272 
-245 
212 


-173 
129 
-79 
-26 
+31 


89 
149 
208 
267 
324 


377 
426 
469 
506 
534 


552 
559 
554 
534 
499 


447 
379 
293 
192 

84 


401 


0.60 


-38 
“91 
-144 
-192 


=234 
-267 
-292 
-308 
314 


-312 
-302 
-283 
-257 
224 


“185 
-140 
-91 
=38 
+18 


16 
134 
— 
251 
306 


357 
404 
446 
480 
505 


521 
526 
518 
497 
462 


412 
345 
265 
172 

74 


0.50 


-40 
-94 
-149 
-199 


242 
=276 
~302 
-318 
2325 


-324 
-314 
©295 
-269 
-236 


“197 
-152 
-103 
-50 
+5 


63 
121 
179 
235 
289 


339 
384 
424 
456 
480 


494 
497 
488 
467 
432 


383 
319 
243 
156 

67 


0.40 


41 


-154 
-206 


=250 
-286 
-312 
~330 
-337 


-336 
-326 
-307 
-281 
-248 


~209 
~164 
“115 
~63 
al 


+50 
107 
165 
220 
273 


322 
366 
404 
434 
457 


469 
472 
462 
441 
406 


358 
298 
226 
145 

62 


0 


tots (13% %)- 10% OCCULTATION. 


0.30 


-42 
-101 
“159 
-213 


©259 
-296 
-324 
-342 
-350 


-349 
-339 
-320 
-294 
-261 


-221 
“1117 
“127 
“15 
-19 


+37 

94 
151 
206 
258 


306 
349 
385 
415 
436 


447 


439 
418 
384 


338 
280 
211 
135 

57 


“105 
-166 
221 


-269 
-307 
336 
-355 
363 


362 
-352 
-334 
-307 
-274 


$234 
~189 
-140 
-87 
=32 


+25 


138 
192 
243 


290 
332 


396 
417 


427 
429 
419 
398 
365 


320 
265 
200 
127 

54 


0 


0.10 


=46 
-109 
-173 
-230 


-280 
=320 
-349 
=369 
378 


“371 
~367 
~348 
321 
-288 


-247 
-202 
2152 
-99 
44 


+12 


125 
178 
229 


275 
317 
352 
379 
399 


409 
410 
401 
380 
348 


305 
252 
189 
120 

51 


0.00 


48 
-114 
-180 
-240 


292 
-333 
-364 
-384 
-393 


-393 
-382 
-363 
-336 
-302 


-261 
2-215 
“165 
#112 

=-56 


+56 
112 
165 
215 


261 
302 
336 
363 
382 


393 
393 
384 
364 
333 


292 
240 
180 
114 

48 











TABLE 5A. 


k 1.00 0.975 0.95 0.90 


1.00 0.000 0.000 0.000 0,000 
0.95 01330134) 0S 035 Sw 38 


0.90 0176 «60177 s«iw''79—'s—«w*'d28 
0.85 0199 §=6.202,) 204 = 209 
0.80 e212 «6215 Siw 28S iw 228 
0.70 e217) e221 2250S iw 2384 
0.60 e201 4.207) «6.212 ) =. 224 
0.50 e172) «w178—=—S— 185 «199 
0.40 0130 = .138 S46. 163 
0.30 2079 2089 2098 118 
0.20 +.021 +.031 +.042 .064 
0.10 ~.044 -.033 =.021 +.003 
0.00 -.115 -.103 -.090 -.064 
-0.10 “0191 =-.178 -.165 -.137 
-0.20 -.271 -.258 ~.245 ~.216 
-0.30 e355 0343-2329 =.300 
0.40 0442 ©.431 =-.418 -.390 
-0.50 -.531 523 -.513 ~-.487 
-0.60 2622 =.619 ©.613 -.592 


-0.70 70715-2722 =.723 =.711 


-0.80 -.810 -.836 -.851 -.854 
-0.85 -.857 0903 -0.930 -0.944 
-0.90 -.905 0.987 -1.03 -1.06 
0.95 #0952 -1.12 -1.19 -1.23 
-0.975 0.976 -1.26 “1.35 1.38 


-1.00 -1.0/-2.0 -1.95 1.90 -1.80 
q 
1.00 2.00 -1.95 1.90 -1.80 





4. 
K 


0.85 


0.000 
2140 
0186 
0214 
e231 


0243 
0236 
2214 
181 
0138 


087 
+.029 
-.036 
-.107 
-.184 


-.268 
-.358 
-0455 
~ 563 
~-.685 


-.835 
0.928 
“1.04 
-1.21 
91.35 


“1.70 


“1.70 





— 
“3 r, 





0.80 


0.000 
2142 
0190 
0219 
0237 


0252 
2248 
2229 
199 
0159 


elll 
+.055 
-.007 
-.076 
-.151 


~.232 
=-.321 
~-.418 
~.526 
-.649 


-.800 
-0.892 
1.01 
-1.17 
-1.29 


-1.60 
-1.60 


0.70 


0.000 
0147 
0198 
0229 
2250 


0272 
0273 
2261 
+237 
2203 


0161 
e112 
+.056 
~-,007 
~2077 


~.154 
-.238 
-.331 
2435 
0555 


-.700 

~-.788 
0.895 
-1.04 
-1.14 


-1.40 


-1.40 
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0.60 


0.000 
0152 
2206 
0241 
0265 


0292 
2300 
0294 
0277 
2250 


0215 
173 
2124 
067 
+.004 


-.066 
~.144 
=.230 
-.328 
-.440 


575 
~.657 
“e155 
-.884 
-0.976 


-1.20 


“1.20 


0.50 0.40 
0.000 0,000 
e158 = 6.165 
0215 225 
0253267 
2281 = 6.297 
0314 = 4338 
0329 = 6360 
0330 =. 368 
0320 =. 366 
0301 = .355 
02730335 
0239 = 309 
0197) = e275 
0148) = 6235 
0093 6.188 
+.030 .134 
-.039 073 
-.118 +.003 
-.207 -.077 
-.e31l -.170 
435 =-.284 
-.510 -.352 
0599 -2434 
=-.716 -.540 
70.799 -.616 


0.30 


0.000 
e172 
237 
2281 
316 


364 
393 
2409 
0415 
2412 


2401 
«383 
358 
0327 
289 


0244 
0192 
e131 
+.061 
-,022 


-.125 
~.187 
-.262 
-.360 
-2430 





0.20 


0.000 
«180 
0249 
«298 
336 


391 
0429 
453 
467 
+473 


e471 
2462 
446 
0424 
0395 


360 
0317 
«266 
0205 
0132 


+.040 
-.017 
~.085 
-.176 
-.241 


-1.000 -0.800 -0.600 -0.400 


1.000 -0.800 -0.600 -0.400 




















0.95 
“0.975 


=1.00 


q 
0.10 
0.20 
0.30 
0.40 
0.50 


0.60 


TABLE 5B. 


1.00 0.975 


0.000 0.000 
+049 6049 
2091 .091 
0125 4125 
0153-153 


-188 ©.190 
0199 = e203 
0189194 
01594167 
e112 (o 183 


+.052 +.064 
-.020 -.006 
-.100 -.085 
-.186 -.170 
-.273 -.258 


=2358 ~345 
=.436 -.428 
- 503 - 503 
=.551 -.563 
-.571 -.603 


=.547 -.612 
-.511 -.601 
~.448 =.578 
70339-0543 
-.248 -.528 


0.000 -.576 


2000 -.600 
000 -.613 
2000 -.623 
000 -.631 
000 =-.637 


000 -.642 
000 -.646 
-000 -.648 
000 =.649 
0.000 -0.650 


0.95 


0.000 
2049 
2090 
0125 
0153 


0191 
206 
0199 
0174 
+133 


-077 
+.009 
-.069 
-.153 
-.241 


~2330 
-.418 
-.499 
-.570 
-.626 


-.662 
-.671 
-.676 
-.684 
-.701 


“e177 


-.812 
-.833 
-.848 
-.860 
-.870 


-.877 
-.883 
-.887 
-.889 
-0.890 


! 
i 9 
K 


0.90 


0.000 
2048 
090 
0125 
0154 


194 
2212 
+210 
190 
0153 


. 102 
+2039 
~ 035 
-.117 
2205 


2296 
-.389 
-.480 
-.568 
-.649 


-.725 
-.763 
-.804 
-.859 
=.903 


0.993 


-1.05 
-1.08 
-1.11 
1.13 
-1.14 


-1.16 
-1.17 
-1.17 
-1.18 
-1.18 


6 iad 





é 


0.85 


0.000 
2048 
089 
0125 
0154 


197 
218 
2220 
2205 
0173 


2128 
+069 
2000 
-.078 
-.164 


2256 
e351 
-.448 
~547 
~.646 


-.748 
=.803 
=.865 
2944 
-0.999 


-1.09 


-1.16 
-1.21 
-1.25 
-1.27 
-1.30 


“1.31 
“1.33 
“1.34 
-1.34 
“1.34 


r 


0.80 


0.000 
2047 
088 
0124 
2154 


0199 
2224 
2230 
2220 
0194 


0154 
e101 
+.036 
-.038 
-.120 


-.210 
2306 
-.406 
-.511 
-.621 


-.740 

-.805 

-.879 
-0.970 
-1.03 


“1.12 


-1.21 
-1.27 
1.32 
“1.35 
-1.38 


-1.40 
1.42 
-1.43 
“1.44 
-1.44 


403 


0.70 


0.000 
046 
086 
0122 
+153 


2202 
2233 
2248 
0247 
0232 


2204 
2163 
ell 
+.048 
-.025 


-.107 
~197 
-.296 
-.403 
2520 


-.652 
0725 
-.807 
=.905 
0.966 


-1.05 


-1.18 
-1.26 
1.32 
1.37 
-1.41 


1.45 
-1.47 
"1.49 
-1.50 
-1.50 
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0.60 


0.000 
2044 
2083 
0119 
e151 


2202 
239 
2262 
e271 
2267 


0251 
2223 
0185 
135 
076 


+.007 
-.072 
-.160 
= 0259 
-.370 


0497 
-.568 
-.648 
-.742 
-.798 


-0,873 


-1.03 
“1.14 
1.22 
-1.28 
-1.33 


-1.37 
-1.40 
1.42 
-1.44 
-1.44 


0.50 


0.000 
2042 
2080 
e115 
2146 


2200 
2242 
e271 
289 
0296 


0292 
2278 
0253 
2219 
0175 


0122 
+.059 


0.40 


0.000 
039 
075 
108 
139 


0194 
239 
0274 
299 
2316 


2323 
0322 
2312 
293 
0266 


2230 
2185 
2131 
+.066 
-,009 


-.099 
-.152 
-.210 
2279 
~.320 


~0374 


-.592 
-.726 
-.827 
=.907 
-0.969 


-1,02 
“1.05 
-1.08 
-1.09 
-1.10 


0.30 


0.000 
2035 
068 
-100 
+129 


182 
228 
2266 
2298 
0321 


2339 
349 
2352 
348 
+336 


2318 
2292 
257 
2214 
161 


2095 
2056 
+.011 
-.042 
-.074 


-.117 


-2353 
-.491 
-.593 
-.671 
-.732 


-.780 
-.815 
- 839 
-.854 


0.20 


0.000 
2030 
2059 
2086 
e112 


161 
2205 
2243 
0277 
0305 


+329 
0347 
«361 
2369 
e371 


368 
0359 
«343 
2320 
2290 


2248 
2222 
2192 
0156 
0133 


+.102 


-.142 
-.270 
-.360 
2429 
-.481 


-.522 
-.551 
-.572 
-.584 


-0. 859 0.588 








0.70 
0.60 
0.50 
0.40 
0.30 


0.20 
0.10 
0.00 
-0.10 
-0.20 


-0.30 
0.40 
-0.50 
-0.60 
“0.70 


~0.80 
-0.85 
“0.90 
0.95 


-0.975 


=] 200 


q 
1.00 


1.00 


0.000 
0143 
+202 
248 
+287 


+353 
+410 
460 
506 
0550 


590 
629 
2667 
2703 
°738 


e772 
806 
839 
872 
2904 


0936 
0952 
968 
984 
0.992 


1.0/2.0 


2.00 


TABLE 6A. 
0.975 0.95 
0.000 0,000 

0144 =o. 145 
204 0205 
2250 2252 
2289 e291 
0356 = 4359 
2413 2416 
2464 2468 
e51l 2516 
0555 =e 561 
0597 604 
0637 = 6 645 
0676 =. 685 
714 0724 
°751 —o 764 
e788 = . 803 
0825 = 6843 
2863 = 886 
0903 6932 
0.947 0.985 
1.00 1.06 
1.04 1.11 
1.09 1.18 
1.20 1.32 
1.32 1.46 
2.00 2,00 
2.00 2.00 


0.90 


0.000 
2146 
+208 
0255 
296 


0364 
2423 
2476 
0526 
0572 


617 
660 
+703 
0745 
- 788 


832 

878 

0927 
0.983 
1.05 


1.14 
1.21 
1.30 
1.45 
1.58 


2.00 


2.00 


*|x 


0.85 


0,000 
2148 
2211 
0259 
+300 


370 
430 
2485 
0536 
0584 


«630 
0676 
e721 
766 
812 


859 

+910 
0.965 
1.03 
1.11 


1.21 
1.28 
1.38 
1.52 
1.65 


2.00 
2.00 


9 °5tr 
On 


0.80 


0.000 
2151 
2214 
0263 
0305 


2376 
2438 
2493 
2546 
0595 


0644 
691 
738 
786 
834 


885 
0.940 
1.00 
1.07 
1.15 


1.26 
1.34 
1.43 
1.58 
1.69 
2.00 


2.00 


404 


0.70 


0.000 
0155 
+220 
+271 
2314 


2388 
0453 
2511 
566 
2619 


0671 
0721 
0772 
2824 
2878 


0934 
0.995 
1.06 
1.14 
1.23 


1.34 
1.42 
1.51 
1.64 
1.74 


2.00 
2.00 
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0.60 


0.000 
0160 
2227 
0279 
0324 


2401 
2469 
2530 
2588 
2643 


698 
0752 
2806 
861 
0919 


0.979 
1.04 
1.11 
1.19 
1.29 


1.40 
1.48 
1.57 
1.69 
1.78 


2.00 


2.00 


0.50 


0.000 
0165 
0235 
289 
0336 


0415 
0485 
0550 
2610 
668 


0725 
782 


1.34 


0.40 


0.000 
e171 
2243 
0299 
0348 


e431 
503 
0570 
2633 
2694 


+753 
812 
872 
2932 
0.994 


1.06 
1.13 
1.20 
1.28 
1.38 


1.49 
1.56 
1.64 
1.74 
1.82 


2.00 


2.00 


0.30 


0.000 
2178 
0252 
e311 
0361 


2447 
0523 
0592 
657 
e720 


782 

0843 

0904 
0.966 
1.03 


1.10 
1.17 
1.24 
1.32 
1.41 


1.52 
1.58 
1.66 
1.76 
1.83 


2.00 


2.00 


0.20 


0.000 
0185 
0263 
0323 
0376 


0465 
544 
0615 
«683 
074 


811 

874 

0936 
0.999 
1.06 


1.13 
1.20 
1.27 
1.35 
1.44 


1.55 
1.61 
1.68 
1.77 
1,84 


2.00 


2.00 





oooco oooo°o oooor 
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oO 





TABLE 6B. 
1.00 0.975 0.95 
0.000 0.000 0.000 
0052 6052. «052 
0104 =.103 = .102 
0154 = =.153S_ «52 
e203 «=.202—Ss(«w 2001 
0296 «= 6295 294 
2384 0384 2383 
0467 =.467 =. 467 
0543 0544545 
613.615 ~—Ss «w 618 
675 680 .684 
e730) = 6737S 743 
e776 = «786 «£796 
e813 .827 .840 
0839 §=.858 =. 876 
0854 =.879 = .903 
0855 888 .919 
0839 883 .924 
604 .861 .915 
743 6819S 6890 
0645 751847 
0576 705 .820 
484 = 6649S «w 789 
0352 0585 2765 
2252 6557S w 768 
000.596 = .8 32 
000 .619 .866 
000 «6.632.885 
2000 2642 2899 
2000 =.649 = «910 
2000 «6655 Sw 919 
000.659 = «926 
2000 «= .662)—Ss 931 
2000 6665S. 934 
000 «=.666 = 6936 
0.000 0.667 0.937 


&. 
- 


0.90 


0.000 
2051 
2101 
0151 
199 


0292 
381 
0466 
0546 
621 


691 
155 
813 
865 
2910 


947 

977 
0.999 
1,01 
1.02 


1.01 
1,01 
1.02 
1.04 
1.07 


1.15 


1.20 
1.23 
1.25 
1.27 
1.28 


1.29 
1.30 
1.30 
1.31 
1.31 


2 
or, 


0.85 


0.000 
2050 
2100 
0149 
0197 


2290 
379 
0464 
0546 
623 


696 
764 
828 
886 
939 


0.986 
1.03 
1.06 
1.10 
1.12 


1.15 
1.17 
1.20 
1.25 
1.28 


1.36 


1.43 
1.47 
1.50 
1.52 
1.54 


1.56 
1.57 
1.57 
1.58 
1.58 


0.80 


0.000 
050 
098 
0147 
+194 


+287 
+376 
0462 
0545 
2624 


0699 
e771 
839 
2903 
0.963 


1.02 
1.07 
1.12 
1.17 
1.22 


1.27 
1.30 
1.34 
1.40 
1.45 


1.53 


1.61 
1.66 
1.70 
1.73 
1.75 


1.77 
1.78 
1.79 
1.80 
1.80 


405 


0.70 


0.000 
048 
0095 
0142 
188 


279 
368 
0455 
0539 
621 


2701 
778 
0854 
927 
0.999 


1.07 
1.14 
1.21 
1.28 
1.35 


1.44 
1.49 
1.55 
1.63 
1.68 


1.75 


1.86 
1.94 
1.99 
2.03 
2.07 


2.10 
2.12 
2.13 
2.14 
2.14 
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0.60 


0.000 
2046 
2091 
0136 
181 


0269 
0357 
2443 
2527 
611 


+693 

774 

«855 
0.934 
1.01 


1.09 
1.18 
1.26 
1.34 
1.44 


1.54 
1.60 
1.67 
1.75 
1.80 


1.87 


2.02 
2.12 
2.19 
2.25 
2.30 


2234 
2.36 
2.38 
2.40 
2.40 


0.50 


0.000 
2043 
086 
2129 
0172 


0257 
0341 
0425 
+508 
0591 


674 

757 

839 
0.923 
1.01 


1.09 
1.18 
1.27 
1.37 
1.47 


1.58 
1.64 
1.71 
1.80 
1.84 


1.91 


2.10 
2.23 
2.33 
2.40 
2.47 


2.52 
2.55 
2.58 
2.59 
2.60 


0.40 


0.000 
2040 
080 
2120 
0160 


2240 
2320 
+400 
480 
560 


2641 
0722 
804 
887 
0.972 


1.06 
1.15 
1.24 
1.34 
1.44 


1.56 
1.62 
1.69 
1.77 
1.81 


1.87 


2.12 
2.28 
2.40 
2.50 
2.58 


2.64 
2.69 
2.72 
2.74 
2.75 


0.30 


0.000 
036 
2072 
108 
0145 


2217 
2290 
2364 
2438 
2513 


«589 
0665 
743 
822 
2904 


0.987 
1.07 
1.16 
1.26 
1.36 


1.46 
1.52 
1.59 
1.66 
1.70 


1.75 


2.06 
2.27 
2.42 
2.55 
2.65 


2.73 
2.79 
2.83 
2.85 
2.86 


0.20 


0.000 
2031 
2061 
2092 
2123 


2186 
2249 
313 
0377 
2443 


+509 
517 
0645 
716 
788 


861 
0.938 
1.02 
1.10 
1.19 


1.28 
1.33 
1.39 
1.45 
1.49 


1.53 


1.93 
2.19 
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TABLE 7- 


k 1.00 0.975 0.95 0.90 0.85 0.80 0.70 0.60 0.50 0.40 0.30 0.20 


200 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
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-r,* Q Fer 
NOTE: SEE TABLE 3A FOR ‘ UNIFORM STAR TRANSITED. 
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TABLE 13. 
p k 1.00 0.975 0.95 
1.00 0.000 0,000 0,000 
0.95 0107. «= ..108-~—S— «109 
0.90 0150 )3=— io 151-—Ss«w'd: 552 
0.85 °177. Ss «178 ~— 180 
0.80 0194 «=.196—S 198 
0.70 e208 = «211i 25 
0.60 e201 «6.206 ~=..211 
0.50 -177.—s- «183—s«w:190 
0.40 0139 e147) 155 
0.30 e090 §=6.099—Ss «109 
0.20 +.030 +.041 +.053 
0.10 -.037 <-.025 -.012 
0.00 e-elll -.097 -.084 
-0.10 -.190 -.176 -.161 
0.20 2272 =.258 -.244 
0.30 2356 -.343 =-.330 
-0.40 -.440 = 2430 ~-.418 
0.50 =.522 -.517 -.508 
0.60 -.600 -.602 -.600 
-0.70 -.671 =.685 -.693 
-0.80 -0729 -.767 =.793 
0.85 -.750 -.810 -.850 
“0.90 -.764 -.861 -.922 
0.95 -.764 =-.944 -1.04 
0.975 -.752 -1.04 -1.15 
-1,00=.692/-1,38-1.53 1.55 
q 
0.10 1.38 1.53 1.57 
0.20 -1.38 -1.54 -1.57 
0.30 -1.38 “1.54 -1.58 
0.40 1.38 -1.54 -1.58 
0.50 -1.38 “1.55 -1.58 
0.60 -1.38 “1.55 -1.59 
0.70 -1.38 <1.55 -1.59 
0.80 -1.38 “1.55 -1.59 
0.90 -1.38 “1.55 “1.59 
1.00 91.38 -1.55 1.59 


0.90 


0.000 
e110 
0154 
183 
2203 


0222 
#220 
2203 
0172 
0129 


2076 
+.014 
-.055 
-.131 
-.212 


~0299 
-.390 
-.485 
585 
~.692 


-.815 

-.888 

-.981 
-1.12 
-1.23 


“1.55 


“1.57 
-1.58 
“1.59 
“1.59 
-1.60 


-1.60 
-1.60 
-1.61 
-1.61 
-1.61 


kK @ 


0.85 


0.000 
elll 
0156 
186 
2207 


0229 
2230 
0216 
188 
2149 


2100 
+2041 
=.025 
~.098 
-.178 


-.264 
2355 
-.453 
~.558 
-.673 


-.808 

-.889 

-.990 
“1.13 
-1.24 


“1.51 


71.54 
1.55 
“1.56 
“1.57 
-1.58 


-1.58 
-1.59 
-1.59 
“1.59 
=-1.59 
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0.80 


0.000 
e113 
158 
2190 
e211 


2236 
2240 
2229 
2205 
2170 


2124 
2069 
+006 
-.064 
-.141 


=.225 
-.316 
-.414 
-.521 
~.641 


-.781 

~.866 

-.968 
-1.11 
-1.21 


-1.45 


-1.48 
“1.50 
-1.51 
“1.52 
-1.53 


-1 054 
-1.54 
"1.55 
“1.55 
“1.55 
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0.70 


0.000 
0116 
0163 
0196 
2221 


2250 
261 
0257 
. 240 
0212 


174 
2128 
2073 
+.010 
-.061 


~ 0139 
-.225 
-.320 
-.425 
~.545 


=~.685 

-.769 

~.868 
-0.997 
-1,.09 


-1.29 


-1.33 
1.36 
-1.38 
-1.39 
-1.40 


-1.41 
-1.42 
-l 243 
-1.43 
-1.43 


0.60 


0.000 
2119 
2168 
203 
+230 


0264 
281 
284 
275 


256 


2226 
2189 
2142 
088 
+2026 


-.044 
-.121 
~.209 
-.307 
-.419 


551 
-.630 
-.722 
-.840 
-0.921 


-1.10 


“1.15 
-1.18 
-1.21 
-1.23 
-1.24 


1.25 
-1.26 
-1.27 
-1.27 
-1.27 


0.50 


0.000 
2122 
0174 
e211 
2239 


279 
2302 
2312 
2310 
+299 


0279 
0251 
2214 
2170 
118 


+2059 
-.009 
-.086 
-.174 
~0275 


=0395 
~.466 
=-.550 
~.656 
2729 


~.888 


~2947 
-0.985 
“1.01 
-1.04 
“1.05 


-1.07 
-1.08 
-1.09 
-1.09 
-1.09 


0.40 


0.000 
126 
179 
218 
2249 


2294 
323 
339 
0345 
0343 


2331 
+313 
«286 
2253 
+212 


0164 
2107 
+,042 
-.033 
-.121 


=.227 
-.290 
~ +365 
-.460 
= 0525 


669 


~.736 
-.777 
-.808 
~ 833 
~.852 


-.867 
-.878 
- 886 
-.891 


0.30 


0.000 
2130 
0185 
2225 
0258 


308 
2342 
365 
379 
384 


2382 
0372 
0356 
+333 
2303 


267 
2223 
«170 
108 
+.034 


=-.057 
-.112 
-.178 
-.262 
-.320 


451 


~.524 
-.566 
-.598 
-.622 
-.641 


~.655 
-.666 
-.674 
-.678 


0.20 


0.000 
2134 
2190 
«233 
2267 


2320 
360 
389 
0409 
2421 


2427 
2427 
2420 
2407 
388 


2362 
2330 
2290 
2241 
180 


2104 
+.057 
2000 
-.074 
-.126 


~.246 


-.320 
-.360 
-.388 
-.409 
~.425 


-.437 
~447 
~ 0453 
~2457 


-0.892 -0.680 -0.458 
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TABLE 14. Ss. £2. 0.4 DARKENED STAR TRANSITED. 
K ra 


k 1.00 0.975 0.95 0.90 0.85 0.80 0.70 0.60 0.50 0.40 0.30 0.20 | 


1.00 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 1.00 
0.95 e115) = e115) op 1260S 117) 28 )=0 120 22s iw25) ss iw 128 132) 34) 37 | 0.95 
0.90 0172.» 0173) e173) 1 75S io 1'77~—té—«i“d‘CTHC*«‘i«‘(BS]CwdBS SS iw89 Ss «193 197 =o 201: |: 0.90 
0.85 0219 e220 221 0 223. 225) no 227) So 232 235 2400 we 2K4 Sw 248 So 282 I 0.85 
0.80 0261 =o. 262, 263. 266) 268 «2S 271275 = 280) 285) 290 294 = 0 298 | 0.80 
0.70 0336 ©0337-0339 3423453480355) 361 0367) 372) 0376 = 0379 |: 0.7 
0.60 2402 4404 6406 .410 .414 1419 1427 2434 2441 1447 2451 4453 | 0.60 
0.50 0462 646568) 473 478) BA w94)Sw503.—s«SL=—iw'd518— 522 522: | 0,51 


0.40 0518 = 521 525) 532.539 545 558 — 569 So d5'79 Ss e586) 590 —s 589 | 0, AC 
0.30 569 «6574 «=o 578 «=. 587 =o 596 604) = 620 633. 645 = 653 57) =o 54 | 0.3K 


0.20 -616 .622 .628 .640 .650 .661 .680 .696 .709 .719 .722 718 0.2¢ 
0.10 660 668 2675 2689 703 2716 0739 0759 0774 0785 788 782 0.1 
0.00 e700 710 = w719s«w 7372S 753 = 769)—Ss«o 797~=S 821s‘ «B39 BSL BSS Cw BAT 0.0 
-0.10 0737 748 =©.760 «=.782 «=. 803.'—(«i«wB22)s«wdBSG SC wBBASCwOH:Ss«iwdG8— 922s «Z|: ~0.1 
-0.20 2769 2784 2798 2825 2851 2874 e915 0.948 0.973 0.988 0.991 0.979 0.2! 
=-0.30 2797 «2816S 8340S iw B67 )~=— «898 = w 927 «00976 «21.01 4=6 1.04 = 1.06 3821.06) 1.05 -0.3 
-0.40 0821 .844 .867 .908 .946 0.980 1.04 1.08 1.12 1.13 1.14 1.12 -0.4 
-0.50 839 869 .898 .949 0.996 1.04 1.11 1.16 1.19 1.21 1.22 1.19 “0.5 
-0.60 e851 .890 .926 0.992 1.05 1.10 1.18 1.24 1.28 1.30 1.30 1.28 -0.6 
-0.70 855 908 0956 1.04 1.12 1.17 1.27 1.33 1.38 1.40 1.39 1.36 -0.7 
-0.80 847 = .925 0.992 1.10 1.19 1.26 1.37 1.45 1.49 1.51 1.50 1.47 ~0.8 
-0.85 0836 §=6..936 «1.02 1.15 1.25 1.33 1-44 1.51 1.56 1.58 1.57 1.52 0.6 
-0.90 e819 0.956 1.06 1.21 1.32 1.41 1.52 1.60 1.64 1.65 1.64 1.59 -0.5 
0.95 0790 1.01 1.15 1.32 1644 1.52 1664 1.71 1.74 1.75 1.73 1268 -0.5 
-0.975 o764 1.09 1.24 1.43 1.54 1.62 1.72 1.78 1.81 1.82 1.79 1.73 -0.' 
-1.00 0.692/1.38 1.57 1.64 1.74 1.80 1.85 1.92 1.96 1.97 1.96 1.92 1.85 #l.( 
q q 
0.10 1.38 1.58 1.65 1.75 1.82 1.88 1.96 2.01 2.03 2.04 2.02 1.98 0.. 
0.20 1.38 1.58 1.66 1.76 1.84 1.90 1.98 2.04 2.07 2.09 2.08 2.06 0. 
0.30 1.38 1.58 1.66 1.77 1.85 1.91 2.00 2.06 2.10 2.12 2.13 2.12 0. 
0.40 1.38 1.58 1.66 1.77 1.85 1.92 2.01 2.08 2.12 2.15 2.17 2.17 0. 
0.50 1.38 1.59 1.67 1.78 1.86 1.92 2.02 2.09 2.14 2.18 2.20 2.21 0. 
0.60 1.38 1.59 1.67 1.78 1.86 1.93 2.03 2010 2.16 2.20 2.22 2.24 0. 
0.70 1.38 1.59 1.67 1.78 1.87 1693 2.04 2.11 2.17 2.21 2.24 2426 0. 
0.80 1.38 1.59 1.67 1.79 1.87 1.94 2.04 2.12 2.38 2.22 2.26 2.28 0. 
0.90 1.38 1.59 1.67 1.79 1.87 1.94 2.04 2.12 2.18 2.23 2.26 2.29 0. 
1.00 1.38 1.59 1.67 1.79 1.87 1.94 2.0¢ 2.12 2.28 2.623 2027 2029 1. 
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TABLE 15 K cos?é O(cos*i) 

0.20 : k 1.00 0.975 0.95 0.90 0.85 0.80 0.70 0.60 0.50 0.40 0.30 0.20 
0.000 | 1.00 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
137 | 0.95 2029 6030S 6030s «w031S—s«w 032s: «w 034 )=Ss 036) 039: w043——«w047)=S «051 S«w 057 
e201 | 0.90 .045 .045 .046 .048 .049 .051 .055 .059 .064 .069 .076 .083 
0252 | 0.85 2058 §=©.059. «6060 s«w 062. ss«w 064 )=Ss«w 066 = «w070S's«w076)=— «W081 S088 S095) «w 103 
298 | 0.80 070 .O71 1.072 1075 +.077 + «+.080 .085 .091 .097 .105 .113 «2122 
©3179 | 0.70 094 .095 .097. .100 .103  .106 1.112 1119 1127) «©6135 «=o 44152 
453 | 0.60 1160S ie 219—(i«23i(i(itcK COE C(‘iC RE CCC“ “CSCC SCM 
°522 | 0.50 0142 0144 01460150) 0153s wo 57) 165 )=S iw 173Ss iw 82) 1190S «197 Sw 208 
589 | 0.40 0168 «=©.170 «326172—)— sie 762=— ws 80 = «84 Ss w 92s 201—Ss—«w208—Ss—«iw' 228) 222s: 226 
654 | 0.30 0195 «6197's 0199s 2040S w 2008 ~=S iw 212)S sw 2220S 2282S 2350241245 246 
718 | 0.20 0225 e227) 0229 iw 234) 238 = 243 250) 257 = 262) 265 Sw 266 264 
782 | 0.10 0258 «= 6260) 262) iw 2670S 271i 2752S iw 282) iw 286) iw 289Sss«w290Ss«wd 287 280 
-847 | 0.00 0295 6297S 0300s «3042S «308 ~S— iw 325 =o 317 Ss 37) 313 3006S 298 
0912 | -0.10 2338 «= 3400 342) 346349) 351) 352) 350) 345 3386 3324S 307 
979 | -0.20 0389-6391 392) 0394) 396-395 = 392 384) 373 359 340— 3117 
005 -0.30 0451 = 6452, 452452 450. +2447) 2 3=0 43604200 40l— 379 Sw 3553 324 
12 | -0.40 0529529 527s 522515 50648458 w29.s«w 398) iw 364i 327 
19 | -0.50 0634 §=©.630 «=6625,—s«w12—Ssi«w'd595)—iwd577)~— iw 538 496) «= 454) =o 412s 3702S 326 


28 | -0.60 0.783 .772 «759 «728 .696 .662 .596 .534 .476 .422 2371 320 
36 | 0.70 1.02 0.991 0.959 0.892 0.827 .766 .658 .567 .490 .422 .362 .306 


47 -0.80 1.47 1.38 1.30 1.14 1.00 888 .713 .585 .487 .407 .341 .281 
52 -0.85 1.91 1.74 1.57 1.31 1.10 950 =.729 «sd SB1—iwH#T3. so 390 322 «263 
59 -0.90 2.75 2.34 2.00 1.52 2.23 0996 6725 559 #45 361 294 237 
68 -0.95 5.20 3.62 2.69 1.72 1.25 975.667 =.498) = «3900S w312,s«w251—S—t—«iw#dz2‘D 
73 -0.975 9.95 4.89 3.07 1-70 1.16 -880 2587 2435 0339 «270 2216 2170 


B5 “1.00 20 1.22 0.854 0.588 0.466 .392 .299 .240 .196 .160 .128 .098 


98 0.10 oo 1.14 0792, 6543. 428——s«w 358 = iw 2702S «w 213—'—«wd1'70—«iw'd2‘4—s(«w'2003——«w’d733 
6 0.20 oo 1.10 0764 §=.522 «4120 342) 256 =o 200 Siw 58 = o123—Stss«wt09——«w 0 
12 0.30 oo 1.07 746 = 6508) 399s 332s iw 247) «192s «50S «w16 Ss 086 =~ «. 058 
7 0.40 oo 1.05 0732, 498)=—s iw 391i 3242S iw 241Si«wd 86) S450 iw122S—s«w B2Ss«w 058 
1 0.50 oo 1.04 0722S o491—Ss«ws 38S )~—i«w319——«w' 236~=——i«wd82-—ss«w41 2S s«w108~=S («W079 —Ss«wW 052 
4 0.60 oo 1.03 0714 = 6486S (iw 38O)——s«w' 34S iw 2322S '—s«w'd178 = 138 ~S—(«wd005=Ss«wT7E~—«w 00 
6 0.70 sy 1,02 709 «= «6481Ss—s«i«w 3762S 321229) 's«wd276 = 36) 103S'—s«w TSS «W049 
8 0.80 ro) 1.02 0705 = 6479S 374 = 309-—s—«iws228——s«wd174)~=— 3422S 102—Ss«w073s—«w 4B 
9 0.90 oa 1.01 e103 ATT 3T3) i308 e227) 73S S39 OE CORSON 
: 1.00 oa 1.01 0.702 06476 06372 06308 06226 06173 00133 00101 0.073 0.047 
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ON STELLAR ROTATION. II* 


M. SCHWARZSCHILD 
Rutherfurd Observatory, Columbia Universityt 
Received July 30, 1947 


ABSTRACT 


The numerical solution is derived for a slowly rotating star consisting of a convective core in solid-body 
rotation and a radiative envelope free of large-scale convection currents. The solution is found to give an 
equatorial acceleration on the surface, in qualitative agreement with the solar observations. However, the 
value found here for the equatorial acceleration is about twice as large as that observed on the sun. 


I. INTRODUCTION 


In a previous paper! (here referred to as “Paper I”) arguments were given to show that 
the following conditions may properly represent the essential conditions for the equilibri- 


um state of a rotating star: 
1. Meridional currents are negligible as regards both momentum transport and energy trans- 


port. Hence all large movements are purely rotational. 
2. In the envelope of the star which is in radiative equilibrium, the viscosity is negligible. 
Hence in this region, the angular velocity, W, may vary with the distance from the center and 


with the latitude. 
3. In the convective core, the high eddy-viscosity brings about solid-body rotation (which 


in a region of convective equilibrium is not forbidden by von Zeipel’s theorem). 


In the present paper the solution of the rotation problem under the above assumptions 
has been worked out for a stellar model consisting of a convective core and a radiative 
envelope. The derivation of this solution is described in the following four sections. The 
last section contains a summary of the essential results and a comparison of these results 
with observations. 

In Paper I, an additional viscosity surface condition was introduced. The fulfilment 
of this condition would, in part, eliminate the viscosity forces produced by the eddy 
viscosity in the hydrogen convection zone. As is shown here in Section V, this additional 
condition cannot be fulfilled by a solution in which the physical variables and their deriv- 
atives have no discontinuities (except those occurring even in nonrotating stars at the 
surface of the core because of the change from convective to radiative equilibrium). No 
proof was found for the existence or nonexistence of a solution with additional, physically 
possible discontinuities in the higher derivatives which would fulfil the viscosity surface 
condition. The solution presented here does not contain such additional discontinuities 
and does not fulfil the viscosity surface condition of Paper I. Correspondingly, it is here 
assumed that the viscous forces in the hydrogen convection zone will produce only such 
nonstationary convection phenomena as will not affect the essential features of the ro- 


tation. 


* Publication assisted by the Ernest Kempton Adams Fund for Physical Research of Columbia Uni- 
versity. 

t Now at Princeton University Observatory, Princeton, N.J. 

1 4 p. J., 95, 441, 1942. For other investigations see G. Randers, A p. J., 95, 454, 1942; W. Krogdahl, 
Ap. J., 96, 124, 1942, and 99, 191, 1944; and T. G. Cowling, M.N., 105, 166 (appen.), 1945. 


427 








428 M. SCHWARZSCHILD 


II. FUNDAMENTAL EQUATIONS 
A. EQUILIBRIUM CONDITIONS 


In addition to the assumptions stated in the first paragraph of Section I, the following 
approximations are used: 
1. The composition (and consequently the molecular weight, m) is constant throughout the star. 
2. The radiation pressure is negligible. 
3. The star consists of a convective core with y = 3 and an envelope in radiative equilibrium 
with an absorption coefficient given by 


Kp = kop*T —3- with e=1.75 and s=0O.5, (1) 


where the values for the exponents were chosen so as to fit the absorption of the Russell mix- 
ture, given by Morse,’ as closely as possible for the temperatures and densities occurring in the 
sun. 

4. The entire energy generation from nuclear sources occurs within the convective core. 


Now the equilibrium conditions can be expressed by the following equations: 


i 10P , db 
[ +Wr(t—w) = +- 4S, (2.1) 
red of motion ' p 
two components) : > 
| Pin yee (2.2) 
\ phon pw Op 
; Od 20 1 A Ob 
Insc ? ¢ nan et eee cei Cade — py?) — | = 4 rp: pe, 
Poisson's equation : apt : oe Pr aa (1 — p?) a4 + 4nGp; ( ) 
k 
Equation of state : P= oe pl; (2.4) 
oT 3Kp " 
at 2.3) 
me ' Or 4acT3 Pry atte 
Radiation transfer 
(two components) : aT Vi-ut_ 3xp oa 
no Ss Gee . 
ee ee ——= 1, is 
Conservation of energy : —"+— F,+— —(V1-—pn?F,) =0; (2.7) 
Or r r Ou 
dP» a | 
iabatic rele : —=—— =. 2.8) 
Adiabatic relation re ( 


Here the independent variables are r, the distance from the center, and uy, the sine of the 
latitude. The symbols F, and F, stand for the radial and the latitudinal components of 
the radiation flux per unit area. All other symbols have their usual meanings. 

The hydrostatic equations (2.1)-(2.4) hold throughout the star. The equations of 
radiative equilibrium (2.5)—(2.7) hold exclusively in the radiative envelope, whereas the 
adiabatic relation (2.8) applies only to the convective core. 

The solution has to fulfil not only the above equations but also the following three 
boundary conditions: 

1. At the center, the potential must remain finite (no point mass). 

2. At the surface, the potential must correspond to a solution tending toward zero for large 
distances. 

3. At the surface (defined by P = 0), the solution must give T = 0. 


24 p. J., 92, 27, 1940. 
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B. DIMENSIONLESS VARIABLES 


The solution of the rotation problem is simplified by the use of the dimensionless 
variables x, w, f, p, t, and /, which are defined by 


. ems GM) 
r= xy. Ww oi 
GM? GM | 7 
7g nO ee 
anRi t i arr, =IL. | 


If these variables are introduced into the equilibrium conditions and if, at the same time, 
p is eliminated with the help of equation (2.4), and F, with the help of equation (2.6), 
the remaining equations take the following form: 


top, of. 
ee, a; ee el 4. 
‘pert Mw TS oe Ox’ (4-83 
top, of 
seidinamnal ee J. 4.2 
n= +4 p aut au (4.2) 
i ie ae law 2] = +8, (4.3) 
Gx?” BOL £2? ap O- l 
a Ng EO (4.4) 
Ox e &- 
- b Ye 
c ot ace a nad F (4.5) 
Ox Ou p* Ou 
i ae ll (4.6) 
fees) 


6+ s—3e 


: - _ 3ko (< a 0 gets 
=6+s5+¢e=8.2: —, (4. 
WE Oe a4 ’ = 5 4ac\mG (4m) 'teyfiteme asa 


Since the numerical value for C is to be determined as the eigen-value of the problem, the 
equations above show that the solution can be found in terms of the dimensionless vari- 
ables without the use of any observed quantity referring to a particular star. 


C. PERTURBATION EQUATIONS 


If the rotation is slow, i.e., if w is small (for the sun of the order of 10~), the rotating 
star will differ only little from a nonrotating star. The small perturbations produced by 
a slow rotation may be defined by 


p= put pe, tenth, f=futla, l=lthat. (8) 
C pi 
Here the subscript w refers to the nonrotating unperturbed state, and the subscript d sig- 
nifies a rotation perturbation. The two extra factors occurring in equations (5) are intro- 
duced purely for convenience in the following computations. 

If the expressions (5) are introduced into the equilibrium conditions (4.1)-(4.6) and 
if all terms of second and higher power in the perturbations are neglected, two sets of 
equations are obtained. The first set, involving only the unperturbed functions, corre- 
sponds to the equilibrium conditions of a nonrotating star. The solution for this set of 
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equations has already been worked out,*® and consequently all unperturbed quantities 
are known. The second set of equations, involving nothing but linear terms in the per- 
turbations, is found to be 


Ofa 1 dt, dp, 


Opa 
wx (1 — y?) = . EE epee. 6. 
+ wx ( u*) +3. $e baz Gat la dx’ a. 
—wxp = + Opa me (6.2 
Ou Ou 
Rd = , ut” us 
ox* a 
Dla _ x sy x a. 
: 6 ce = ae 6. 
e ax —lat pats 4 dX fa t. dx’ (<< 
EU (1 +55 See mae) + = [ a- us) 2), (6.5) 
ty, dx pu dx Ou OM 


a(f)= a( ry, (6.6) 
Me _Y— = i 


In terms of the rotation perturbations, the three boundary conditions take the follow- 
ing form: 


Atzx=0: fa remains finite ; (7.1) 


Atx=1: f, corresponds to a solution tending to zero at large distances. (7. 
: g 


bo 


) 
The third boundary condition can be expressed by 


P— pu _t—h 


d Pu dl, 
dx dx 


(see Paper I, eqs. [35]-{37]). Since at the surface 


dp. 61 dt, 


a ae cae 


one obtains 


l aie 
Atx=1: pa = ~ it < (7.3) 


In addition to these three conditions, further boundary conditions are obtained by an 
appropriate choice of the quantities Ro, Mo, and L, which were introduced in equa- 
tions (3). In the following, Ro and Mo are chosen so that the temperature and pressure 
perturbations are zero at the center. Hence, 


Atx=0: py=0. (7.4) 
Atx=0: %=0. (7.5) 


Further, Z is chosen to be the total luminosity of the rotating star. From equations (3) 
and (5) it then follows that the perturbation of the radial light-flux integrated over the 
entire surface must be zero. 


+1 
oe oe f Laue. (7.6) 
=% 
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The problem is now reduced to finding the solution which fulfils equations (6.1), 
(6.2), (6.3), and (6.6) in the core; equations (6.1), (6.2), (6.3), (6.4), and (6.5) in the 
envelope; conditions (7.1), (7.4), and (7.5) at the center; and conditions (7.2), (7.3), 
and (7.6) at the surface. The solution will be derived in three steps. First, all solutions 
fulfilling the core equations and the center conditions are determined. Second, the solu- 
tions fulfilling the envelope equations and the surface conditions are derived. Lastly, by 
fitting the two sets of solutions at the interface, the final solution is found. 


III. SOLUTIONS FOR THE CONVECTIVE CORE 
A. THE POTENTIAL EQUATION 


To find the solution for the convective core, it is convenient to eliminate pq and fa 
from the potential equation (6.3) and then to solve this equation for fz. An expression 
for tg in terms of pa is obtained from equation (6.6), together with the center conditions 
(7.4) and (7.5): 

y¥-1 
la = —— pa. (8.1) 
"e 


An expression for fa in terms of fz can be found from the force equations (6.1) and (6.2). 
Since in the convective core 

1 dpu >) ease dty 

Pu dx at pa 1 bus ax’ 
the last two terms in equation (6.1) cancel each other. Therefore, if one differentiates 
equation (6.1) with respect to » and equation (6.2) with respect to x and then subtracts 
the second from the first equation, one gets 


i x(1—p?) + -” xu =0 or w=w (x?(1—p?]). 
Ou Ox 
The last formula indicates that w = Constant is a possible solution for the core. Even 
though this particular solution corresponds to the basic assumptions put forth in Sec- 
tion I, the following slightly more general solution, compatible with the last formula, 
is chosen: 
w=wt 6x?7(1—p?). (8.2) 

Here w and 6 are constants, with w corresponding to the angular velocity at the center. 
The 6-term is introduced for the purpose of making it possible to see how sensitive the 
phenomena on the surface of the star are to deviations from constancy of the angular 
velocity throughout the convective core. Since, throughout the core, x < 0.13, the angu- 
lar velocity will vary less than 10 per cent as long as 6 < 12w. 

If the expression for w given by equation (8.2) is put back into the force equations 


(6.1) and (6.2), one obtains 


Pa — foo — fats x? (1 — bh”) ot F x! (1 aa us?) a (8.3) 


where foo is the integration constant. 
Now, with the help of equations (8.1) and (8.3), 4 and ¢z can be eliminated from the 

potential equation (6.3). If, at the same time, the polytropic variables @ (instead of ¢,,) 

and & (instead of x) are introduced, one finds, with the help of 

£29(2-1)/(7-1) 


? 
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for the potential equation 
Ofa 0 0 la 


0? fa x 
ao 2E = (1 — »?) | (fa- foo) 
ag? ” 0€ Ou ; . Ou F (fa Soo 


+9 
t2 
s 


(8.4) 


— 
2] 


B. LEGENDRE DEVELOPMENT 

The equations above may be solved by expressing each of the dependent variables by 

a Legendre series. If U’ symbolizes the solution in the convective core such that U may 
be replaced by either fy or fa or ta, the Legendre development is given by 


, ie. - . 
U = >” U, (%) Pp (p)- (9) 
n=0 
Here P,(u) stands for the mth Legendre polynomial. Since for the rotation problem a 
solution is sought which is symmetrical with respect to the equator, all terms with odd n 
are to be omitted from the series (9). Introducing this development into equations (8.1), 
(8.3), and (8.4) and noting that 


(1 — uw?) = 2Po(u) — 3Po(u) and (1— p?)?= fe Po (u) —FEPo(u) +&Ps(u), 


one finds 


y¥—1 
== - Pn; (10.1) 
Y 
4 ! ., e¢ 9 
po =  ~ jor @ 2 i OTs v4 
x2 
p= —fr—-wz— ofa, 
od 7 (10.2) 
P= fe + Ogee 
pn = —f, for n26 
d? fo d fy : 1 
£2 —- +2¢é . (fo — foo) £29(2 . ; 
> dé? sae Tt y-1° 
1 9 —) f(4~—} 1 9 e 9 4 
= HOEY [fohatt FR 
+9 d? f. ! I¢ dfs ( f ! f 1 £29 9.4, l 
. st 6s ~— ier Js oe 
d& dé y-1° 
1 ; 
a ee, ee (10.3) 
d* fs dfs 1 
g2 te 2G 20 /,+ / £29 (2-y)/(y-1 
> dé > dé a ea | 
I &20(2 1 * 2 4 | 
es i ea + bg5 34] 5 | 
d? f, at, 1 
»—-“+ 2¢ —*-n(n4+1) fath, £29 (2—1)/(y-1 
eae 78 aE i te Se 
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C. SOLUTION BY POWER SERIES 


In preparation for obtaining the general solution of equation (10.3), the following set 
of particular solutions, each fulfilling the center condition (7.1), is defined. For each of 
the two first equations (10.3), one particular solution corresponding to w = 1 and 6 = 0 
is called f%. Next, for each of the first three equations (10.3), a particular solution corre- 
sponding to w = O and 6 = 1 is called f%. Finally, for every one of the equations (10.3), 
the solution corresponding to the homogeneous part of the equation (i.e., corresponding 
to w = Oand 6 = 0) is called f*. 

Each of these particular solutions of equations (10.3) may be obtained by developing 
it into a power series in &. This has been done for y = § (which corresponds to a poly- 
tropic index of 1.5) for the Legendre orders up to and including the sixth. From the 
polytropic equation of index 1.5, one finds 


— 0.00000013E!°. 


With the help of this series, the particular solutions for equations (10.3) enumerated 
above are found to be: 


_— 
fi=i ’ 





fh = &—0.10714285 &4 +0.00793651 £6 — 0.00044643¢8 | 
+ 0.00002194¢ — 0.00000096¢!2+ 0.00000004¢", | 


fh = £4— 0.06818182£% + 0.00437063é8 — 0.00021384¢" | 
+ 0.00000974 £12 — 0.00000040¢" , | 


fh = £6 — J.05000000 €8 + 0.00294118£!° — 0.00013007E” 
+ 0.00000562 é'4 — 0.00000022é!* , 


(11.1) 
— 0.00001502 £8 + 0.00000065 €'° — 0.00000003 €'?] , 


ee: 
Is 3% 


| 
| 
| 
| 
fe = +1x2[ + 0.07500000 £2 — 0.0056547 6€4 + 0.00030589¢° " 
| 
| 
| 


f= +1 x4 [+0.0238095 2? — 0.00165344E4 + 0.00007486¢° 
— 0.000003 428+ 0.00000013"] , | 


f§= —2x4[+0.02777778& — 0.00189394&4 + 0.00008741 £8 
— 0.00000400 £8 + 0.00000016¢"] , 
{i= + gt. 


The solutions for pa corresponding to each of the particular solutions for fg may be found 
from equation (10.2). They are 


2 


pr=0, qe Te, 6 —Sot is", 

sl ‘ ; — . 7 te 

p= —fh, pe=0, He ~~ ae \ (11.2) 
eft sr 

Bete cad: fee 
a, 


The corresponding solutions for ¢g are given directly by equation (10.1). 
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In the upper half of Table 1 the numerical values of the nine particular solutions are 
given for the surface of the convective core (x = 0.121725 and — = 1.12009). Values are 
given not only for the variables pa, ta, and fa but also for the first derivative of fa, rep- 
resented by 


0; ‘a 


Ia= t 


Ox 


(12) 


The general solution fulfilling the core equations and the center conditions can be 


Solutions 


in Core 
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VALUES OF SOLUTIONS AT INTERFACE 


Pn 


0.00000 
—1.10059 
— 1.44958 
— 1.85956 
+4.51541 

0.00000 
+2.80689 
— 3.98084 
0.00000 


~ 


— 1.89105 
— 3.62608 
—0.29725 
+2.81650 
+0. 98845 
—0.03270 
+0.46163 
+0. 10678 
—0.00705 
+0.55116 
+0.02167 
+0.99635 
—0.04214 
—0.00941 
+3.04274 
+2.68850 
—0. 10614 


—_ 


| 





—0. 30033 


TABLE 1 


n 


tnx 





—0. 39962 
—0.05989 
+0.64829 
+0. 28589 
—(0).00618 
+0.08861 
+0.02775 
—0.00126 
+0.09998 
+0.00512 
+0. 15503 
+0.00250 
—0.00459 
+0.44172 
+0.41593 
+0.00522 


00000 | 
44024 
57983 
74382 
80616 


| 


| 


00000 
12276 


. 59234 


00000 


| 
| 
| 
| — 1.09182 
| —6.87944 
—0.63713 
+6.06892 
| +2.62637 
—0. 14877 
+2.10239 
+0. 50041 
—0.04698 
+3.67375 
+0. 14603 
+0. 66403 
—0.03373 
—0.04773 
+3.06565 
+1.86887 
—0.09121 


i) 





Qn 


0.00000 
+ 1.92045 
+ 5.56865 
+10.94333 
+ 1.61732 
— 9.87798 
+ 0.70162 
— 1.17214 
+ 5.01812 


| 


+2.53707 
+3.39578 
+0. 28412 
—2.71452 
—1.01761 
+0.03186 
— (0.45002 
—(0. 10588 
+0.00692 
—(. 54108 
—0.02144 
— 1.34494 
+0.03201 
+0. 00974 
39955 
—3.64943 
+0.08143 
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+1.85956 
+0.42358 
—4.93899 
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—0. 20093 
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0.00000 
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53512 
88842 
.02463 
.35720 
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.00750 
59049 
03323 
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.04256 
—0.02570 
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represented in terms of the particular solutions as follows (neglecting the eighth and 
higher Legendre orders) : 


U, =w | (dea, + 6,) Ub + Us] + 6[ (Ma, + ¢,) Uh + U3), | 


0 


U,=w[ (a, + b,) Ub + Us] + 6[ (Ma, + ¢,) UZ + U3), 


9 


(13) 
U,=w[ (a,) U*] + 5[ (Aa, +¢,) U{+ UE), | 
J 


4 


U, =o [ () U4] + 6[ (d*) US). 


6 


Here U again stands for any one of the variables pa, ta, ga, or fa. The letters in the 
parentheses are all constants. That the integration constants represented by the paren- 
theses are put in this particular form is done purely for convenience in the subsequent 
fitting process. 
IV. SOLUTION FOR THE RADIATIVE ENVELOPE 
A. LEGENDRE DEVELOPMENT 


The solution in the envelope may be developed into a Legendre series, just as was the 
solution in the core, i.e., 


v= > ¥.(%) P,, ( bh). (14) 


Here V, standing for the solution in the envelope, may be replaced by pa, ta, fa, Ya, OF la. 

Before this development is introduced into the envelope equations, the following 
changes are convenient: first, w is eliminated between equations (6.1) and (6.2); next, 
with the help of ga as defined by equation (12), equation (6.3) is split into two equa- 
tions, each having only a first derivative with respect to «; and, finally, the new independ- 


ent variable, z, defined by 
1 ‘ 
z= log(——1), (15) 


is introduced in place of x, so that the results of the unperturbed integration, which 
have been carried through with z as independent variable, can be used directly. 

With these changes, the introduction of the Legendre development into equations 
(6.1)-(6.5) and (12) gives the following set: 


dp, ec] i—z], ) 
Z n+| 31% — |" 4343)!" | 


d pn | 1 dt, ‘ i-—*z oa | 
ty, dz 4343 |?" p, dz 


dz 4343 
(16.1) 
1—x 
| 4343 | Ini | 
dt 1 dt 1 di 
ae ae . " 16.2 
dx +[eo > Pn [> ra “|nt [5 4343 5 [ns ia, 
dqn _ A? l= & | os Iz ee ) 
dz -| fe .4343 Pa ; [2 4343 bn + a3 Yn | 
, (16.3) 
[ rE a | pee) 
a sk an Ini | 
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dfn _ "l—<z 
oe" ~ Lagagl® a: 
dl, _ 1-—x° 1—-x 1 dp, 1 dtu], . —: 
gat (* +0) gags let [gaast ee Get cael ali 
with 

To = 2 (po+ fe) —§ (pat fa) + if (Pet fe) —.-.-, } 

Ip = 20 (pat fa) —8 (Pot fe) +----, | 

‘eal (16.6) 
I,= 54 (pe + fe) — | 
Ip=+.... 


The coefficients in the brackets are all known functions of z, since they depend exclusively 
on the unperturbed solution. The above set of equations holds for every Legendre order n. 
In all but the first of these equations, the different Legendre orders are separate. In the 
first equation, however, the J,-term produces a coupling, in the sense that the equation 
for a given Legendre order involves the solutions of all the higher orders. 

In addition to introducing the Legendre development (14) into the differential equa- 
tions, it also has to be entered into the three surface conditions. From condition (7.2) it 
follows for the potential that f, « x«~-""! for x > 1. Consequently, with ga as defined 
by equation (12), 


Atz=1: Qn = — (n+1) fr forall a. (17.1) 
From condition (7.3) there directly follows: 


Atx=1: Pn = + : i. for all n. (17.2) 


Introducing the Legendre development into condition (7.6), one finds that all terms but 
the zero-order term vanish automatically. Hence, 


Atx=1: o=0. (17.3) 


B. SCHEME OF SOLUTIONS 


The general solution for the radiative envelope has to fulfil equations (16.1)—(16.5) 
and conditions (17.1)—(17.3). 

If, to begin with, the coupling term J, is ignored, three independent “homogeneous’ 
solutions are found for every Legendre order, except the zero order, since there are five 
first-order differential equations and two boundary conditions. In the zero order, only 
two independent solutions exist because of the additional boundary condition (17.3). 
These “homogeneous” solutions (eleven in all if Legendre terms of eighth and higher 
orders are ignored) are designated by a superscript 4. 

To each homogeneous solution of a given Legendre order, there is produced one 
“inhomogeneous” solution in each of the lower Legendre orders by the coupling term J, 
in equation (16.1). These solutions are designated by a superscript 7. In the description 
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of the fitting process, it will be seen that it is not necessary to derive the inhomogeneous 

solutions for each of the homogeneous solutions separately. Instead (if again Legendre 

terms of the eighth and higher orders are neglected), the following three sets of solutions 
ivolving only six inhomogeneous solutions will be found adequate. 


9 





9 9 
—_ ; a ; 
i TVhi 7 in 1 7Vhi Ji 2 1V Ai 7 ié 
Vix > aiVii+Va, Ve > V+ Ve, V5 > WVe+ Vi, 
y™1 7=1 7=1 
3. 3 3 
an sect . a ite ow on ws 
Vi= Saiv¥+vE, Ve= Deivy, Vi= Dvivytve, 
j=1 7=1 7=1 
, (18) 
3 3 
han } ai PND VO 75 — NS Viphi 
V" aes Or Vi ey HG 
= = 





3 
Vri= S‘aiv'. 
arsenal 6 6 


7=1 


Here, in each of the three sets, an inhomogeneous solution of a given Legendre order 
fulfils equations (16.1) with an J, corresponding to all the solutions of higher order in 
the same set. Thus, for example, Vi’ corresponds to the Jp produced by V2 and V3 to- 
gether. 

The general solution for the envelope may be given in terms of the three sets above 
as follows: 


V, =o [MVA+ Ve] + 5 [MVA4+ V8], ) 
V, =o [MV3+ Ve] + 5 (MVA+ V3), | 
V,=0 [VA] + 5[MVA+ V3], | 
Vi, =o [Vr]. + 3[MVAl. 


(19) 


In equations (18) and (19), the integration constants are expressed in the particular 
form with the a’s, B’s, y’s, and )’s for the convenience of the fitting process. 


C. DEVELOPMENTS NEAR SURFACE 


The particular solutions of equations (16.1)—(16.5) enumerated in the preceding sec- 
tion are obtained by numerical integrations. These numerical integrations, however, 
cannot be started at the surface because, if z is used as independent variable, the surface 
is at infinity and, if x is used as independent variable, some of the coefficients in the dif- 
ferential equations are not finite at the surface. Therefore, analytical developments have 
to be used near the surface. For the outer 10 per cent of the radius, the following formulae 


hold with good accuracy: 


x dt, _ 1 


x dpy b 1 pux* _ 
ee es : 


p dx e1—x’ 2 
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Using these formulae and again introducing x as independent variable, one finds, in 
place of equations (16.1)—(16.5), 


a = 
, -En _ wae va ? 
ae = +np, nihon - ~ Iatnfe— I, (20.1) 
. dt, = re Pn ea b bn aes ( 0.2 
~ dx ae ere i—-x " sis 
x Oh —n(n+1)4, —l,, (20.3) 
dx 
d Qn 
v = —GQrtn(n+1) fr, (20.4) 
dx 
df 
c——— 20.5 
ee o_o ( 5) 


For the zero Legendre order, two independent homogeneous solutions of the set of dif- 
ferential equations above are given by 


e 


pit=+1, M=+h a0, git=0, mM =0; QL) 
el 1 1 
iol A? | a i — 
Po te (<—1)4-, ty aia x? by ate qo elie tS ili ca (21.2) 
For all other Legendre orders, two independent homogeneous solutions are given by 
e 4 
pl nae + x”. {i _ + x. [1 =—y x”. gi! =(Q. fal =(): (22) 
n n b n b n “nm 
1 e 4 1 
h2 — h2 — _ h2 — 
r, = Tri» f Ty te Ah = + (a +1) ; nti? 
(22.4) 


1 1 
Le 
a Hale Mea de until? Jn ~ yn } 


The third independent homogeneous solution for all but the zero Legendre order is ob- 
tained by developing it into a power series in y = (1/x) — 1. 


: (6+2)7.,  [n(b+3) 2 ' 
aw -y+ eHiy y etpety (" sie ~553)|" 
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ees slide ao es a3)7 ae ‘ 
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+ Leen }*- Lea py ("+?- 


n 2 n?(n+1) 
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All inhomogeneous solutions are determined with the help of the following power series 
in y: 


= = I ym p i— \* p v ym a ti ym 
n fang CUM, mM ’ n fang FN, M- ’ 4 fond n, m- ’ 
m=0 m=1 m= 
(23) 


by ym + == ft — 
[= one — pn. ee 4 q, 0 ’ i 0. j 


m 


Here the particular inhomogeneous solutions are chosen so that all dependent variables 

are zero at the surface. By introducing these series into equations (20.1)—(20.5), one ob- 
tains the following recursion formulae for the coefficients: 

Pn, mt = — [1 = BE | Pr im — l; (m + CEs Je, »| 

~ ba lt | 

(m+ b)(m+1) 4" (m+ b)(m+1) er 


t-3 ; m : | 
tu" -hagnern! %---aeepelioe 7 8 


m 1 | 

+ (m+ b)(m+1) 1" mt (m+ b) (m+ 1) lien 
‘h (n+ 1)~ ‘i ion 
m+1 mM m+ij™™ ) 

With the help of equations (21.1) and (21.2) for the homogeneous solution of zero 
Legendre order, with equations (22.1)—(22.3) for the homogeneous solutions of all other 
Legendre orders, and with equations (23) and (24) for the inhomogeneous solutions, the 
values for the five dependent variables of all the needed particular solutions are com- 
puted at s = —1.025 and z = —1.000. 


l i 


n, mt+l 


D. NUMERICAL INTEGRATIONS 


The numerical integrations necessary for obtaining the required eleven homogeneous 
and six inhomogeneous solutions of the simultaneous differential equations (16.1)— 
(16.5) were obtained with the help of the relay calculators* of the Watson Scientific 
Computing Laboratory. In preparation for the integrations, the coefficients occurring in 
the brackets of equations (16.1)—(16.5) were computed from the solution of the unper- 
turbed equations,* and the starting values at z = — 1.000 were derived as described in 
the previous section. 

The step-value for the numerical integrations was chosen to be Az = 0.025. Seventy- 
seven steps were performed for each solution, reaching from z = —1.000 toz = +0.925 
(three steps beyond the interface between the core and the envelope at z = +0.85825). 
Six digits were used throughout the numerical integrations. Third and higher differences 
of the dependent variables were consistently ignored. Since it was found that the par- 
ticular solutions tended to increase strongly from the surface inward, the perturbations 
were not directly used as dependent variables; instead, each one was multiplied by 
x" (n = Legendre order), and the quantities thus obtained were used as dependent 
variables. 

The seventeen particular solutions, as obtained by the automatic numerical integra- 
tion with the relay calculators, are given in Table 2. The values of these solutions at the 
interface between the core and the envelope are given in the lower half of Table 1. 


‘ For the general method used see “Automatic Integration of Linear Sixth-Order Differential Equa- 
tions by Means of Punched-Card Machines”’ to be published in the Review of Scientific Instruments. 





TABLE 2 


























9 | hy hi Al | hi h2 h2 | h2 h2 
‘ Po 4 % | Jo Po " | 4% Jo 
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—0.700.... +0.99988/}+ .21211} 0.00282}+0.00008/+1.22343)+ .25440/+1. 19609] —1.19933 
-0.675... +0 .99985/+ .21209} 0.00347|+0.00011)/+1.23665)+ .25688}+1.20712)}—1.21112 
—0.650... +0.99981}-+ .21209} 0.00427)+0.00015|+1.25063)4+ .25955|/+1.21862)—1. 22357 
O65... +0.99976/+ 21209} 0.00522}/+0.00020|+1.26543}+ .26234/+1.23069|—1. 23678 
—0.600.... +0.99970)+ .21208} 0.00637|+0.00026|+1 28109) + 26531) +1.24325| —1.25073 
=—@.375.... +0 99962| + 21205} 0.00775|+0.00034|+1.29769)/+ | 26845)/+1.25635|—1.26552 
—0.550 +0.99951}+ .21206}| 0.00940) +0.00044/+1 31521) + 27179} +1.26993) —1 28114 
—0.525. ‘ +0.99938}+ .21202} 0.01137)}+0.00057|+1.33376)+ .27528)+1.28401| —1.29767 
—0.500.. +0.99922}+ .21201) 0.01374) +0.00074)+1.35336)+ .27902)+1.29847)}—1.31512 
—0.475. +0.99900)+ .21198} 0.01655/+0.00095|+1.37408|/+4 .28294]+1.31336| —1.33358 
—0.450..... +0.99874/+ .21194) 0.01991)/+0.00122)+1.39597)/+ .28710)+1.32851| —1.35305 
—0.425.... +0.99840}+ .21190) 0.02390) +0.00155}+1.41909)+4+ | 29150)+1.34390| —1.37363 
—0.400.......|+0.99797|+ .21184) 0.02863|+0.00197)+1.44345)+ .29615/4+1.35933|—1.39531 
a |S +0.99744/+ .21176| 0.03424)+0.00249/+1.46917/4 | 30104)+1.37473| —1.41818 
oe +0.99678|/+ .21167| 0.04087|+0.00313)+1.49625|+ .30621|/+1.38981|/—1.44225 
ee +0.99595)+ .21155} 0.04869) +0.00394)+1.52474/+ .31166]/+1.40441| —1.46757 
—0.300.. ...J+0.99493}+ .21139} 0.05788)+0.00493) +1.55471/+ .31737|+1 41822|—1.49418 
=Q,275.... +0.99368}+ .21121] 0.06870) +0.00616)+1.58619/+ .32341]/+1.43084|—1.52209 
—0.250. ‘ +0.99212)+ .21098| 0.08135)+0.00767|+1.61915)/+ .32974)/+1.44189] —1.55130 
— et +0.99022}+ .21071} 0.09616)+0.00953]+1.65368}+ .33638)/+1.45083) —1.58184 
—0.200. +0.98788}+ .21035) 0.11339)+0.01180)+1.68970)+ .34336)+1.45708) —1.61366 
—0.175 +0.98503|}+ .20993) 0. 13344)+0.01458)}+1.72721|+ .35061)/+1.45991|—1. 64674 
—0.150 +0.98156}+ .20942} 0. 15668}+0.01796/+1.76614/+ .35823/+1.45848] —1.68100 
—0.125.. +0.97734)+ .20879) 0.18353|}+0.02206|+1.80640|/+ .36612)/+1.45183| —1.71634 
—0.100... +0.97221/+ .20804| 0.21445)+0.02702|+1.84783|+ .37430}+1.43884|—1.75263 
—0.075... +0.96603}+ .20710) 0.24994) +0.03299)+1.89029}+ | 38273/+1.41818|—1.78967 
—0.050.......|+0.95860)+ .20598) 0.29053)}+0.04016)+1.93351)+ . 39140) +1. 38842) —1.82723 
—0.025. ...|+0.94969) + .20463) 0.33675)/+0.04875)+1.97723)+ .40029)+1.34795| —1. 86501 
0.000.... +0.93906|)+ .20302) 0.38916}+0.05899|-+2.02099)+ .40927)+1.29486| —1.90259 
+0.025.. ; +0.92639}+ .20108} 0.44833)+0.07116)+2.06435|+ .41834)+1.22719) —1.93955 
+0.050.... +0.91140}+ .19879} 0.51476}+0.08555|}+2.10676|+ .42740/+1.14275)—1.97528 
+0.075.... +0.89369|/+ .19605} 0.58895)/+0. 10250) +2.14746)+ .43630/+1.03924) —2.00913 
+0.100 ; +0.87291/+ .19284) 0.67127)/+0.12237)/+2.18567|+ .44501}+0.91418]—2.04027 
+0.125.... +0.84861)+ .18906) 0.76202}+0.14557|)4+2.22041)+ .45329)+0.76515|—2.06779 
+0.150.......|+0.82031}/+ .18464] 0.86130)+0.17252}+2.25052}+ .46100)+0.58976| —2.09062 
+0.175.......]4+0.78760)}+ .17951] 0.96901}/+0.20364)+2.27481/+ .46798)+0.38565|—2. 10754 
+0.200.......{+0.74992}4+ .17358) 1.08482}+-0.23939)4+2.29182!+ .47396|+0.15087}—2.11722 
0.225... +0.70677|+ .16674 1.20809) +0. 28024) +2.29995|+ .47869) —0.11622|—2.11818 
+0.250..... +0.65771}+ .15895} 1.33776)+0.32658)+2.29757|+ .48192) —0.41656|—2. 10882 
+0.275.......}4+0.60224)/+ .15009] 1.47245}+0.37884)+2.28280)+ .48337| —0.75039) —2.08745 
+0.300.... +0.53998/+ . 14007 1.61031) +0. 43733) +2.25378|/+ .48266) —1.11699] —2 .05235 
+0.325..... +0.47056)+ .12886} 1.74914)+0.50237)+2.20859)+ .47953) —1.51457|—2.00173 
+0.350. ...|+0.39377/+ .11638) 1.88626)/+0.57408) +2.14536)+ .47365) —1.94006] —1.93391 
+0.375.. .. | +0.30949)+ .10260] 2.01870)}+0.65250}+2.06220);+ .46467) —2.38910) —1.84728 
+0.400.... +0.21773|+ .08750) 2.14326)+0.73757|+1.95755|+ .45233) —2.85608) —1.74037 
+0.425.......|4+0.11869)+ .07109] 2.25653)+0.82900) +1.82992!4- .43636) —3.33414| —1.61202 
+0.450.......}+0.01269)+ .05341]| 2.35522}+0.92640)+1.67813|}+ .41653) —3.81544|—1.46128 
+0.475.... —0.09970}+ .03451) 2.43612/+1.02915|/+1.50146)+ . 39266) —4.29134| —1.28768 
+0.500..... —0.21777|+ .01449) 2.49645) +1. 13648)/+1.29956/+ . 36466) —4.75294) —1.09112 
+0.525 ; —0.34064|— .00653) 2.53391}+1. 24746) 41.07246)+ .33245) —5.19134|—0. 87193 
+0.550. : —0.46732|— .02842) 2.54692)+1.36110)/+0.82069)+ . 29609) —5.59827) —0. 63082 
+0.575 ; —0.59666)— .05101} 2.53458) +1.47619)+0.54529/+ .25569| —5.96624| —0. 36908 
+0. 600 , —0.72742|— .07411| 2.49684) +1.59153)+0.24760}+ .21138) —6.28924| —0.08830 
+0.625 ; —0.85838}— .09756| 2.43444) +1.70587| —0.07057|+ .16345| —6.56285|+0. 20957 
+0.650.......}—0.98825}— .12113) 2.34885)+1.81799| —0.40718)/+ .11213)—6.78442|+0. 52231 
+0.675..... }—1.11583}— .14464| 2.24219)+1.92671)—0.75996|/+ .05779| —6.95323)|+0. 84755 
+0.700... —1.24002}— .16794) 2.11713}+2.03099| —1.12667|+ .00075| —7.07046|+1.18295 
Ee —1.35973|— .19082} 1.97656}+2.12983|—1.50484)— .05861] —7. 13863] +1.52598 
| | —1.47408}— .21312] 1.82363) +2.22239| —1.89217)}— .11990| —7.16184|+1.87432 
4 Le —1.58225|— .23475| 1.66145)+2.30800) —2.28643)— 18282) —7 14511)+2.22576 
+0.800....... —1.68367|— .25555} 1.49310)+2.38612| —2.68577|— .24698) —7.09444| +2 .57846 
+0.825.......)—-1.77778|— .27543| 1.32132) +2.45634| —3.08829)| — .31207|—7 .01589 +2 .93062 
+0.850.... —1.86425|— .29432|} 1.14856)/+2.51841)/—3.49255|— .37782| —6.91579)|+3.28085 
+0875 2... | —1.94281) — .31218} 0.97701) 4+2.57219| —3.89737|— .44403| —6. 80055) +3 .62813 
+0.900..... —2.01336)/— .32894) 0.80830) +2.61764|—4.30180)— .51041) —6.67584/+3.97153 
5 ts Pi —2 07586) —0 34458) —0 64388) +2 65484) —4 70530) —0 57682) —6 54740)-+4 31068 
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: | phy? iH! iit x2 210+) ye ott A120 21H! a Mato ph2,2 | 2,2 | | hte? 2 | 2 | Ae 
9 9 : 
sek | Re +6 97085| +1. 47867} 0.00000! 0 ‘00000 2 95733) +1.09441} +0. 23215!+3.28322| —1.09441/+0. 69644 
—1.000... |+6 8301. uh 44882! 0.00000! 0.00000} 2.89763} 1.10000) 0 23333} 3.30000} 1.10000) 0.70000 
| | 
—0.975.... +6. 68518] -+1.41812)—0.00071| 0.00000} 2.83610) 1.10589) 0.23459) 3.31761} 1.10588) 0.70374 
—0.950.. +6. 53494) +1.38623} 0.00108) 0.00000) 2.77237; 1.11219) 0.23593) 3.33649) 1.11218) 0.70776 
—0.925.. +6. 38132|/+1.35362} 0.00172) +0 00001| 2.70718} 1.11884] 0.23733} 3.35623] 1.11884] 0.71198 
—0.900.. +6.22315}+1.32012} 0.00240) 0 00003! 2.64004) 1.12584) 0.23882) 3.37728) 1.12582) 0.71645 
—0.875. | +6. 06085|+1.28563} 0 00325) 0 00005] 2.57121] 1.13333] 0.24041) 3.39943) 1.13334] 0.72119 
—0.850 }+5.89467| +1.25047| 0.00419} 0.00008) 2.50069) 1.14119) 0.24207) 3.42300} 1.14117) 0.72621 
—0.825 .. ee} +5.72473) +1.21440} 0.00532} 0.00011} 2.42863) 1.14953) 0.24386) 3.44788] 1.14954) 0.73153 
0.800... | +5.55147|-+1 17765} 0.00665; 0.00015) 2.35509) 1.15839) 0.24573) 3.47418) 1.15840) 0.73716 
—0.775........}+5.37485|+1.14018] 0.00821} 0.00021} 2.28022} 1.16778] 0.24772) 3.50197} 1.16781} 0.74314 
—@.750...... eeipnenc ations 0.01009; 0.00028) 2 20407) 1.17766} 0.24982) 3.53143} 1.17767] 0.74945 
| 
—0.725.... }+5.01343)-+1.06344) 0.01217; 0.00037; 2 12690| 1.18820} 0.25204) 3.56252] 1.18823) 0.75615 
—0.700... ..|+4.82920) +1.02447] 0.01470; 0.00048) 2.04876} 1.19929) 0.25440) 3.59540} 1.19931] 0.76323 
—0).675.. 1+4. 64319} +0.98491] 0.01753) 0.00063} 1.96985} 1.21114) 0.25691) 3.63007} 1.21116} 0.77073 
—0.650... +4 45581) +0 94525] 0.02085) 0.00081} 1.89038] 1.22357) 0.25955) 3.66678] 1.22356] 0.77867 
-0.625... +4 26736) +0.90527| 0.02458} 0.00103) 1.81049} 1.23680) 0.26237| 3.70546} 1.23681; 0.78708 
—0.600 +4 07849) +0.86526}) 0.02890, 0.00130) 1.73040) 1.25075) 0.26533) 3.74632) 1.25074) 0.79597 
—0.575... +3. 88957) +0.82513} 0.03381) 0 00163) 1.65032) 1.26558] 0.26847) 3.78934] 1.26559] 0.80539 
—0.550. +3 7OLIS} +9. 28509 0.03941} 0.00203) 1.57048) 1.28124) 0.27181) 3.83473) 1.28121} 0.81536 
—0.525.. +3.51367/+0.74546] 0.04566} 0.00252) 1.49110) 1.29779} 0.27532; 3.88251) 1.29781); 0.82593 
—0.500 1+ 3.32777; +0.70618} 0.05281} 0.00311 1.41236} 1.31528) 0 27906! 3.93285} 1.31526} 0.83709 
—0.475 +3 14380) +0.66712} 0.06074) 0.00381) 1.33454] 1.33381] 0.28298] 3.98570} 1.33381} 0.84892 
—0.450 +2.96245| +0.62878} 0.06963) 0.00465) 1.25782) 1.35335) 0.28715) 4.04129) 1.35332) 0.86139 
—0.425. +2.78409| +0.59098} 0.07951| 0.00563) 1.18246) 1.37409) 0.29158} 4.09951 1 37406} 0.87461 
—0.400 +2 60924) +0.55402) 0.09043) 0 00679} 1.10863} 1.39584! 0.29622} 4.16068} 1.39582} 0.88856 
~0.375 | +2.43841) +0.51783} 0.10246} 0.00815; 1.03656} 1.41894) 0.30115) 4.22456) 1.41891) 0.90329 
—0.350 +2.27197|+0.48268} 0.11568) 0 00973} 0.96647} 1.44321) 0.30635) 4.29139] 1.44317} 0.91885 
—0.325 +2.11037|+0.44851] 0.13007} 0.01156) 0.89854] 1.46886) 0.31184) 4.36103} 1.46880! 0.93528 
—0. 300 +1.95394) +0.41545| 0.14568| 0.01368] 0.83291) 1.49589} 0.31762) 4.43353} 1.49582} 0.95259 
—0.275 +1 80305} +0 38362} 0.16255} 0.01611} 0.76977} 1.52434) 0.32373) 4.50883) 1.52423) 0.97084 
—0.250 Ly =n +0. 35299} 0.18064} 0.01888) 0.70923) 1.55418) 0.33015} 4.58686} 1.55410} 0.99004 
| | | | 
-0.225 |-+1.51880] +0. 32369} 0.19999; 0.02203) 0 65142} 1.58564) 0.33693) 4.66742] 1.58550} 1.01023 
-0. 200 +1.38586) +0.29574| 0.22052} 0 02559) 0.59645) 1.61858) 0.34406) 4.75038) 1.61842} 1.03146 
0.175 }+1.25925/+0.26910} 0.24220) 0.02958} 0.54436] 1.65311] 0.35153) 4.83551] 1.65291] 1.05371 
~0.150 +1. 13903} +0.24390} 0.26496) 0.03404) 0.49526) 1.68922} 0.35940} 4.92243} 1.68897} 1.07702 
0.125 |-+1.02520] +0.22005} 0.28870) 0.03898) 0.44914) 1.72692) 0 36763] 5.01081} 1.72662} 1.10139 
0.100 +0.91775|+0 19759] 0.31328) 0 04443) 0.40606} 1.76621) 0 37624) 5.10016} 1.76583} 1.12685 
—0.075 | +0.81662| +0.17649]} 0.33860} 0.05041) 0.36598} 1.80700) 0 pone 5.18998} 1.80652} 1.15335 
—0.050 |+0. 72166) +0.15670} 0.36447) 0.05694) 0.32890) 1.84932) 0.39457) 5.27949) 1.84874| 1.18086 
—0.025 +0 63274] +0.13825} 0.39070} 0.06401; 0.29479) 1.89309) 0.40435) 5.36797] 1.89241] 1.20936 
0.000 |+0.54967|+0.12102} 0.41708} 0.07162) 0.26359) 1.93810) 0.41439) 5.45472] 1.93723) 1.23879 
+0). 025 |+0.47224/+0.10503) 0 44337) 0 07977) 0.23523) 1.98435} 0.42487) 5.53851 1.98334) 1.26905 
+0.050 |+0.40023}+0.09017| 0.46931) 0.08843) 0.20963} 2.03167| 0.43561) 5.61845} 2.03035) 1.30003 
+0.075 | +0 33336} +0.07642; 0.49464) 0 09758) 0.18673} 2.07975) 0.44666} 5.69330) 2.07820) 1.33163 
+0.100.. |+0.27141/+0.06370} 0.51907) 0.10716) 0.16639) 2.12843) 0.45798) 5.76196) 2.12646} 1.36365 
+0.125 2 | +0.21411/+0.05198} 0.54229) 0 11713] 0.14854] 2.17737] 0.46949] 5.82299] 2.17500] 1.39596 
+0 150 +0. 16120} +0.04116]) 0 36400) 0.12743} 0.13303) 2.22636) 0.48115} 5.87521} 2.22344) 1.42825 
+0.175.. |+0.11244|+0.03121} 0.58393) 0 13797) 0.11976} 2.27481] 0.49290) 5.91741] 2.27124) 1.46031 
+0. 200 +0 06758) +0 02205; 0.60176) 0.14868} 0.10859} 2.32257; 0.50468) 5.94828) 2.31823} 1.49190 
+0.225 +0 .02639| +0 .01363} 0.61724] 0 15947) 0.09939} 2.36914) 0.51641) 5.96684) 2.36392} 1.52262 
+) 250 —0 onst+ 0 00592; 0.63016) O — 0.09203} 2.41399} 0.52796} 5.97244) 2.40769) 1.55222 
-0 275 |—9.04574| 0.00116] 0.64033] 0.18082} 0.08636} 2.45674] 0.53936] 5.96447] 2.44921] 1.58029 
+0 300. . | —0.07705| —0.00763) 0.64764) 0 19117] 0.08223) 2.49674) 0.55031} 5.94291] 2.48787} 1.60654 
+0 325 —(. 10544] —0.01354} 0.65203} 0.20117) 0.07949} 2.53397} 0.56092} 5.90791} 2.52342] 1.63053 
+0. 350.. —0. 13103} —0.01892} 0.65355) 0.21069) 0.07798) 2.56764) 0.57101) 5.86034) 2.55525) 1.65198 
+0. 375.. .| —0. 15398} —0.02382) 0.65233) 0.21964) 0.07754; 2.59758) 0.58046; 5.80159} 2.58307} 1.67057 
+0.400.... |} —0. 17442} —0.02825} 0.64858] 0.22794) 0.07804) 2.62362} 0.58923) 5.73332} 2.60669} 1.68607 
+0.425.. |—0. 19248] —0 03226] 0.64261} 0.23551} 0.07930) 2.64545); 0.59728} 5.65796) 2.62584) 1.69817 
+0.450 |—0. 20830] —0.03586| 0.63481} 0.24230} 0.08120) 2.66325] 0.60455} 5.57819} 2.64066} 1.70682 
+0.475 | —0. 22202} —0.03907} 0.62566} 0.24827} 0.08357) 2.67696; 0.61099) 5.49716) 2.65109) 1.71192 
+0.500.. ; — 0.23380) —0.04193) 0.61566) 0 25343) 0.08630; 2.68688} 0.61665) 5.41822} 2.65746] 1.71345 
40.525. —0. 24380) —0.04446} 0.60537} 0.25779} 0.08926) 2.69343) 0.62140) 5 344861 2.66009; 1.71159 
+0.550.. —0 25219] —0.04670} 0.59530} 0.26140} 0.09234) 2.69709) 0.62546} 5 28021] 2.65965| 1.70650 
+0.575. |—0. 25916) —0.04865| 0 58604} 0.26431} 0.09547) 2.69857| 0.62880) 5.22786) 2.65662} 1.69847 
+0.600 |—0 26487] —0.05034| 0.57804] 0.26663] 0.09856 2.69847] 0.63143] 5.19047| 2.65192] 1.68784 
+0.625 | —0. 26956] —0 05184) 0.57175) 0.26844) 0 10154) 2.69781) 0.63363) 5.17080) 2.64622} 1.67500 
+0.650 | —0. 27339] —0.05313} 0.56755} 0.26987} 0.10439) 2.69720} 0.63528) 5 17080} 2.64059| 1.66044 
1) 675... sos |—0.2 27658) —0.05424) 0.56573} 0.27105) 0.10708) 2.69770) 0.63663) 5.19228] 2.63582] 1.64464 
+0.700 |—0 do 05524} 0.56651} 0.27212) 0.10958) 2.70030} 0.63784) 5.23634) 2.63303) 1.62802 
+0.725. |—0 28180) 05612; 0.57005} 0.27319} 0.11191) 2.70571} 0.63892} 5.30386} 2.63299) 1.61121 
+0.750 —0.28420 s 05690) 0.57642; 0.27441) 0.11408) 2.71492) 0.64002 en 2.63667} 1.59457 
| | 
+0.775.. —0.28667| —0.05763| 0.58568} 0.27589) 0.11611) 2.72866} 0.64133} 5.51083) 2.64485} 1.57861 
+0. 800 _.|—0. 28937) —0.05832) 0.59783) 0.27775) 0.11800) 2.74774) 0.64292) 5.65047! 2.65844) 1.56369 
+0.825.. ""|—0 29243! —0.05899 0.61283) 0.28009! 0.11981) 2.77278) 0.64487! 5.81422) 2.67801} 1.55025 
+0. 850 —0.29596| —0.05966 0.63064) 0.28301) 0.12156) 2.80447) 0.64734; 6.00181, 2.70425) 1.53852 
+0. 875 —0.30008| —0.06035) 0.65122) 0+28660) 0.12328 2.84330; 0.65041) 6.21311; 2.73785) 1.52892 
+-0.900 —0.30487| —0.06107; 0.67453) 0.29093) 0.12501) 2.88982) 0.65412} 6.44818) 2.77917) 1.52160 
+0.925. +10 31045/ —0.06183 —0.70055| +0 29607} —0. 12678 +2 .94462| +0.65860) +6.70693| —2.82881|+1.51683 
if | ! t i i 
441 
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—1.025 —0. 40874 +0.00720; 0.00000; 0.00000) +9 13869] +4 85928) +1.03076| 0.00000; 0.00000|—4. 12303 
—1.000 —0.42629; 0.00795} 0.00000; 0.00000; 9.09244|+4. 66507) +0 s0ne6) 0.00000, 0.00000) 3.95824 
—0.975 }—0.44426| 0 00870] +0 00006; 0.00000) 9.04405)+4 46882 +0.94797|—0 00048} 0.00000) 3.79172 
—(). 950 1|—0.46260) 0 00965 | 0.00009, 0.00000; 8.99302|+4.27067|+0.90592} 0.00070) 0.00000; 3.62358 

0.925 |—0.48127| 0 01064; 0.00015} 0.00000! 8.94010)+4.07191|/+0.86372} 0.00111) 0.00000) 3.45486 
—0 900 —0.50025; 0.01153} 0.00022; 0.00000; 8.88453)+3.87250)+0.82151| 0.00153/4+0.00001) 3.28565 
—0.875 —0.51937| 0.01295} 0.00031; 0.00000} 8.82653|+3.67306|/+0.77911| 0.00202) 0.00002) 3.11642 
—() 850 |—0.53885| 0.01393} 0.00042) 0.00000} 8.76591)/+3.47440]+0.73705} 0.00256 0.00003 2.94783 
—(). 825 |—0.55832) 0.01540} 0.00055} 0.00000) 8.70271/+3.27699]+0.69516! 0.00317) 0.00005) 2.78033 
-0. 800 | —0.57796| 0.01684} 0.00073) 0.00000) 8.63676}/+3.08151|/+0.65369| 0.00387) 0.00007 2.61450 

0.775 }—0.59760| 0.01850} 0.00095|—0.00001} 8.56817/+2.88861/+0.61276| 0.00466 0.00010, 2.45086 
—0.750 }—0.61722) 0.01999) 0.00123} 0.00002} 8.49657|+2.69901/+0.57259| 0.00559! 0.00014 2.28992 

| 

—0.725 lo 63660! 0.02204) 0.00157} 0.00003} 8.42236/+2.51315}+0 53310} 0.00655, 0.00019 2.13236 

0.700... |—0 65590} 0.02381) 0.00200) 0.00004} 8. 34508)+2.33195)+0.49470| 0.00769 0.00025) 1.97856 

0.675 —0.67481| 0.02612] 0.00252) 0.00006) 8.26485}+2.15576/+0.45728} 0.00890 0.00032) 1.82911 

0.650... —0. 69345} 0.02810] 0.00319} 0.00008} 8.18177 +1.98530/+0.42119) 0.01026) 0.00040, 1.68452 

0.625 |—0.71146] 0.03069] 0 00398) 0.00012} 8.09564|+1.82102/+0.38630| 0.01171) 0.00050) 1.54519 
—0. 600 |—0.72903| 0.03303} 0 00498} 0.00017} 8.00641|+1.66351)/+0.35294| 0.01331} 0.00061) 1.41156 
—0.575 : —0.74583) 0.03591} 0.00620; 0.00023) 7.91429)/+1.51306}+0.32099| 0.01503) 0.00075, 1.28403 

0.550 , —0.76197| 0.03860) 0.00769) 0O 00030] 7.81917) -+1.37017)+0.29073| 0.01689, 0.00091) 1.16289 
—0.525 —0.77715} 0.04168) 0.00950) 0.00040) 7.72122}+1.23507/+0.26205| 0.01885) 0.00109) 1.04838 
—0. 500 —0.79143) 0.04468} 0.01171) 0.00053) 7.62012)/+1.10800/+0.23516|} 0.02097; 0.00130 0.94072 
—0.475.. —0.80457} 0.04810} 0.01437) 0 00069} 7.51629) +0 .98912/+0.20991} 0.02317) 0.00153) 0.84004 
—0.450.. —0.81664} 0.05137} 0.01758} 0.00090} 7.40933|+0.87854/+0.18651} 0.02548 0.00179| 0.74640 
—0.425 , —0.82736} 0.05514] 0.02145) 0.00116} 7.29970|/+0.77619|+0.16479| 0.02789) 0.00208) 0.65982 
—0.400 —0.83683} 0.05862} 0.02607; 0.00150) 7.18720/+0.68205|+0.14488] 0.03036) 0.00240) 0.58022 
—0.375.... —0.84476} 0.06267) 0.03160) 0.00192} 7.07189}+0.59595|+0.12662} 0.03290; 0.00276 0.50747 
—0. 350 —0.85127| 0.06646} 0.03818} 0.00245) 6.95405/+0.51767|+0.11006| 0.03549 0.00315 0.44142 
—0.325 —0.85610} 0.07064} 0.04596} 0.00310) 6 83367|+0 44694/ +0 ostel| 0.03811) 0.00357 0.38182 
—0.300 —0.85931} 0.07487} 0.05514} 0.00392} 6.71073)+0.38342/+0.08161| 0.04073) 0.00403 0.32840 
—0.275 —0.86080} 0.07912} 0.06595} 0.00492) 6.58544/+0.32675|+0.06963} 0.04336) 0.00452) 0.28084 
—0.250 —0.86043} 0.08349) 0 07858) 0 00615} 6.45773) +0 .27649/+0.05899| 0.04596) 0.00503 0.23878 

| | 

—0.225 —0.85821} 0.08800} 0.09333} 0.00766] 6.32773/+0.23221!+0.04962} 0.04852 0.00559 0.20186 
—0. 200 .. ++] 0.85409) 0.09246) 0.11042) 0.00950} 6.19566}+0 19347|+0.04143! 0.05104) 0.00616 0.16970 
-0.175 ; —0.84797| 0.09703) 0.13019) 0.01173) 6 06129) +0 15975|+0.03431; 0.05349) 0.00676 0.14187 
—0.150 —0.83982| 0.10160} 0.15293} 0.01442} 5.92498/+0.13064|/+0.02815) 0.05588) 0.00738 0.11799 
—0.125 —0.82956} 0.10622} 0.17896} 0.01765; 5.78658}+0.10564}+0.02289|} 0.05818 0.00802 0.09769 
—0. 100 —0.81713} 0.11089} 0.20863} 0.02150) 5 64647| +0 08429|+0.01837; 0.06042 0.00867, 0.08055 
—0.075 —0.80250} 0.11550} 0.24228) 0.02609) 5.50433/+0.06620/+0.01456| 0.06257 0.00933) 0.06624 
—0.050 —0.78555| 0.12021} 0.28025) 0.03150} 5.36034/+0.05095/+0.01133] 0.06463! 0.01000) 0.05439 
—0.025 .-|—0.76627] 0.12492} 0.32284) 0.03787) 5.21465/+0.03818)/+0.00866| 0.06663) 0.01066! 0.04470 

0.000. . —0.74458} 0.12953) 0.37037) 0.04532] 5.06717/+0.02752}+0.00640} 0.06855) 0.01134) 0.03684 
+0.025 —0.72032} 0.13432] 0.42309} 0.05398} 4.91805/+0.01868/+0.00453} 0.07040) 0.01200) 0.03059 
+0.050 ; —0.69354} 0.13903} 0.48121} 0.06399} 4.76720) +0.01138}/+0.00298} 0.07218! 0.01266 0.02569 
+0.075 —0.66406} 0.14381] 0.54484) 0.07549] 4.61490)+0.00538/+0.00171} 0.07392) 0.01331) 0.02193 
+0.100 .| -0.63184) 0.14856} 0.61404] 0.08862! 4.46095/+0.00046|)+0.00066| 0.07560 0.01395) 0.01910 
+0.125.. —0.59675} 0.15344} 0.68873) 0.10352} 4.30572) —0.00358}—0.00020} 0.07723) 0.01458 0.01706 
+0.150 ; —0.55879| 0.15837} 0.76868} 0.12032} 4.14910) —0.00688}—0.00091| 0.07882) 0.01520 0.01565 
+0.175.. —0.51790} 0.16325} 0.85358} 0.13911] 3.99144) —0.00957}—0.00150] 0.08038 0.01580) 0.01474 
+0.200.. —0.47397; 0.16837) 0.94286; 0.16001} 3.83290] —0.01179}—0.00199] 0.08191) 0.01638! 0.01426 
+0.225 —0.42709} 0.17356} 1.03585] 0.18309] 3.67363} —0.01361|—0.00239} 0.08340 0.01695| 0.01409 
+0.250.... —0.37730| 0.17877) 1.13172) 0.20834) 3.51419|—0.01513|—0.00274} 0.08487) 0.01750 0.01416 
+0.275.... —0.32460} 0.18416) 1.22937) 0.23578] 3.35477|—0.01640} —0.00303| 0.08632) 0.01804) 0.01444 
+0.300.... —0.26921} 0.18959) 1.32769} 0.26533} 3.19596] —0.01748|—0.00329} 0.08775) 0.01856) 0.01482 
+0.325.... —0.21126; 0.19520} 1.42536} 0.29692} 3.03819}—0 01840} —0.00351} 0.08917) 0.01907) 0.01532 
+0.350 —0.15105} 0.20080} 1.52112} 0.33033] 2.88213}|—0.01921|—0.00371} 0.09059 0.01957 0.01587 
+0. 375 —0.08887| 0.20649} 1.61360} 0.36538} 2.72829)—0.01991}—0.00389} 0.09202) 0.02005) 0.01646 
+0. 400. —0.02508} 0.21224) 1.70155} 0.40182} 2.57750)—0.02054|—0.00405|} 0.09347} 0.02052) 0.01706 
+0.425.. }+0.03987| 0.21791] 1.78393) 0.43931; 2 43031/—0 02113|—0.00418} 0.09495) 0.02098) 0.01767 
+0.450.. }+0.10556| 0.22362} 1.85978} 0.47757] 2.28746) —0.02168]—0.00434| 0.09647| 0.02144) 0.01822 
+0.475.. 1+0.17146 0.22918) 1.92860} 0.51619) 2 14964) —0.02221 —0.00447; 0.09808) 0.02189) 0.01877 
+0. 500 '+0.23710] 0.23464] 1.99011} 0.55485} 2.01740|/—0.02271|—0.00458] 0 09977; 0.02235) 0.01930 
+0.525........}/4+0.30199] 0.23990} 2 04446; 0.59317} 1.89136) —0.02322;—0.00470} 0.10160) 0.02280) 0.01978 
+0.550. |+0.36571| 0.24496] 2.09207} 0.63092} 1 77204| —0 02372) —0.00481| 0.10354! 0.02327; 0.02022 
+0.575.. 1+0 42784} 0.24976} 2.13384] 0.66775] 1.65975|—0.02423|—0.00492| 0.10567) 0.02374) 0.02063 
+0.600....... 1-0 48803; 0.25429) 2 17084| 0.70352 1.55480] —0.02476|—0.00502| 0 10799, 0.02424 0.02102 
OBZ S 2605 }+0.54609} 0.25851) 2.20450) 0.73805) 1.45736) —0.02531/—0.00514| 0.11051) 0.02476 0.02137 
+0.650...... .|+0 60180} 0.26242} 2.23627; 0.77131 1.36747; —0 02588] —0 00524) 0.11328) 0.02531) 0.02172 
+0.675.. ..-|+0.65513} 0.26602) 2.26778) 0.80329) 1.28514) —0.02650| —0.00533| 0.11633) 0.02589! 0.02207 
+0.700.. : +0.70614) 0.26937) 2.30059} 0.83415} 1.21015|/—0.02716|—0.00545| 0.11964) 0.02652) 0.02236 
+0.725...... +0.75490| 0.27241] 2.33628} 0.86400] 1.14238|—0.02787|—0.00555| 0.12328 0.02720 0.02269 
+0.750........|+0.80166] 0.27523) 2 37624} 0.89309] 1.08146] —0.02863|—0.00565| 0.12725 0.02793) 0.02303 
+0.775........)}+0.84666] 0.27788) 2.42177) 0.92167 1.02711} —0.02946| —0.00577; 0.13157 0.02872) 0.02335 
| | +0.89026} 0.28037} 2.47394) 0.95011} 0 97892) —0.03034; —0.00588; 0.13627) 0.02957, 0.02372 
MOSES. o sxceeds +0.93279| 0.28276) 2.53373) 0.97869! 0 93654) —0 03131; —0.00600} 0.14135) 0.03050) 0.02409 
+0.850..°....../+0.97468} 0.28511 2.60190} 1.00780) 0 aes, © 03234) —0.00613} 0.14686; 0.03151) 0.02449 
+0.875........}+1.01633} 0.28749} 2.67906; 1.03783] 0O 86756| —0.03346| —0.00627| 0.15280) 0.03260) 0.02493 
+0.900....... +1.05817} 0.28992} 2.76581 1.06910} 0.84021) —0.03468) —0.00641} 0.15920 0.03378) 0.02542 
+0.925........J41 10070) +0 29247 | +2 .86251 —1.10200 +0.81716] 0.03599] —0..00656| —0. 16607 +0.03506|—0.02594 
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—0.975 
—0. 950 
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—0.900 
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11258 
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11495 
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15254 


15555 


15875 
16209 
16561 
16931 
17319 
17726 
18151 
18595 
19060 
19541 


20044} 
20564 
21102 
21656 
22228 
22813 
23412 
24024 
24648 
25279 


25919 
26561 
27211 
27864 
28518 
29176 
29834 
30500 
31170 
31849 
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33250 


34746 
35543 
36385 
37276 
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42795 
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0 
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0 


0 


0. 
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02333 


.02346 


02359 
02373 
02388 
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02421 
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02457 
02478 
02498 


02521 
02544 
02569 
02596 
02623 
02654 
02684 
02718 
02752 
02790 


02830 
02871 
02916 
02963 
03012 
03064 
03119 
03177 
03239 
03303 


03372 
03443 
03519 
03599 
03682 
03771 
03862 
03958 
04059 
04164 


04273 
04387 
04505 
04627 
04753 
04882 
05015 
05150 
05289 
05429 


06699 
06835 


.06967 
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.07229 
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07619 
07750 
07886 
08022 
08165 


08313 
08469 
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08802 
08985 
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.45994 


85914 


55000) 


55294 
55609| 
55939) 
56290 
56661} 
57054| 
57470 
57910) 
58375 
58869! 


59391 
5994 3} 
60526 
61143 
61795 
62485 
63214 
63985 
64798 
65657 


66562 
67518 
68523 
69585 
70701 
71876 
73110 
74405 
75765 
77190 


78680 
80239 
81866 
83561 
85324 
87152 
89047 
91003 
93020 
95094 


97215 
99386 
01594 
03834 
06098 
08378 
10670 
12959 
15244 


19779 
22022 
24253 
26476 
28700 
30937 
33209 
35536 
37946 
40470 
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49067 
52397 
56023 
59978 
64300 
69019 
74177 
79798 


92555 





99754 
07536 
15933 
24980) 
34700| 





0.11000 


0.11058 
0.11121 
0.11188 
0.11258 
0.11333 
0.11412 
0.11495 
0.11583 
0.11677 
0.11776 


0.11881 
0.11992 
0.12110 
0.12234 
0.12367 
0.12506 
0.12655 
0.12811 
0.12977 
0.13151 


0.13338 
0.13532 
0.13741 
0.13958 


0.18586 
0.19048 
0.19526 


0.20025) 
0.20540) 
0.21073 
0.21621 
0.22185 
0.22764 
0.23352 
0.23954 
0.24565 
0.25181 


0.25803 
0.26427 
0.27055 
0.27682 
0.28308 
0.28934 
0.29559 
0.30186 
0.30816 
0.31452} 


0.32098 
0.32759 








0.33442 
0.34151} 
0.34895 
0.35681) 
0.36516 
0.37414 
0. 38376| 
0.39415 


40538) 
41757] 
43076| 
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46053) 

0.47726 
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0. 
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11728|—0 
11796| —0 
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11939] —0 
12018] —( 
12101/—0 
12190] —0 
12284|—0 
12383] —0 
12489] —0 
12600; —0 
12718]—0 
12843] —0 
12975|—0 
13115} —0 
13263|—0 
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13586|—0 
13762|—0 
13948] —0 
14145|—0 
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14573|—0 
14806| —0O 
15052) —(¢ 
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16179|—0 
16500] —0 
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21739|—0 
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34611|+0 
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26697 
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10973 
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04347 
04519 


04705 
04864 
05035 
05171 
05318 
05434 
05546 
05642 
05716 
05778 


05823 


05854 
05843 
05817 
05775 
05716 
05646 
05563 
05464 


05363 
05248 
05129 
05002 
04875 
04745 
04610 
04482 
04353 
04224 


04102 
03982 
03869 
03759 
03656 
03559 
03468 
03382 
03302 
03229 


03161 
03099 
03042 
02991 
02946 
02905 
02870 
02840 
02816 
02796 


02782 
02774 
02770 
02773 
02780) 
02793) 
02813) + 
' 





— =a er — 
1071 gh3x4 10 +1) (3,419 +134 19 +1 
| 





0 
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0 
0 
0 
0 
0 
0 
0 
0 
0 
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0 
0 
0 
0 
0 
0 
0 
0 
0 
0 


0. 


0 
0 
0 
0 
0 


0. 


0 
0 
0 


0 
0 
0 
0 
0 
0 
0 
0 
0 
0 


0 
0 
0 
0 
0 
0 
0 
0 
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o 


0 
0 
0 
0 
0 
0 
0 
0 
0 
0 


0 
0 
0 
0 


0. 


0 
0 


00000| +7 .63584 








00000, 0 
00000, 0.00000) 7. 
| 

00004; 0.00000) 7 
00007; 0.00000) 7 
00011; 0.00000) 7. 
00016, 0.00000) 7 
00022, 0.00000) 6 
00029) 0.00000) 6 
00038; 0.00000| 6 
00049; 0.00000| 6 
00062; 0.00000) 6 
00079,|—0.00001) 6 
00099; 0.00002) 5 
00124) 0.00003| 5 
00153) 0.00004] 5 
00189; 0.00005} 5 
00231) 0.00007} 5 
00281) 0.00009} 5 
00341; 0.00012} 4 
00412 0.00016) 4. 
00495; 0.00021) 4 
00593 0.00027) 4. 
00707, 0.00034] 4. 
00839) 0.00043) 4. 
00993} 0.00054) 3 
01169} 0.00067| 3. 
01371, 0.00083} 3 
01602; 0.00102) 3 
01864; 0.00125) 3 
02160' 0.00152) 3 
02494, 0.00184) 2 
02867) 0.00222) 2 
03284; 0.00266) 2 
03746 0.00317) 2 
04256, 0.00376) 2 
04816) 0.00443) 2 
05429| 0.00521) 2 
06096, 0.00609 1 
06820) 0.00708) 1 
07600 0.00818) 1 
08436 0.00942) 1 
09330, 0.01079 1 
10276, 0.01230) 1 
11277, 0.01396) 1 
12327; 0.01577; 1 
13424, 0.01772) 1 
14561) 0.01983) 1 
15733) 0.02209| 0 
16935; 0.02448) 0 
18156, 0.02701; 0 
19390, 0.02967; 0 
20627, 0.03244) 0 
21859 0.03531) 0 
23079 0.03826) 0 
24276, 0.04127) 0 
25446 0.04433] 0 
.26584 0.04741) 0 
27685, 0.05050) 0 
28750 0.05357] 0 
29778, 0.05662] 0 
30778 0.05963) 0 
31753) 0.06259] 0 
32712, 0.06550) 0 
33667) 0.06836) 0 
34629! 0.07118] 0 
35612, 0.07397| 0 
36630 0.07673) 0 
37696 0.07950) 0 
38824 0.08228) 0 
40023 0.08512! 0. 
41311, 0.08802) 0 
42693 0.09103} 0 
44185) 0.09416) 0 
45792) 0.09745, 0 
47526, 0.10092) 0 
49393, 0.10461 0 
51406 0.10854) 0 
53571! 0.11272) 0 
55893 —0.11721|+0 


52107 


40254 
27893 
15190 
02061 
88507 
74567 
60235 
45526 
30456 
15029 


99293 
83238 
66907 
50330 
33530 
16537 
99402 
82154 
64824 
47462 


30106 
12787 
95566 
78471 
61542 
44832 
28374 
12201 
96358 
80861 


65754 
51064 
36799 
22991 
09658 
96813 
84464 
72611 
61271 
50437 


40107 
30286 
20962 
12132 
03783 
95912 
88505 
81549 
75038 
68959 


63294 
58037 
53168 
48679 
44551 
40772 
37324 
34194 
31362 
28810 


26523 
24482 
22669 
21064 
19652 
18417 
17339 
16406 
15603 
14918 


14338 
13850 
13451 
13125 
12871 
12681 
12544 








TABLE 2—Contizued 















































s phx8104! 1 610+] qh 610+) FG 'x81041] 21 x810+1| 66216101 A2x619—1 gh2x619—1 fh2,619—1 22 .619—1 

1.025 +3.38733) +0 71853] 0.00000; 0.00000) —4.31115' +0 10944| +0 02322|+0.76608 —0. 10944 +0. 16250 

— 1.000 .| +3. 18631] +0.67588) 0 —_ 0.00000} 4 05530) 0.11000! 0 aiid 0.77000 0.11000, 0.16333 

| 
—0.975.. +2 98706] +0 .63365| —0.00033) 0.00000} 3.80165) 0.11058] 0.02346) 0.77410 0.11058 0.16420 
—0.950 +2.79110}+0.59208] 0.00047; 0.00000} 3.55228) 0.11121] 0.02359) 0.77852 0.11121) 0.16514 
—0.925 +2.59824|+0.55112) 0.00073} 0.00000) 3.30677| 0.11188} 0.02373) 0.78314 0.11188) 0.16612 
—0.900 +2.40969]+0.51121) 0.00098) 0.00000} 3.06679; 0.11258) 0.02388! 0.78807 0.11257) 0.16716 
—0.875 +2.22598) +0.47214; 0.00127;+0.00001} 2.83295; 0.11333) 0.02403) 0.79326 0.11333, 0.16827 
—0.850 +2.04784| +0 43444] 0.00157} 0.00002} 2.60624) 0.11411) 0.02421); 0.79876 0.11410 0.16944 
—0.825 +1.87580] +0.39792} 0.00191} 0.00003} 2.38726) 0.11495) 0 02437| 0.80460 0.11493) 0.17068 
—0.800. +1.71050] +0 36286] 0.00228} 0.00004) 2.17693) 0.11583) 0 02457} 0.81076 0.11582) 0.17199 
—0.775 +1.55246]+0.32932)} 0 00268} 0.00006] 1.97578) 0.11678) 0.02477) 0.81728) 0.11677) 0.17338 
—0.750 +1.40216] +0 sata 0 said 0.00008} 1.78446; 0.11776) 0 _— 0.82422) 0.11775) 0.17485 
—0.725 +1.25991]+0. 26724} 0.00358) 0.00010) 1.60350) 0.11882) 0.02521) 0.83153 0.11880 0.17641 
—0.700. +1.12616}+0.23892| 0.00408} 0.00013) 1.43326) 0.11992) 0.02544) 0.83929 0.11991) 0.17806 
—0.675 ‘ +1.00103] +0.21234| 0.00459} 0.00016) 1.27403) 0.12111] 0.02569) 0.84748 0.12110) 0.17981 
—0.650. ..|+0. 88475] +0.18771} 0.00514) 0.00020} 1.12606! 0.12235} 0.02596} 0.85617 0.12234 0.18166 
—0.625. ..|+0.77730] +0. 16489} 0.00569] 0.00025} 0.98937] 0.12367| 0.02623} 0.86534) 0.12367 0.18363 
—0.600 +0.67874) +0. 14402) 0.00627} 0.00030) 0.86397) 0.12506) 0.02653} 0.87506 0.12506) 0.18570 
—0.575 +0. 58886] +0.12493) 0.00687; 0.00036) 0.74965) 0.12655} 0.02684) 0.88533) 0.12655) 0.18790 
~0.550 +-0.50753}+0.10770} 0.00748} 0.00042) 0 64621) 0.12812) 0.02718) 0.89619) 0.12812) 0.19022 
—0.525 +0.43444]+0.09218) 0.00809} 0.00048] 0.55328] 0 12978] 0.02752} 0.90769 0.12978 0.19270 
—0.500 +0. 36924] +0.07837| 0.00870} 0.00055) 0.47041} 0.13153} 0.02790} 0.91982 0.13153, 0.19529 
—0.475 +0. 31153} +4+0.06612) 0.00930} 0.00062} 0.39709} 0.13339) 0.02830] 0.93264) 0.13339) 0.19805 
—0.450 ‘ +0. 26086] +-0.05539| 0.00989} 0.00071] 0 33273}| 0.13535} 0.02871) 0.94619, 0.13535) 0.20097 
—0.425 +0.21671}+0.04602; 0.01047} 0.00079} 0.27669) 0.13744) 0.02915} 0.96048) 0.13744 0.20405 
—0.400 +0.17857| +0.03795| 0.01102} 0.00089) 0.22832) 0.13963! 0.02962} 0.97561) 0.13962; 0.20730 
—0.375 +0. 14590) +0.03101) 0.01157) 0.00098) 0.18690} 0.14196 0.03011} 0.99151) 0.14194) 0.21074 
—0.350 +0. 11816]+0.02515) 0.01209} 0.00108) 0.15180} 0.14441) 0.03064) 1.00831) 0.14439 0.21437 
—0.325 +0.09481/+0.02019]} 0 01257] 0.00118) 0.12228} 0.14700) 0.03119} 1.02599 0.14697, 0.21821 
—0.300.. +0 .07533}+0.01607| 0.01304) 0.00128) 0.09771) 0.14975; 0.03178} 1.04463 0.14972, 0.22227 
—0.275 ..1+0.05923] +0.01265} 0 01348) 0.00138] 0.07745} 0.15263] 0.03240} 1.06425) 0.15260! 0.22654 
—0.250 +( 04604| +0 00987; 0.01390) 0.00148} 0.06093) 0 15567} 0.03304) 1.08488 0.15565 0.23107 
| } 
—0.225 +0 .03534| +0.00759) 0 014301 0.00158) 0.04756} 0 15890] 0 03373| 1.10657) 0.15886 0.23580 
—0.200 +0.02674| +0.00577| 0.01468} 0.00168} 0.03690] 0.16227) 0 03446) 1.12938 0.16224) 0.24079 
—0.175 .-|+0.01991] +0.00431} 0.01505} 0.00178] 0.02846] 0.16584) 0.03521} 1.15326 0.16580 0.24605 
—0.150 ..|+0.01451]+0.00318] 0.01541} 0.00188} 0.02190} 0.16959} 0.03602} 1.17834 0.16955) 0.25155 
—0.125 +0.01027| +0.00226) 0.01577; 0.00198} 0 01680} 0.17354) 0.03687) 1.20458 0.17349) 0.25731 
—0.100 +0.00701) +0.00158) 0 01614| 0.00207} 0.01297} 0.17769} 0 03774) 1.23203; 0.17763, 0.26338 
—0.075 +0 00450} +0.00104] 0.01650) 0.00216) 0.01007} 0 18204] 0.03868} 1.26069 0.18196 0 26968 
—0.050 +0 .00258) +0.00064; 0.01686) 0.00225) 0.00795} 0.18662! 0.03966) 1.29057, 0.18650) 0.27627 
—0.025 +0.00113}+0.00032)} 0.01723) 0.00234; 0.00641} 0.19141) 0.04070) 1.32168 0.19127 0.28314 
0.000 - -|+0.00003) +0 00008) 0 01762} 0.00243) 0.00533) 0.19639} 0.04175) 1.35407, 0.19623) 0.29032 
| | 
+0.025 ..|—0.00079| —O 00009] 0 018031 0.00252} 0.00462; 0.20163) 0.04288} 1.38766 0.20143 0.29771 
+0.050.. —0 00141] —0.00023/ 0 01846] 0.00260} 0.00415} 0.20709} 0.04405) 1.42251, 0.20684) 0.30538 
+0.075 . -| —0.00187| —0.00033} 0.01888} 0 00269| 0.00388} 0.21277) 0.04527} 1.45853) 0.21248) 0.31331 
+0. 100 -| —0.00223) —0.00039) 0.01934) 0 00278) 0.00376} 0.21868] 0.04653) 1.49576 0.21832) 0.32146 
+0.125 --| 0.00251] —0.00048) 0.01983) 0.00286) 0.00367) 0.22482) 0.04785} 1.53411 0.22440, 0.32980 
+0.150 ..| —0.00272| —0.00052} 0.02030} 0 00295 0.00374} 0.23120) 0.04920} 1.57364 0.23069 0.33834 
+0.175 —0.00290| —0.00057} 0.02081) 0 00304) 0.00382} 0.23776} 0.05060} 1.61423) 0.23717 0.34703 
+0.200. —0.00304| —0.00060} 0.02134) 0.00313} 0.00397} 0.24458} 0.05204} 1.65586 0.24387 0.35583 
+0.225. —0.00319] —0.00062} 0.02187) 0 00322| 0.00411} 0.25163] 0.05354] 1.69852 0.25079 0.36472 
+0.250 —0.00331) —0 — 0.02241; 0.00331; 0.00423) 0 25885} 0.05505} 1.74229 0.25787, 0.37370 
+0.275 —0.00342| —0.00068} 0.02296) 0 00340] 0.00440} 0.26631} 0.05661} 1.78698 0.26517 0.38266 
+0. 300 —0.00352| —0.00072} 0.02353} 0.00350) 0.00454} 0.27394) 0.05818) 1.83282 0.27262 0.39161 
+0.325 —0.00363| —0.00073} 0.02413} 0.00360} 0.00473} 0.28184) 0.05980) 1.87967) 0.28030, 0.40046 
+0.350 —0.00373} —0.00076| 0.02474) 0 00370) 0.00486} 0.28988} 0.06144} 1.92784, 0.28812 0.40925 
+0.375 —0.00385| —0.00079| 0.02537) 0.00380) 0.00501} 0.29815] 0.06308} 1.97726) 0.29613, 0.41793 
+0.400 —0.00394| —0.00081; 0.02601} 0.00390) 0.00518} 0.30666) 0.06475} 2.02810 0.30435, 0.42642 
+0.425 —0. 00406] —0.00083} 0.02667} 0.00401} 0.00531} 0.31537] 0.06642} 2.08071. 0.31275) 0.43475 
+0.450.. | —0.00416] —0.00086} 0.02737} 0.00412) 0.00543) 0.32437] 0.06813} 2.13518 0.32143, 0.44289 
+0.475 |-0 00428 —0. 00087} 0.02810} 0.00424; 0.00558] 0.33363) 0.06983} 2.19203 0.33033 0.45091 
+0.500 —0.00442) —0.00090; 0.02887; 0O eels! 0.00567} 0.34320) 0.07153} 2.25146 0.33954 0.45878 
| 

+0.525.. | —0.00454/ —0.00093} 0.02963} 0.00448} 0.00580] 0.35314) 0.07327) 2.31390 0.34906, 0.46645 
+0.550 | —0.00466] —0.00095| 0.03049] 0.00460) 0.00594] 0.36349} 0.07499] 2.37974 0.35900, 0.47414 
+0.575.. | —0.00480} —0.00096; 0.03140) 0.00473) 0.00606} 0.37430) 0.07676) 2.44960 0.36935 0.48173 
+0.600.. | —0.00494}| —0.00100} 0.03232) 0.00487; 0.00612} 0.38560) 0.07853} 2.52372 0.38024 0.48944 
+0.625. —0.00509| —0.00101; 0.03334) 0.00501) 0.00627} 0.39752) 0.08034] 2.60290 0.39167, 0.49721 
+0.650. —0.00525| —0.00104| 0 03440) 0.00517) 0.00635} 0.41006; 0.08216} 2.68739 0.40377) 0.50520 
ot —0 00542] —0.00106 0.03558} 0.00533} 0.00648) 0.42335) 0.08405) 2.77788 0.41657) 0.51341 
+0.700.. ..| —0.00560; —0.00108; 0 03679| 0.00551; 0.00659 0.43746] 0.08597; 2.87475; 0.43022) 0.52202 
+0.725........|—0.00579| —0.00112) 0.03813) 0.00569) 0.00668} 0.45246) 0.08795) 2.97879 0.44474 0.53110 
+0.750.... —0.00600; —0.00114) 0 03956] 0.00588) 0.00685} 0.46844) 0.09001) 3.09028) 0.46026) 0.54066 
+0.775.. ..| —0.00621)—0.00117} 0.04104) 0.00610} 0.00696] 0.48547} 0.09215] 3.20984 0.47685) 0.55086 
+0.800.. ..| —0.00645;—0.00119) 0.04271] 0.00632) 0.00712] 0.50370) 0.09437} 3.33809, 0.49464) 0.56182 
+0.825 .| —0.00669| —0.00123) 0.04442) 0.00657; 0.00723) 0.52317, 0.09670} 3.47566 0.51365) 0.57354 
+0.850 } —0.00696| —0.00125; 0.04633} 0.00683, 0.00745) 0.54397) 0.09914) 3.62290 0.53403) 0.58612 
+0.875 —0.00724|—0.00129| 0.04834) 0.00711; 0.00757) 0.56625) 0.10172) 3.78043) 0.55590, 0.59968 
+0.900 —0.00755| —0.00133} 0.05048] 0.00741) 0.00776! 0.59002) 0.10443} 3.94916 0.57924) 0.61432 
+0.925 —0 00787; —0 00135) —0 05282) +0 00772| —0 00803) +0 61549, +0 10732) +4 12925 —0.60432'+0.63001 
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Z phr3x6jo+1 h3,619+1 i320 +1 7h3,610+1 3x610+1| pio-5 10-5 gh 10-5 fro 
1.025. .| —0.23626) +0.01368} 0 00000} 0.00000 +6. 38662) —0. 16330) —0.03154) 0.00000) 0.00000 
—1.000 —0.23894| 0.01476} 0.00000} 0.00000) 6.22856) —0.17085| —0.03304| 0.00000} 0.00000 
| 

—0.975 —0.24177} 0.01575}+0.00003} 0.00000} 6.06732) —0.17862) —0.03458|+0.00001} 0.00000 
—0.950 —0.24343} 0.01688} 0.00005} 0.00000) 5.90115) —0. 18667) —0.03619} 0.00002) 0.00000 
—0.925 —0.24485} 0.01809} 0.00008) 0.00000) 5.73244) —0.19489) —0.03782| 0.00004) 0.00000 
—0.900 —0.24558} 0.01912} 0.00011} 0.00000) 5.56016) —0.20336) —0.03952| 0.00006} 0.00000 
—0.875. —0.24559} 0.02050} 0.00015} 0.00000) 5.38484) —0.21205) —0.04126; 0.00009} 0.00000 
—0.850 —0.24502} 0.02154} 0.00020; 0.00000) 5.20701) —0.22094) —0.04305| 0.00012} 0.00000 
—0.825 —0.24365| 0.02286} 0.00025} 0.00000) 5.02674) -—0.23002| —0.04488) 0.00017} «0.00000 
—0. 800. —0. 24163} 0.02408} 0.00033} 0.00000) 4.84473) —0.23928) —0.04676| 0.00023} 0.00000 
—0.775.. —0.23888} 0.02535} 0.00041} 0.00000) 4.66114) —0.24870) —0.04868| 0.00031} 0.00000 
—0.750 —0.23545] 0.02646} 0.00051) 0.00000) 4.47649) —0.25827| —0.05064; 0.00041} 0.00000 
—0.725 —0.23125} 0.02777} 0.00062} 0.00000) 4.29137) —0.26796| —0.05262| 0.00053) 0.00000 
—0.700 —0.22646| 0.02882} 0.00076|—0.00001| 4.10607} —0.27776) —0.05464| 0.00068) 0.00000 
—0.675 —0.22095| 0.03004; 0.00093} 0.00002} 3.92119) —0.28765| —0.05669| 0.00086) —0.00001 
—0.650. —0.21489} 0.03097} 0.00113} 0.00003) 3.73731) —0.29759| —0.05875| 0.00110} 0.00002 
—0.625. —0.20819] 0.03205) 0.00136} 0.00004) 3.55486) —0.30757| —0.06084) 0.00139) 0.00003 
—0.600. —0.20105] 0.03285} 0.00162} 0.00005) 3.37445) —0.31756| —0.06294; 0.00175; 0.00005 
—0.575 —0. 19339] 0.03374; 0.00192} 0.00007; 3.19649|—0 32753] —0 06504; 0.00219} 0.00008 
—0.550. —0.18539} 0.03437} 0.00228} 0.00009) 3.02161) —0.33746| —0.06715| 0.00275) 0.00011 
—0.525. —0.17702} 0.03499} 0.00268} 0.00011} 2.85023) —0. 34732) —0.06926) 0.00343} 0.00015 
—0.500. —0.16842} 0.03539} 0.00314) 0.00014} 2.68279} —0.35706) —0.07135) 0.00427| 0.00020 
—0.475 —0.15960] 0.03577] 0.00366) 0.00017) 2.51978)—0. 36666) —0.07342} 0.00530} 0.00026 
—0.450. —0.15071] 0.03591] 0.00424) 0.00021} 2.36156) —0.37609| —0.07548} 0.00655) 0.00035 
—0.425. —0.14174} 0.03602} 0.00489; 0.00025) 2.20849) —0.38532)—0.07751} 0.00807} 0.00046 
—0.400 —0.13283} 0.03586} 0.00561} 0.00031} 2.06093) —0.39431; —0.07949| 0.00992) 0.00060 
—0.375 —0.12397} 0.03571} 0.00641; 0.00038) 1.91900) —0.40302) —0.08144) 0.01216) 0.90078 
—0.350. —0.11531} 0.03528} 0.00731} 0,00046} 1.78321)—0.41143) —0.08333) 0.01486} 0.00101 
—0.325 —0.10681} 0.03484} 0.00830) 0.00055} 1.65345) —0.41949| —0.08518} 0.01812) 0.00130 
—0.300 —0.09860} 0.03422} 0.00938} 0.00065) 1.53005|—0.42717| —0.08695| 0.02202} 0.00168 
—0.275 —0.09067} 0.03348} 0.01056) 0.00076) 1.41293) —0.43444) —0.08865; 0.02668} 0.00215 
—0.250 —0.08307] 0.03266} 0.01183) 0.00089) 1.30219) —0.44125| —0.09027| 0.03224) 0.00274 
—0.225. —0.07582} 0.03173} 0.01322} 0.00103} 1.19779} —0.44757| —0.09180} 0.03884) 0.00348 
—0.200 —0.06895} 0.03071} 0.01470} 0.00119] 1.09964) —0.45333}| —0.09324) 0.04664; 0.00440 
—0.175 —0.06244] 0.02964) 0.01630} 0.00137] 1.00766] —0.45850} —0.09456| 0.05584) 0.00555 
—0.150 —0.05634} 0.02850) 0.01801} 0.00156} 0.92168) —0.46303| —0.09578] 0.06664; 0.00697 
—0.125 —0. 05062} 0.02732} 0.01981} 0.00178} 0.84158) —0.46684| —0.09687} 0.07928} 0.00873 
—0.100 —0.04528] 0.02610} 0.02175} 0.00201] 0.76713) —0.46986]—0.09782| 0.09400) 0.01088 
—0.075 —0.04030} 0.02486] 0.02377} 0.00227} 0.69811)—0.47203) —0.09861) 0.11108} 0.01352 
—0.050 —0.03568} 0.02363} 0.02592} 0.00255] 0.63426) —0.47324|—0.09925) 0.13081] 0.01673 
—0.025. —0.03142] 0.02239} 0.02815} 0.00285) 0.57540} —0.47340) —0.09969| 0.15349) 0.02061 
0.000 —0.02747} 0.02115} 0.03050} 0.00317} 0.52121] —0.47238) —0.09993) 0.17943) 0.02531 
+0.025. —0.02381} 0.02000} 0.03293} 0.00351} 0.47141|—0.47005| —0.09995| 0.20895; 0.03094 
+0.050. —0.02046] 0.01880} 0.03546} 0.00387) 0.42590) -—0.46627| —0.09971) 0.24235) 0.03768 
+0.075.. —0.01735| 0.01770} 0.03806; 0.00425) 0.38422) —0.46084| —0.09920} 0.27992) 0.04569 
+0.100 —0.01450} 0.01660] 0.04073} 0.00465} 0.34627|—0.45359}] —0.09839} 0.32190) 0.05518 
+0.125. —0.01186} 0.01558} 0.04347} 0.00507} 0.31168) —0.44430] —0.09723) 0.36848) 0.06634 
+0.150 —0.00944] 0.01460} 0.04626} 0.00550} 0.28030) —0 43274) —0.09568} 0.41976) 0.07942 
+0.175 —0.00721] 0.01366} 0.04908} 0.00596) 0.25189] —0.41870) —0.09373) 0.47574) 0.09464 
+0.200. —0.00513} 0.01281] 0.05197} 0.00642} 0.22616] —0.40190) —0.09132) 0.53631) 0.11225 
+0.225 —Q.00322} 0.01199] 0.05484) 0.00690} 0.20301) —0. 38207] —0.08840; 0.60117} 0.13251 
+0.250. .|—0.00145]} 0.01124) 0.05775) 0.00739} 0.18217] —0.35898) —0.08493) 0.66982) 0.15564 
+0.275 .1+0.00017} 0.01054] 0.06066} 0.00789) 0.16347) —0.33238) —0.08087) 0.74161) 0.18188 
+0. 300. .1+0.00171] 0.00990} 0.06358} 0.00839} 0.14673|—0.30207|—0.07617} 0.81560) 0.21142 
+0.325 +0.00310} 0.00933} 0.06645} 0.00890} 0.13179|—0.26782| —0.07081} 0.89069} 0.24445 
+0.350. +0.00441] 0.00877} 0.06934} 0.00942} 0.11856) —0.22953)| —0.06475| 0.96550} 0.28106 
+0.375. .1+0.00563} 0.00829} 0.07224); 0.00992} 0.10673)—0.18710) —0.05797; 1.03849) 0.32129 
+0.400 .1+0.00677] 0.00786} 0.07505} 0.01044) 0.09629)—0. 14054) —0.05046} 1.10797) 0.36516 
+0.425 +0.00782} 0.00744] 0.07791} 0.01095} 0.08715]—0.08991) —0.04223) 1.17216) 0.41254 
+0.450 +0.00882} 0.00710} 0.08077] 0.01146} 0.07901} —0.03535) —0.03327| 1.22928} 0.46325 
+0.475 +0.00975} 0.00679} 0.08364] 0.01197} 0.07193}+0.02285| —0.02363) 1.27760) 0.51701 
+0.500 +0.01062} 0.00649} 0.08655} 0.01248} 0.06579) +0.08435|—0.01335} 1.31559) 0.57344 
+0.525. +0.01146} 0.00626} 0.08950} 0.01299} 0.06036|+0. 14870) —0.00250} 1.34194) 0.63207 
+0.550. -|+0.01224] 0.00603} 0.09253} 0.01350} 0.05574}+0.21544|/+0.00887) 1.35573) 0.69240 
+0.575. +0.01300} 0.00584] 0.09565} 0.01402} 0.05170)+0.28392/+0.02067) 1.35635) 0.75382 
+0.600.. -1+0.01374| 0.00568] 0.09891) 0.01455) 0.04822|/+0.35356|+0.03280} 1.34369) 0.81571 
+0.625. -1+0.01446] 0.00555} 0.10232} 0.01509} 0.04524|/+0.42367)+0.04517} 1.31802) 0.87742 
+0.650...... +0.01517| 0.00541} 0.10590] 0.01564) 0.04276|/+0.49364)+0.05767| 1.28001) 0.93832 
+0.675.... +0.01589] 0.00533} 0.10966} 0.01622} 0.04056)+0.56272}+0.07020} 1.23068) 0.99777 
+0.700. ..1+0.01660} 0.00524} 0.11368] 0.01682} 0.03880) +0.63054| +0 .08268 1.17139} 1.05523 
+0.725......|+0.01734| 0.00519) 0.11796] 0.01744) 0.03729)+0 69625} +0.09500} 1.10354) 1.11016 
+0.750...... 0: +0.01808} 0.00515} 0.12249} 0.01810) 0.03608)+0.75952 +0.10707} 1.02882} 1.16210 
+0.775......|+0.01884} 0.00512} 0.12732} 0.01880) 0.03509 +0.81995}+0.11884) 0.94883) 1.21068 
+0.800.. +0.01965} 0.00511} 0.13252! 0.01954) 0.03431}+0.87712) +0. 13023 0.86517} 1.25561 
+0.825. +0.02050} 0.00511} 0.13807} 0.02032) 0.03374|+0.93077|+0.14119) 0.77931) 1.29665 
+0.850 +0.02137} 0.00511] 0.14399} 0.02115) 0.03335|}+0.98072)+0.15168] 0 69258) 1.33364 
+0.875 +0.02231| 0.00516} 0.15029} 0.02204) 0.03300)+1.02680)+0.16167| 0.60617) 1.36651 
+0.900... +0.02330} 0.00519] 0.15705} 0.02299) 0.03294|+1.06893)-+0. 17113} 0.52098) 1.39521 
+0.925 --| +0 02434} +0.00525] +0. 16426] —0.02400] +0.03293/ +1. 10709] +0. 18003 +0.43783| —1 41978 
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z p*x210-4] 1842104 aix210~41 fi 2210-4 Ix? 10~4 pidxt10-2|#%410-2 gx 410-2 2410-2 1x4 10- 
~1.025.. .|40.82216| +0. 16092} 0.00000} 0.00000] +0.04896| —1.24551/—0.24979| 0.00000 0.00000 —0. 26820 
~1.000.. +0.84603| 0.16593] 0 00000) 9 00000} 0.05371] —1.25513| 0.25271] 0.00000 0.00000 0.28965 
—0.975.. +0.86936] 6.17087} —0.00009| 0.00000} 0.05879] —1.26206| 0.25513|+0.00014| 0.00000, 0.31195 
—0.950.. +0.89168} 0.17568} 0.00014) 0.00000] 0.06438] —1.26444| 0.25683|4+0.00020 0.00000, 0.33504 
~0.925 +0.91317| 0.18033] 0.00023} 0.00000] 0.07032) —1.26385| 0.25789|+0.00033, 0.00000, 0.36003 
—0.900.. +0.93345| 0.18481] 0.00033} 0.00000| 0.07673|—1.25905| 0.25828}+0.00046| 0.00000| 0.38542 
—0.875..... +0.95246; 0.18910) 0 00046) 0 00000} 0.08361) —1.25025| 0.25793|+0.00063) 0.00000) 0.41163 
—0.850.. +0.96989| 0.19313] 0.00061) 0.00000] 0 .09097| —1.23715| 0.25680}+0.00082, 0.00000, 0.43856 
—0.825.. +0.98565| 0.19687| 0.00080} 0.00000] 0.09883|—1.21985| 0.25489]+0.00104|—0.00001| 0.46607 
—~0 800... +0.99952| 0.20030] 0.00103|+0.00001| 0 10719|—1.19819] 0.25218]+0.00131—0.00002) 0.49399 
—0.775........]41.01133| 0.20339] 0.00132) 0.00002] 0.11607|—1.17231| 0.24868] +-0.00163|—0.00003, 0.52216 
—0.750.. +1.02092| 0.20608} 0.00168 0.00003] 0.12547|—1.14227| 0.24436] +0.00201/—0.00004! 0.55036 

i | 

—0.725.. ..|+1.02809) 0.20834) 0 00211) 0.00004; 0.13539} —1.10813| 0.23928) +0.00244;—0.00006) 0.57840 
—0.700.. ..|+1.03268 0.21018 0.00264) 0.00006 0.14581} —1.07019 0.23344] +0.00295,—0.00008) 0.60601 
~0.675.. +1.03459] 0.21152] 0.00327} 0.00008] 0 15674|—1.02862] 0.22690] +0.00353 —0.00011) 0.63295 
~0.650 4103365] 0 21236} 0.00403| 0.00012] 0.16815|—0.98377| 0.21966] +0.00419 —0.00015| 0.65898 
—0.625 +1.02973} 6.21267 0.00492} 0.00016} 0.18003) —0.93599| 0.21183) +0.00493 —0.00019| 0.68380 
~0. 600 4+1.02283] 0.21241] © 00600} 0.00022] 0. 19232|—0.88575| 0.20343] +4+0.00577 —0.00024| 0.70713 
6.575... +1.01283| 0.21160] 0.00726] 0.00029] 0 20502|—0.83338| 0.19460] +0.00671/—0.00030 0.72872 
~0.550.. 40.99973] 0.21022! 0.00875| 0.00038} 0.21806/—0.77947| 0.18534|+0.00774 —0.00038) 0.74831 
—0.525........]+0.98353| 0.20823} 0.01049} 0.00049] 0 23140|—0.72452] 0.17577|+0.00886 —0.00046| 0.76563 
—0 500 40. 96428] 0 20570] 0.01254] 0.00063] 0 24497|—0.66902| 0.16601] 4+0.01010!—0.00056| 0.78044 
—0.475.. +0.94200] 0.20255] 0.01488] 0.00080] 0.25871|—0.61352| 0.15612|+0.01141/—0.00068 0.79255 
—~0.450........|40.91685} 0.19885] 0.01759] 0.00101] 0.27254|—0.55854| 0.14620]+0.01281/—0.00081| 0.80174 
—0.425........|40.88895] 0.19464] 0.02070] 0.00127] 0.28638] —0.50459| 0.13636] +0.01428|—0.00096, 0.80792 
—0.400.. +0.85846| 0.18987} 0.02422] 0.00159] 0 .30014|—0.45212| 0.12663|+0.01580 —0.00113| 0.81096 
—§.375.. +0.82560] 0.18464} 0.02821] 0.00196] 0.31373|—0.40160| 0.11717|+0.01736 —0.00132| 0 81078 
~0 350 +0.79058} 0.17896} 0.03270} 0.00241] 0.32706|—0.35338| 0.10798|+0.01893 —0.00154| 0.80740 
—0.325. +0 .75366} 0.17287] 0.03770] 0.00295] 0.34003|—0.30781| 0.09918|+0.02050 —0.00178 0.80084 
—~0 300... +0.71512| 0.16641] 0.04323] 0.00359] 0.35252|—0.26515| 0.09081] +0.02202 —0.00204, 0.79116 
—0.275 +0.67527| 0.15966} 0.04932] 0.00434) 0.36446)—0.22560} 0.08288) +0.02348 —0.00232) 0.77852 
—0.250.. +0. 63436] 0.15266] 0.05596] 0.00522] 0.37572| 0.18930! 0.07546] +0.02484 —0.00261 0.76303 
—0.225 40.59276| 0.14544] 0.06315} 0.00623] 0.38621|—0.15631| 0.06857|+0.02607 —0.00291 0.74492 
~0 200 +0.55073} 0.13811} 0.07086] 0.00740] 0.39584|—0.12667| 0.06219|+0.02712 —0 00323, 0.72442 
—0.175 +0.50860| 0.13065] 0.07908] 0.00873| 0.40451|—0.10031| 0 05635|+0.02799 —0.00355\ 0.70175 
~0.150 40.46668] 0.12320] 0.08774] 0.01024] 0.41214|—0.07712| 0.05104] +0.02863 —0 00387, 0.67721 
—~0 125 4042521] 0.11574] 0.09678] 0.01194] 0.41865|—0.05699| 0.04622] +0.02902 —0.00418 0.65110 
—0.100 +0. 38450! 0.10836} 0.10612} 0.01384) 0.42398) —0.03970} 0.04190) +0.02914 —0.00448 0.62370 
~0.075 +0.34476) 0.10112] 0.11566] 0.01594] 0.42805|—0.02510| 0.03800] +0.02897 —0 00476 0.59531 
~0.050 +0. 30620} 0.09400} 0.12528} 0.01825] 0.43081]—0.01293| 0.03456]+0.02851 —0 00801, 0.56617 
—~0.025 +40 26902] 0.08710] 0.13484] 0.02076] 0.43222/—0.00296| 0.03147/+0 02773 —0 00522 0.53663 

0.000 +0.23341 0.08040} 0.14420) 0.02346) 0.43225|+0.00501 0.02873) +0.02664 —0.00539 0.50688 
+0.025.. +0.19949] 0.07399] 0.15319] 0.02635] 0.43088/+0.01124] 0.02632|+0.02525 —0.00551 0.47719 
+0.050. +0.16739} 0.06784) 0.16163} 0.02941 0.42808) +0.01596| 0.02417)+0 02356 —0.00558, 0.44779 
40.075 +0. 13716] 0.06198] 0.16935} 0.03261] 0.42387/+0.01938| 0.02228]+0.02158 —0.00559 0. 41886 
+0.100.. +0.10892| 0.05643] 0.17617} 0.03592] 0.41825/+0.02165| 0.02059|-+0.01935 —0.00554, 0.39057 
+0.125. +0.08265} 0.05120] 0.18190] 0.03930} 0.41125/+0.02302] 0.01910] +0.01690 —0.00541, 0 36308 
+0. 150 +0.05842| 0.04629] 0.18638] 0.04271] 0.40289/+0.02361| 0.01777|+0.01422 —0.00522 0.33652 
+0.175.. +0 03623} 0.04169] 0.18946] 0.04610] 0. 39323|+0.02357] 0.01656] +0.01137 —0.00496 0.31099 
+0.200. +0.01606| 0.03743] 0.19099] 0.04942] 0.38234/+0 02301] 0.01548]+0.00838 —0.00464, 0 28656 
+0.225. -"}—0.00210} 0.03347} 0.19088] 0.05261] 0.37027/+0.02207| 0.01450] +0.00530\—0 00425, 0 26330 
+0 250 —0 01829] 0 02983] 0.18907] 0.05560] 0.35713 +0.02083| 0.01362/+0.00215 —0.00380, 0 24126 
40.275 —0.03254] 0.02648] 0.18554] 0.05835] 0.34302/+0.01935| 0.01280] —0.00103 —0.00329, 0.22049 
+0. 300 "|~0 04489] 0.02343] 0.18032} 0.06079] 0.32805|+0.01771| 0.01206 —0.00419|—0.00273, 0 20098 
+0. 325 —0.05544] 0.02067] 0.17352] 0.06286} 0.31235|+0.01597| 0.01138] 0.00729 —0 00213 0 18276 
+0. 350. —0.06424| 0.01817| 0.16523] 0.06452} 0.29607/+0.01417| 0.01075| 0.01030 —0.00150| 0.16582 
+0.375.. ~0 07134] 0.01593] 0.15567} 0.06574} 0.27934|40.01234| 0.01017| —0.01318—0.00084, 0 15014 
40.400... .|—0.07684| 0.01394] 0.14509] 0.06649} 0.26234/+0.01057] 0.00963| —0.01591—0.00016| 0.13569 
40.425 —0.08085] 0.01219] 0.13377] 0.06674} 0. 24522/+0.00876| 0.00912] —0.01851/+0.00052| 0.12245 
40.450... —0.08351} 0.01065] 0.12199] 0.06651] 0.22815/+0.00708| 0.00867| —0.02088+0.00121| 0.11034 
40.475. —0.08489] 0.00931] 0.11006] 0.06580] 0.21129] +0.00540| 0.00823] —0.02312 +0.00189| 0.09938 
+0.500 """|_9'08514| 0.00817] 0.09831] 0.06465} 0.19477/+0.00383| 0.00783| —0.02515|+0.00256| 0.08945 
40.525.. —0.08439| 0.00718] 0.08703] 0.06309} 0 17876|+.0.00287 0.00747/ —0.02703 +0.00320| 0.08050 
+0.550.. —0.08282| 0.00636] 0.07646] 0.06118) 0. 16335/-+0.00103| 0.00711 —0.02881 +0.00382| 0.07252 
+0.575. -||—0.08052| 0.00567} 0.06682} 0.05897/ 0. 14866|—0.00024] 0.00680, —0.03038 +0.00441] 0.06538 
40.600. ... —0.07768| 0.00509] 0.05826] 0.05654| 0.13478]—0.00137| 0.00650 —0.03189,+0.00498| 0.05907 
40.625... —0 07439] 0.00462] 0.05089] 0.05393) 0.12175|—0.00250| 0.00623| —0.03334.+0.00552| 0.05347 
40'650........|—0.07083| 0.00422] 0.04475] 0.05123| 0.10965|—0.00343| 0.00598 —0.03471 +0.00603| 0.04854 
40 675... ...|—0.06703| 0.00389} 0.03983] 0.04851| 0.09846 —0.00438| 0.00575, —0.03609 +0.00652| 0 04421 
40.700. |. |... |]—0.06326| 0.00362} 0.03613] 0.04580, 0.08819|—0.00517| 0.00554 —0.03745 +0.00699| 0.04043 
+0.725........]|—0.05943) 0.00339] 0.03350] 0.04318] 0.07883/—0 00600] 0.00535, —0 03888 +0.00744| 0.03714 
+0.750.. 1-0 05570 0.00319} 0.03190} 0.04068) 0.07035 —0.00663| 0 00818} —0.04031+0.00788 0.03427 
40.775... —0.05224| 0.00302} 0.03120} 0.03834} 0.06270|—0.00719] 0.00501) —0.04187 +0.00830, 0.03180 
40.800. |||... .]—0.04886 0.00285] 0.03124} 0.03619) 0.05584|—0.00801] 0.00487, —0.04352+0 00873, 0.02963 
40.825... —0 04589} 0.00270} 0.03197} 0.03425) 0.04969|—0.00830| 0.00475 —0.04518 +0 00916 0 02776 
+0.850........|—0.04297| 0.00255| 0.03321] 0.03253, 0.04423|—0.00923| 0.00462) —0.04710 +0 00959 0 02618 
+0.875.. —0 04064 0.00240] 0.03495] 0.03103) 0.03937|—0.00958] 0.00454|—0 04900 40.01004| 0.02480 
40.900. .......|—0.03819| 0.00224} 0.03700] 0.02977} 0.03505|—0.01034] 0.00443, —0.05115 +0.01049| 0.02365 
+0.925.... —0.03659| +0 .00210] 0.03943] +0.02873) +0.03122| 0.01078] —0.00438| 0.05335] +0.01097|—0.02262 
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15187 
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16296 
16855 
17419 
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18542 
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20202 

20742 
21273 
21792 
22297 
22786 
23259 
23710 


24142 
24549 
24928 
25279 
25598 
25880 
26122 
26321 
26475 
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26609 
26583 
26479 
26298 
26024 
25647 
25159 
24548 
23800 
22905) 





21852 
20626) 
19220 
17625 
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11660 
09278 
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18510 
21886 
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.00000 


00000 


00004 
00007 
00012 
00018 
00026 
00035 


.00047 
.00062 


00081 
00106 


00137 
00176 
00224 
00285 
00360 
00454 
00570 
00714 
00890 
01109 


01375 
01702 
02100 
02583 
03169 
03878 
04732 
05756 
06983 
08445 


10185 
12243 
14673 
17530 
20875 
24776 
29308 
34548 


40578 


47484 


55353 
64268 
74305 
85536 
98012 
11765 
26800 
43088 
60556 


.79075 


98470 
18496 
38859 
59191 
79082 
98078 
15697 
31462 
44900 
55595 


63188 


67428 


68137 
65279 
58910 
49219 
36463 
21000 
03205 
83534 


62406 
40263 
17499 
94473 
71506 
48850) 





0 00000) +1 
0.00000} +1 


0.00000] +2 
0.00000) +2 
0.00000] +2 
0.00000) +2 
0.00000) +2 
0.00000} +2 
0.00000) +2 
0.00000} +2 


0.00000) +2 
—0_ 00001) +2 


0.00002] +2 
0.00003} +2 


0.00005} +2 
0.00008} +2 
0.00011] +2 
0.00015] +2 
0.00021] +2 
0.00028} +2 
0.00039] +2 


0.00052) +2 
0.00069) +2 


0.00091) +2. 
0.00120} +2 
0.00157) +2 


0.00204) +1 
0°.00265) +1 
0.00342) +1 
0.00439) +1 
0.00563) +1 
0.00718) +1 


0.00912) +1 
0.01155) +1 
0.01457; +1 
0.01832) +1 
0.02294) +1 


0.02861] +0 
0.03556] +0 
0.04402] +0 
0.05430] +0 
0.06671] +0 


0.08164/ +0 
0.09950} +0 
0.12077) +0 
0. 14596) +0 
0.17565) +0 
0.21046) +0 
0.25099} +0 
0.29796) +0 
0.35203) —0 


0.41384; —0 
0.48403) —0. 
0.56312) —0 
0.65164) —0 


0.74986) —0 
0.85794; —0 
0.97589) —0 





1.10341) —0 
1.24008] —0 
1.38511] —0. 
1.53752] —0 
1.69609] —0 
1.85948] —0 
2.02606] —0 
2.19417] —0 
2.36208] —0 
2.52805] —0 
2.69042] —0. 
2. 84769| —0 
2.99839] —0 
3 14131|—0 
3.27541 —0 
3.39990) —0. 
3.51412) —( 

3.61766, —0 
3.71028) —0 


94063 
99787 


05387 
10767 
15953 
20866 
25486 
29745 
33617 
37050 
40005 
42439 


44310 
45575 
46205 
46167 
45426 
43978 
41789 
38864 
35197 
30798 


25671 
19851 
13365 
06247 
98550 
90319 
81622 
72515 
63075 
53366 


43467 
33448 
23387 
13354 
03414 
93634 
84072 
74784 
65815 
57208 


49000 
41215 
33879 
27010 
20617 
14708 
09288 
04358 
00090 
04060 


07566 
10611 
13220 
15392 
17165 
18549 
19559 
20248 
20617 
20724 


20569 
20230 
19702 





19047 
18270) 
17419 
16522! 
15632| 
14719] 
1384 7 


13000 
12210) 
11479 
10817 
10226 
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0 
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0 
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0 
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0 


0. 
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0 
0 
0 


0 
0 
0 
0 
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39151 


40334 
41486 
42605 
43688 
44720 
45697 
46610 
47449 
48208 
48875 


49445 
49911 
50263 
50496 
50607 
50584 
50427 
50137 
49700 
49136 


48423 
47580 
46609 
45509 
44294 
42967 
41542 
40026 
38438 
36781 


35077 
33332 
31563 
29785 
28007 
26242 
24502 
22797 
21137 
19525 


17977 
16491 
15074 
13730 
12462 
11268 
10150 
09112 
08149 
07257 


06441 
05694 
05017 
04404 
03856 
03365 
02932 
02555 
02224 
01941 


01697 
01494 
01319 
01177 
01055 
00958 
00875 
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00747 
00698 


00653 
00612 
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00535 
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00000} 0 
00000} 0 
00021; O 
00033} 0 
00054; 0. 
00078] 0 
00109] +0 
00146) 0 
00191} 0 
00248) 0O 
00317} 0 
.00404) O 
00505} 0 
00632} 0 
00781; O 
00964] 0 
01177} O 
01434; O 
01737} 9 
.02095} 0 
02510} 0 
03000} 0 
03562} 0 
04213} 0 
04958] 0 
05806} 0 
06765) 0 
07847) 0 
09051; O 
10387] 0 
11858] 0 
13465] 0 
15207} 0 
17078} 0O 
19072] 0 
21178} O 
23379] 0 
25655) O 
27984| 0 
30336] 0 
32678] 0 
34977| 0 
37189] 0 
39275] 0 
41189) 0 
42888] 0 
44327] 0 
45463) 0 
46261) 0 
46686] 0 
46713] 0 
46327| 0 
45523) 0 
44306) 0 
42699} 0 
40731! 0 
38455, 0 
35921; 0 
33201] 0 
30370} 0 
27496) 0 
24665) 0 
21936} 0 
19385) 0 
17047; O 
14975) 0O 
13184) 0 
11699} 0 
10512} 0 
09616} 0 
08982) 0 
08604; 0 
08441) 0 
08469) 0 
08659 O 
08988 0 
09429 0 
09963 0 
10573 +0 





“ 
00000} +0. 11518 
00000! 0.12637 
00000} 0.13839 
00000} 0.15158 
00000} 0.16560 
00000} 0.18075 
00001} 0.19702 
00002} 0.21443 
00003} 0.23303 
00004] 0.25284 
.00006} 0.27388 
.00009} 0.29617 
00013} 0.31971 
00018} 0.34447 
00024) 0.37044 
00032} 0.39759 
00042} 0.42585 
00056} 0.45515 
00073} 0.48542 
00094} 0.51655 
00121) 0.54842 
00154} 0.58088 
00196] 0.61378 
00246] 0.64691 
00308} 0.68013 
00383} 0.71320 
00474] 0.74590 
00582} 0.77801 
00711) 0.80929 
00864} 0.83950 
01044] 0.86839 
01254} 0.89571 
01498} 0.92122 
01779] 0.94471 
02101 0.96590 
02465} 0.98463 
02876} 1.00069 
03335] 1.01393 
03844] 1.02416 
04403} 1.03125 
05013} 1.03512 
05670} 1.03565 
06374} 1.03280 
07118} 1.02651 
07898} 1.01682 
08706} 1.00370 
09532] 0.98725 
10368] 0.96750 
11199} 0.94460 
12014] 0.91870 
12799] 0.88992 
13538] 0.85856 
14217} 0.82479 
14823] 0.78895 
15342] 0.75130 
15762| 0.71222 
16074| 0.67205 
16272| 0.63121 
16351} 0.59003 
16313} 0.54894 
16160} 0.50834 
15897} 0.46855 
15536} 0.42994 
15088} 0.39280 
14567] 0.35738 
13990] 0.32389 
13371] 0.29247 
12728] 0.26322 
12076] 0.23622 
11431] 0.21142 
10804] 0.18882 
10207} 0.16831 
09649} 0.14984 
09136} 0.13324 
08675} 0.11840 
08266} 0.10517 
07913) 0.09340 
07616 0.08295 
07374) +0.07367 
| 
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TABLE 2—Continued 





z po°10t! | ?10t! | qy710* fot! z pp“ ior! | 17107! | qp“10t! | “107! 
—1.025.. |—0. 27944) —0.05352) 0.00000) 0.00000), —0.025 — 1.23807) —0.25281|/+0. 36939 —0 04710 
—1.000..... |} —0.29385| —0.05631; 0.00000! 0.00000 0.000 —1.25445|)—0.25718 0.43716) 0.05845 

| | | | 

—0.975 | —0. 30883) —0.05924)+0.00003) 0.00000); +0.025 |—1.26774/—0.26109) 0.51538) 0.07225 
—0.950 | —0. 32457) —0.06228} 0.00005) 0.00000), +0.050 {—1.27750| —0.26445; 0.60516 0.08897 
—0.925.. | —0. 34085) —0.06547| 0.00008] 0.00000|| +0.075 ..|—1.28309| —0.26712) 0.70758) 0.10910 
—0.900.. | —0.35782|—0.06877; 0.00012) 0 00000); +0. 100 ..|—1.28394|-—0.26907| 0.82369) 0.13321 
—0.875 —0 37549] —O 07222) O 00017; 0.00000); +0. 125 —1.27932|—0.27012) 0.95443) 0.16195 
—0.850 —0. 39383) —0.07583) 0.00023) 0.00000); +0. 150 ; —1.26846|—0.27018) 1.10053) 0.19602 
—(). 825 | —0 41287) —0 07956; 0.00031; 0.00000)} +0.175 —1.25059|—0.26911! 1.26250, 0.23614 
—0._ 800 | —0.43260| —0.08344} 0.00042) 0.00000); +0.200 —1.22479|—0.26677| 1.44051) 4.28314 

0.775 |} —0.45303) —0.08746; 0.00056} 0.00000)| +0.225 —1.19011]—0.26298) 1.63431) 0.33786 

0.750 |—0 47417| —0.09164) 0 00074) 0.00000!) +0.250 —1.14573!—0.25760| 1.84303) 0.40110 

} | | 1] | 
—0.725 —0.49601; —0.09595| 0.00096) —0.00001|/ +0.275 — 1.09062! —0.25049} 2.06532) 0.47372 
—0.700 |} —0.51854| —0.10042; 0.00124; 0.00002); +0.300. -1 02397| —0 24143} 2.29902) 0.55645 
—0.675 |—0.54176| —0.10503; 0.00159) 0.00003); +0.325 —0. 94488) —0.23033) 2.54141) 0.65008 
—0.650 | —0.56565| —0.10980| 0.00204; 0.00005|) +0.350 —0.85273|—0.21703| 2.78885) 0.75513 
—0.625 —0.59019| —0.11471) 0.00259; 0.00008); +0.375 —0.74691)—0.20143) 3.03713) 0.87205 
—0.600 —0.61538}—0.11975, 0.00329) 0.00011), +0.400 —0.62703) —0.18342} 3.28145) 1.00112 
—0.575.. —0.64118) —0.12494) 0.00417) 0.00015|)| +0.425 —0.49299| —0.16297) 3.51645) 1.14230 
-0.550.. —0. 66755) —0.13026; 0.00526 0.00021)| +0.450 —0. 34484) —0.14007) 3.73670) 1.29541 
—0.525 |—O 69451} —0. 13570] 0.00661; 0.00029)} +0.475.. —0.18304/—0.11470! 3.93659} 1.45988 
—0.500 —0.72197| —0.14129) 0.00830; 0.00039); +0.500 ; —0.00824| —0 08700) 4.11094) 1.63492 
| {| | 

—0.475 —0 74989/| —0. 14697) 0.01038} 0.00051}; +0.525 +0.17855|—0.05704; 4.25506) 1.81942 
—0.450 —0.77826| —0.15277; 0.01296; 0.00068)} +0.550... +0.37618} —0.02502) 4.36521) 2.01213 
—0.425 —0.80697| —0.15867| 0.01613) 0.00090); +0.575 +0.58312'+0.00889) 4.43852) 2.21145 
—0.400 —0.83602'—0.16465) 0.02004) 0.00119) +0.600 +0.79772'+0.04442)| 4.47345; 2.41568 
—0.375 —0.86530| —0.17071; 0.02482; 0.00156); +0.625 +1.01817|+0.08133) 4.46967) 2.62299 
—0.350. —0.89477; —0.17683) 0.03068) 0.00203'| +0.650 +1.24260)+0.11932) 4.42812) 2.83150 
—0. 325. —0.92431)} —0.18301)| 0.03780; 0.00265)| +0.675 +1.46913 +0.15809) 4.35086) 3.03936 
—(0. 300 —0.95385|—0.18921 0.04645! 0.00343;| +0.700 +1.69600 +0.19741; 4.24108) 3.24485 
—@.275 —0. 98331) —0.19544; 0.05694) 0.00443); +0.725 +1.92144' +0.23693) 4.10252} 3.44627 

0 250 —1.01252}—0.20165| 0.06959! 0.00570) +0.750 +2. 14390 +0.27640; 3.93958) 3.64215 

| 

—0.225 —1.04141/—0.20786; 0.08483) 0.00731); +0.775 +2.36193'+0.31563) 3.75688) 3.83119 
—0. 200 — 1.06980) —0.21399; 0.10309) 0.00935!| +0.800 +2.57443'+0.35437| 3.55924) 4.01238 
—Q. 175 —1.09757;—0.22006; 0.12490; 0.01191)| +0.825 +2.78036,'+0.39241) 3.35116) 4.18481 
—0.150. —1.12447; —0.22603) 0.15088; 0.01511|)| +0.850 +2.97895 +0.42964) 3.13686) 4.34788 
—0.125 —1.15034,;—0.23186| 0.18168; 0.01910')| +0.875 +3.16961 +0.46593, 2.92033) 4.50120 
—0.100 —1.17490; —0.23750, 0.21805| 0.02407); +0.900 +3.35202 +0.50115) 2.70479) 4.64450 
—0.075 —1.19794; —0.24288; 0.26084) 0.03022)| +0.925 +3.52586 +0. 53523,\+2 49323)—4.77777 
—0 050 —1.21911) —0. 24802) +0.31096 —0.03780 


An estimate of the accuracy reached may be gained by the following comparison. A 
Tha 


particular homogeneous solution V5" for the zero Legendre order, corresponding to a 
small homology transformation, can be expressed in terms of the unperturbed solution: 


it Aes STR ha = € ms 2 e oe 
Po WS H+ an « PO gis | 
? (25) 
be Gu f % dg. a b—4 e J ¥ _- ality 
10 G@x 1+6—2¢7' wang, dx" ) 


The relation of this solution to the two solutions Vj! and V}? is found, by comparing 


their respective values at the surface, to be 


1+2e b—4e 


V "4 “ es és Th2 (26) 
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At the interface, equations (25) give 


Me xe + 2.25997 , ta = + 0.32063 , git = +2.34659, 


whereas the numerical integrations give, with equation (26), 


p= +42.26823, f=+40.32191, gi=+42.34999. 


The comparison indicates that the accuracy reached is satisfactory. Further tests of the 
accuracy, made by performing trial integrations with step-values twice as large as usual, 
gave similarly satisfactory results. In view of the circumstance that the quantities 
derived from the numerical integrations appear to depend mostly on the ratios of the 
variables in any one solution and not very much on their absolute value and that the 
final composite solutions appear to have smaller third differences than do the individual 
particular solutions, it is concluded that the accuracy reached is sufficient. 


V. SOLUTION FOR THE COMPLETE STAR 
A. FITTING AT THE INTERFACE 


The solution for the complete star can now be derived by determining values for the 
integration constants of the general solutions for the convective core and for the radia- 
tive envelope such that the perturbations, fa, ¢a, ga, and fa, are continuous at the inter- 
face between the core and the envelope. The continuity of the angular velocity does not 
impose an additional condition, since it follows automatically through equation (6.2) 
from the continuity of pa and fy. Similarly, the continuity of /¢ does not need to be con- 
sidered explicitly, since in the convective core the minute excess of the temperature 
gradient over the adiabatic gradient will adjust itself automatically, so that the turbu- 
lence will carry exactly the necessary energy flux to the interface at every latitude. 

The required continuity at the interface is obtained by setting the general solution 
(13) for the core equal to the general solution (19) for the envelope. This equality has to 
hold for any value of w and 6 and in every Legendre order. Consequently, equations (13), 
(18), and (19) give as fitting conditions: 


, ™” , ° > ~ 
Ur= >" aivis nr oe ee oe (27.1) 
7=1 
a. 
a,U'= SaiVi+V9 for Pas ty War Sa (27.2) 
7=1 
3. 
a,Ub= S\aiVE+V% for Py by Gy Sai (27.3) 
7=1 
3. 
i Thj rir S yf 
a,Us= S’aiVN+VO for ty War Sa (27.4) 
3=1 


Us+ b,Ur= > piv for Pin fe Cae Fa (27.5) 
=] 
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U,+ 6,U,= od BiVi+ Vy for tir Var La (27.6) 
1 
ee 
Ui+cU= > vive Mm Etre te (27.7) 
7=1 
a. 
Ui+cUs= DS yivV+VE for py to Wp Sa; (27.8) 
d 1 
rs 7 = = ie e - . 
Ui+cUh= > yVN+VE for by Vy Sa (27.9) 
7=1 
ha, Uh + Ue+b UL = eV +e for p,; (27.10) 
Ma Uh+ US +c UL=NVA+V) for p,- (27.11) 


Equation (27.1) contains only three disposable constants, and hence only three perturba- 
tions can be fitted in the sixth Legendre order. This is a consequence of neglecting the 
eighth and higher Legendre orders, which would have produced an J¢ term and hence 
a V;* solution, which, in turn, would have made possible the introduction of a fourth in- 
tegration constant in equation (27.1). In accordance with the neglect of the higher Legen- 
dre orders, here f¢ is excluded from the fitting, since it is most directly affected by the 
neglect of Js. Each one of equations (27.2), (27.3), (27.5), (27.7), and (27.8) contains 
four disposable constants and hence permits the fitting of the four perturbations, pa, fa, 
ga, and fg. Each one of equations (27.4), (27.6), and (27.9) contains only three disposable 
constants, so that only three perturbations can be directly fitted in the zero Legendre 
order. However, the fourth perturbation, here chosen to be fa, is finally fitted in the zero 
order by choosing X° and 2? so that equations (27.10) and (27.11) are fulfilled. 

The fitting conditions (27.1)—(27.11) show that the general solutions for the core and 
for the envelope contain just the sufficient number of disposable integration constants 
to fulfil the necessary continuity conditions at the interface (except for the misfit of f¢ re- 
sulting from the neglect of the higher Legendre orders). Therefore, the solution defined 
by the assumptions discussed in the introduction is unique. 

It is not possible, first, to compute all the particular solutions and afterward to fulfil 
all the fitting conditions at once, since the inhomogeneous solutions for the envelope de- 
pend on the values of the integration constants in the higher Legendre orders because of 
the coupling term /, in equation (16.1). However, the computing can be done in the 
following sequence: First, all solutions for the core and all homogeneous solutions for the 
envelope are derived. Next, condition (27.1) is fulfilled. Now the /,-term necessary for 
V;* can be computed and the latter inhomogeneous solution integrated. Then condition 
(27.2) can be fulfilled, subsequently making possible the integration of V3. Next, con- 
dition (27.3) can be fulfilled, with the subsequent integration of V}*. Finally, condition 
(27.4) can be fulfilled. In corresponding sequences of operations the two sets of condi- 
tions (27.5)-(27.6) and (27.7)—(27.9) can be handled. The determination of \* and }?° 
from equations (27.10) and (27.11) is the final step of the fitting procedure. 

The resulting values for the integration constants are given below. For the sake of 
consistency in the computations, most of these values are given to about two places more 
than is warranted by the accuracy of the integrations. 
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B. ASSEMBLY OF THE SOLUTION 


The final solution for the core is found by placing the values for the constants (28) 
into equations (13): 


U, =w[— 2.954 10" Us + Us] + 6[ — 1.602 X 10-*U* + U3), 

U,=w[+2.883 X10-2U4+ Us] + 6[4+1.382 X10-4U2+ U3), | 
ve ES (29) 

U, =w[—0.214X 10-3] + 6[ 0.951 X 1 + 04, | 


w[+0.611 X 10-4U*] +6[{+0.046 XK 10-°U*]. ) 


~ 
II 


The particular solutions occurring on the right-hand side of these equations are given 
by equations (11.1) for fa, (11.2) for pa, (10.1) for ta, and (12) for ga. By placing the 
U,’s thus derived by equation (29) into the Legendre series (9), the complete solution for 
the core is found. 

The final solution for the envelope is found by placing the values for the constants (28) 
into equations (18) and (19), as follows: 
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The particular solutions occurring on the right-hand side of these equations are given 
in Table 2. By placing the V,, derived from equation (30) into the Legendre series (14), 
the complete solution for the envelope is found. 


VI. RESULTS FOR THE VELOCITY DISTRIBUTION 
A. THE NUMERICAL RESULTS 


The numerical solution of the rotation problem as stated in Section I was described 
in the previous sections. The solution gives the following results for the angular velocity 
W(W? = wGM,/R3) as a function of the distance from the center, x, and the sine of the 
latitude, pu: 

In the core, according to equation (8.2), 


w=wt ox?(1—p?). (31) 
In the envelope, according to equations (6.2) and (14), 


ate pot rE 


x? 


x? ' 8 4 


Ww 


i : g 
omer 2s tut 3) — i Pet Se (3344 30u2+ 5). (32) 
y/ Vv“ 


For the last equation the values of the perturbation p, and /, have to be taken from equa- 
tion (30) with V, = pa + fn. 

The 6-term was introduced for the purpose of investigating whether a slight variation 
of the angular velocity throughout the core might have appreciable effects on the angular 
velocity at the surface. This question can now be answered by applying equation (32) 
to the surface. Here one finds 


w= + [13.400+ 0.0656] — [2.920 +0.0146] (7u2— 3) } 
(33) 
+ [0.042w + 0.00003 8] (33u4— 30u2+ 5). j 


This equation shows that if W varies by less than 10 per cent throughout the core, i.e., 
if 6 < 12, then the effect at the surface is less than 6 per cent for w or 3 per cent for W. 
Hence, no serious errors are introduced by assuming an exactly constant angular velocity 
throughout the core. Consequently, in the following discussion, 6 will be set equal 
to zero. 

The one remaining constant in the solution, w, cannot be determined from the equilib- 
rium conditions, since the total angular momentum of a star is determined by its origin. 

The resulting distribution of the angular velocity throughout the star, computed from 
equations (31) and (32), is shown in Figure 1. This figure indicates that the surfaces of 
constant angular velocity (except in regions near the axis) are approximately coaxial 
cylinders and that the angular velocity increases with the distance from the axis. 


B. COMPARISON WITH OBSERVATIONS 


A direct check on the solution here derived can be obtained by comparing the rota- 
tional velocity at the surface, as given by the present solution, with the observations 
on the sun. 

Equation (33), with 6 = 0, gives for the angular velocity at the surface 
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or for the linear velocity, v, at the surface 
v= 0g V1 —0.97p? +0.06u! V1 — n?, (35) 


where v¢ is the linear velocity at the equator. Equation (35) is graphically represented 
in Figure 2, together with two other curves, one corresponding to spectroscopic observa- 
tions of the solar reversing layer,> the other to a solid-body rotation. 

The comparison shown in Figure 2 brings out two results: 

1. The curves for the solar observations and for the present theoretical solution both 
lie below the curve for solid-body rotation, i.e., both show equatorial acceleration. 
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Fic. 1.—Lines of constant angular velocity in a meridional cross-sectior of a rotating star. The num- 
bers on the lines give the values of w/w. 


2. The present solution is discordant with the solar observations, in that it gives an 
equatorial acceleration approximately twice as large as that found from the solar obser- 
vations. 

The first result shows that the solution for a rotating star gives equatorial accelera- 
tion, in qualitative agreement with the observations, if large-scale convection currents 
are ignored in the dynamic and thermodynamic equilibrium conditions. On the other 
hand, if convection currents are introduced as dominant dynamical features in the 


5 For a summary of observations see Handb. d. A p., 4, 167, Table VII, 1929. 
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equilibrium state, the solution may be expected to give equatorial deceleration because 
of the tendency of convection currents to preserve angular momentum. 

The second result may be taken to suggest that possibly not only the convective core 
but also the inner part of the radiative envelope may be in solid-body rotation. In this 
inner part of the envelope, slow convection currents would then be necessary to supple- 
ment the radiation heat flux. Because of the large heat capacity in the interior, however, 
these currents might be found so slow as to be dynamically (though not thermodynami- 


1.0 


LINEAR VELOCITY 








0° fa 60° 90° 
LATITUDE 


ic. 2.—Rotational velocity at surface of sun. /, solution derived in this paper; 2, observations on 
sun; 3, solid-body rotation. For all three curves the linear velocity is set equal to 1 at the equator. 


cally) negligible. Under this assumption the outer, convection-free part of the envelope 
might be expected to show a reduced equatorial acceleration in quantitative agreement 
with the solar observations. 


The amount of numerical work necessary for this investigation might well have proved 
prohibitive if the integrations could not have been performed on the relay calculators of 
the Watson Scientific Computing Laboratory. Therefore, I am particularly grateful to 
Dr. Eckert for his continuous support and to Mrs. Hausman for her valuable assistance 
in this investigation. . 
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ABSTRACT 


The angular distribution and polarization of the resonance radiation are deduced for elliptically polar- 
ized light incident on an atomic system of arbitrary initial and intermediate total angular momenta. The 
incident and re-radiated light are characterized by Stokes’s representation, which allows an immediate 
generalization to partially polarized incident radiation. The results follow closely in form those deduced 
for free electron (Rayleigh) scattering but give, in general, a rather smaller degree of anisotropy for the 
resonance radiation. The results also determine the complete correlation, in polarization and direction of 
propagation, of two successive quanta emitted by a radiating system. 


I. INTRODUCTION 


The phenomenon of resonance radiation is one of very general interest and has re- 
ceived a great deal of discussion, primarily in connection with questions of atomic 
physics." ? Resonance radiation is also important in any problem involving the transfer 
of electromagnetic energy, since it constitutes a mechanism for the interaction of sepa- 
rate streams of radiation. The angular variation of the intensity of the resonance radia- 
tion excited by incident unpolarized light has been worked out elsewhere, in the course 
of dealing with an analogous, but somewhat broader, problem.* The need for a discussion 
sufficiently general to give a complete account of the intensity and polarization of the 
resonance radiation excited by an incident radiation of arbitrary polarization has been 
pointed out to the author by Dr. S. Chandrasekhar in connection with the latter’s series 
of investigations, “On the Radiative Equilibrium of a Stellar Atmosphere.” The present 
paper is concerned with this more general discussion. 

It should be noted in passing that, although Hamilton? deals, at least officially, with 
the successive emission of two quanta, the results which he obtained apply directly to 
the resonance-radiation case, i.e., absorption followed by emission. In an exactly analo- 
gous way, from the results of the present discussion on resonance radiation one may de- 
duce correlation between all the properties of the first and second quanta emitted in the 
process with which Hamilton was concerned. 


II. THE REPRESENTATION OF PARTIALLY POLARIZED LIGHT 


In customary nomenclature, “polarized light”’ is characterized by a single (in general, 
elliptical) polarization vector. “Natural light” is obtained by the superposition of inde- 
pendent (i.e., randomly phased) beams of all possible polarizations or, alternatively, the 
superposition of two beams of equal intensity, random phase, and opposite (i.e., orthog- 
onal) polarization. “Partially polarized light” may be thought of as a superposition of a 


* This research has been supported in part by U.S. Navy contract, N6 ori-105 Task I. 


1A. C. G. Mitchell and M. W. Zemansky, Resonance Radiation and Excited Atoms (New York: Mac- 
millan Co., 1934). 


2V. F. Weisskopf, Ann. d. Phys., 9, 27, 1931. 
3D. R. Hamilton, Phys. Rev., 58, 122, 1940. 
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beam of natural light and a beam of polarized light, with arbitrary relative intensities. A 
given partially polarized beam may also be represented as the sum of two beams of oppo- 
site polarization and random phase; for a given partially polarized beam, the choice of 
these two opposite polarizations is not arbitrary but unique. (For natural light the choice 
is, of course, arbitrary.) This decomposition of a partially polarized beam means that 
all the basic information about resonance radiation is summed up in the knowledge of the 
resonance radiation excited by an incident polarized beam with arbitrary elliptical polar- 
ization. 

However, the resonance radiation emitted in a given direction, even though produced 
by a single incident polarization, usually consists of several beams of random relative 
phases and different polarizations; and with general radiative transfer these beams are 
added to a multitude of other such beams. Thus the total beam of resonance radiation 
emitted in a given direction is partially polarized, and, from what has already been said, 
it requires four parameters for its specification. In choosing these four parameters it is, 
however, important to use parameters which are additive—that is, the value of a param- 
eter corresponding to a beam consisting of two independent streams should be equal 
to the sum of the values associated with these two streams. 

Such representations were developed originally by Sir George Stokes. Stokes’s work 
has been summarized, with slight modifications of notation, by S. Chandrasekhar ;‘ the 
notation given in the latter’s work‘ and the representation there used will be adopted 
here forthwith. In this representation any stream of partially polarized light is described 
by the four parameters /;, 7,, U, and V, defined by equations (12)—(15) of Chandra- 
sekhar.* Here J; and J, are the intensities in the two perpendicular linear polarizations 
specified by the unit vectors | and r; in the usual 6, ¢ polar co-ordinate system, | lies in the 
meridian plane in the direction of increasing 0, r perpendicular to 1 in the direction of de- 
creasing ¢; 1, r, and the negative radius vector form a right-handed co-ordinate system. 
It is often convenient also to use the total intensity 7, given by J = J; + J,. The param- 
eters U and V involve weighted averages, over all independent streams, of various 
functions of ellipticity and orientation of the polarization ellipse. 

For present purposes the atomic system producing the resonance radiation is consid- 
ered to be located at the origin of the co-ordinate system, and the incident radiation ap- 
proaches the atom along the negative z-axis. (In Chandrasekhar,’ the direction of the 
incident radiation is characterized by 6’, ¢’; the present results may be given this general- 
ization when necessary.) From what has already been said, this incident radiation may 
with sufficient generality be characterized by a single polarization; and, for reasons that 
are connected with atomic structure and that will shortly become apparent, it is conven- 
ient to represent this single polarization as the sum of right and left circular polarization. 
Thus if § represents the complex amplitude of the incident wave, i.e., if the electric 
vector is Re (€'° e*), we may represent the incident radiation by the relation 


£0) = (£,e%+T, + £_e%-T_). (1) 


Here £ and a, are real, w is the radian frequency of the incident light, and T, are two 
vectors of the orthonormal set 
Ta /2 (i ais ij) ( 


and 
To = k ° } 


— 


Il 


bo 
— 


Thus &,e*+ and é_e'*- are the right and left circularly polarized components of €. 
For this incident beam, with 6 = @ = 0, land r reduce toi and —j and J; and /, re- 


4Ap. J., 105, 424, 1947. 
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duce to J, and J,. From the definitions in Chandrasekhar‘ the following relation between 
the &, a4, and the /,, I,, U, V is readily found: 


21) = 27 =e +42 +28, £ cos(a,—a_),) 
27) = 27 = g +e —2E,£ cos(a,—a_), | 

U%= +2, §_ sin(a,—a_), 
and VO) = — g2 4 £2. 


(3) 


The superscript on the J, U, and V specifies that these equations deal with the incident 
beam. 

The re-radiated beam is represented in a manner similar to the above, which will be 
discussed at a later point. 


Ill. THE ABSORPTION AND RE-RADIATION PROCESS 


The transitions here involved, from ground (initial) to excited (intermediate) to 
ground state, may be discussed in terms of the transitions between the magnetic sub- 
states of each level—i.e., the states specified by the magnetic quantum number m, which 
takes on the eigen-values of the z-component of total angular momentum. Let us desig- 
nate the relevant states of the radiating system by A;, B,, and A,; A and B refer to 
initial (final) and intermediate levels, subscripts are values of m. 

Now the probability of a transition A,B, between a single pair of m-states is easily 
calculable for a given incident stream of radiation; similarly, the angular distribution and 
polarization of the quanta emitted in the transition B,,A , between a single pair of m-states 
is well known. One might therefore think of investigating the resonance radiation by the 
twofold process of first deducing from the incident radiation the population of the inter- 
mediate states B, and then adding up the intensity and polarization distribution func- 
tions corresponding to each allowed individual transition B,A >». 

Such a procedure overlooks the very important fact that the different states B, do not 
re-radiate back to ground independently of each other; otherwise stated, the wave func- 
tions of the states B, do not have random relative phases. This statement holds true in 
general, even when—as will be assumed throughout the present discussion—the phases 
of the initial states A, are random. The correlation in the phases of the states B,, arises 
from the fact that the incident radiation may cause transitions from a single A, to sev- 
eral B,, giving these contributions to the B, a definite phase relation to the initial A, 
and hence to each other. (It turns out, as a matter of fact, that, if the incident radiation 
is unpolarized or circularly polarized and if the axis of quantization is taken along the 
direction of propagation of the first quantum, then the phases of the B, are random; but 
these conditions are too narrow for the present case.) 

Throughout the present discussion it is implicitly assumed that, during the time when 
the atom is in the excited level B, no transitions among the various B, occur. Such transi- 
tions would correspond to a precession, about any axis other than the axis of quantiza- 
tion, on the part of the total angular momentum of the atomic electrons; this precession 
might be caused by an external magnetic field or by the magnetic field of the atomic 
nucleus. The condition that the lifetime of level B be short enough for these effects to be 
unimportant is essentially the condition that level B should be sufficiently broad to make 
unobservable the hyperfine structure caused by the atomic nucleus or the Zeeman effect 
caused by the external field in the line BA. 

This question is raised now partly because assumptions are being discussed and partly 
because these same comments, applied to level A, help to assure the assumed randomness 
of the phases of A;. The final states A, do not have random phases; and if these states 
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were maintained until the next resonance-radiation process in which the atom takes 
part, the assumption of randomly phased A; would break down for this next process. 
But such a persistence of phase will not only be wiped out by a frequent and essentially 
isotropic process such as frequent collision; it will also be wiped out by the influence of a 
nuclear magnetic moment on the ground state, since here this influence is at work not 
during the life of an excited state but during the time between separate radiation proc- 
esses. 

Let these assumptions now be granted. An exact treatment of this situation in simple 
resonance radiation involves the use of the time-dependent Schroedinger equation, which 
determines the relation between the wave-function amplitudes of the states A;, Bn, and 
A,; generalized to include the wave functions of the radiation field, this constitutes the 
Dirac radiation theory. The treatment of resonance radiation by Dirac radiation theory 
is due to Weisskopf? and is summarized by Hamilton? in a form convenient for the pres- 
ent purposes; the latter also goes into more detail concerning the above comments on 
phases. The results of these more exact considerations are summed up, for electric dipole 
transitions, in the following expression for the relative probability of absorption of a 
quantum of amplitude §”), direction of propagation «, and subsequent emission of 
a quantum of vector amplitude §&*), direction of propagation kK): 


9 


WV (kK, £, KO), EC => PY) GO.) (4) 
kp 


np 


Here P;,, and P,,, are the matrix elements of the electric dipole moment of the radiating 
system, for the transitions A,B, and B,A , respectively. 

In this equation the quantity to be summed over & and » is the probability that an 
atom initially in A; ends up in A,; and the interference between the probabilities of this 
process being carried out via more than one possible B, corresponds to summing over ” 
before, rather than after, taking absolute values. 

The question answered by equation (4) in its present form is the following: If the quan- 
ta radiated in the direction k) are passed through an analyzer which accepts light with 
the polarization specified by §*), what is the relative number passed by this analyzer? 
But this is not a convenient answer if one desires to specify this outgoing radiation in 
terms of its 7, U, and V parameters; this purpose turns out to be more conveniently 
served simply by knowing the equivalent assemblage of radiating dipoles that are induced 
in the atomic system by the quantum kK", €( and that in turn, radiate the quantum 
k‘*), &'°), For this purpose we re-write equation (4) thus: 


2 


W (K®, E(), K(s) &(*)) = aoe >DIN,, -£(9*| 
p> 
and ? (5) 


0). ‘7 | 
N,.,= * ae’ (§ P.. ae | 





Here the dipole moment N,., represents the total effect produced, in the radiation of the 
second quantum, by the paths from initial A, to final A, via all possible B, allowed by 
the selection rules. The probability of emission of a quantum &) given by equation (5) 
is the same probability as would be found for an assemblage of randomly phased dipoles 
N;,; and, since equation (5) holds true for arbitrary polarization €), it follows that the 
resonance radiation is completely equivalent to that radiated by the dipoles Ny». Since 
the phases of the N;., are random, the values of the parameters 7, U’, and V character- 
izing the resonance radiation in a given direction will be simply the sum of these values 
over the beams of radiation emitted by the various Nip. 
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IV. CHARACTERISTICS OF THE RESONANCE RADIATION 


The general relation between the dipoles N;, and the parameters 7, U, and V charac- 
terizing the resonance radiation will now be determined; specific relations for the Nip 
will then yield specific values for the 7, U, and V. 

Following Chandrasekhar’s notation,‘ we may specify the amplitude of the electric 
vector of the radiation field emitted by a single dipole N in terms of the components of 
the electric vector in the 1 and r directions, thus: 


Re (&(*) e#*) =1£(*) cos (wt—e,) +r& *) cos (wi —e,) . (6a) 


But §) is, to within an irrelevant multiplicative constant, equal to the projection of 
N;, on a plane normal to the direction of propagation kK, that is 


&) =[(N-1)1+ (N-nr]. (65) 


Thus | 
N-l= Ef) e—*e1 and N-r= £(*) e—*e 


The values of the parameters /;, 7,, U, and V which characterize the radiation from Ny» 
are given by Chandrasekhar’s equations (12)—(16) ;* the values of these same parameters, 
which characterize the total resonance radiation and which may be distinguished by a 
superscript s, are then obtained by summing over & and p: 


r= = [E(0]2=2| Nel, ) 
I= [E]*7==|N-rl|?, 
(7) 
Us) = 2D() €(*) cos (e, —€,) = 2ERe|(N-1) *(N-r) ], 
and : 
V (*) = 25€( E) sin (e, —€,) = 22] m[(N-1) *(N-r)], 


wherein the subscripts & and p are omitted from the &, e, and N. 
The dipole moments Ni, may now be calculated from our knowledge of the matrix 
elements of electric dipole moments. These matrix elements take the form 


v4, %-. 


kn 
and (8a) 
P’=VJ/GT., | 

np np p n 

where the T’s are the unit vectors defined in equation (2) and the gx, and Gy» are the 
normalized squares of the matrix elements (the Zeeman transition probabilities or in- 
tensities). Since the matrices of the dipole moment are Hermitian (Pj, = Pyi, etc.) and 
since the final level A and the initial level A are identical, it follows that 


P., = Pp ) Sin _ Gy, } (8d) 


this symmetry will be utilized at a later point. The square root in equation (8a) is either 
the positive or the negative square root, depending on the explicit matrix element. 

From equations (1), (5), and (8) we may now write down the N;», bearing in mind that 
Ti + T; = 6,;, T] = Tu, etc., 


Ni, «+2 = V 8k, kt1Gkt1, b4+28F “FT, ; 
——— ee 9 
Nu, ct1 = V Ber etiGesr, esr EF CFT , ( (9) 


and ns ~. 
Nu, & = V ge, e+1Ge+1, kE— e**-T- + V ge, e—1Ge-1, cE + C*+TY . } 
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The interference phenomenon, previously discussed, shows itself here in the fact that 
N;, x is the sum of two terms with a definite relative phase; these two terms correspond 
to the two paths, via B;, .+1, from an initial A; to a final A,. The number of terms in 
equation (9) are determined by the selection rules nm — k = +1 for the first quantum, 
p — n = 0, +1 for the second quantum. 

The values of N - land N - rare also needed in proceeding further with equation (7). 
From the original definition of 1 and r one may write down the explicit form of these 
vectors for radiation emitted in the direction 6, ¢. This involves unnecessary generality, 
however, since any results which are deduced for ¢ = 0 may be transformed to some oth- 
er value of @ by giving a corresponding shift of phase to the right- and left-circularly 
polarized components of the incident radiation. Hence the discussion will be limited to 
the basic and simplest case, that of ¢ = 0, 6 = O. For this case, 


=icosO0—ksin®@, ) 
and ? (10) 
r=-—j. 


From equations (9) and (10) the values of the various N;.p + rand N,, - lare found; 
these are inserted in equation (7) and the sums over & and p carried out. We obtain 
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In obtaining equation (11) the sum over & and p has been accomplished for most terms 
by writing down the explicit expressions for each of the various values of (p — k) and 
summing over 7; for several terms the summation over k has been retained, and in these 
instances use has also been made of equation (80). 

The symmetry properties of the g., and G,,» allow considerable simplification in equa- 
tion (11). Recalling that the g;, and G,, are simply the relative Zeeman pattern intensi- 
ties, it is clear that gin = g-x, —n and Grp = G_n, —p. Thus, if we define 
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we then have 


' , > 
> , ‘ — Se ‘ ‘ pais 
Bn+1sn (Gas n+ Os a2! 2 S 8n—1s7n (Ga, n+1 + Gas n—1) = 2 - dnDn 


n n (13) 
and x . = . i 
Pst 8n+1, nGan — p23 8n—-1), nUnn = 2 ba d,Gyn . ) 


In terms of these same quantities, another sum occurring in equation (11) may be writ- 
ten 


: : ' ; 1 
— SS grin (Ge. 0+1 — Ga, a—1) = DD, boris Guonts — Gara) =>> dn Dy | 
n n n (14) 


; =. . . 
—2 Gas nt tllnx a2 } 
n 


in which use has again been made of the relation gen = Gre. 
The sums occurring in equation (13) have been evaluated by Hamilton® and will be 
discussed in more detail shortly. The only sums remaining to be evaluated, then, are 


s , 8k» k+1 8k» k-1 and s Gn nt+iGn, n—1- 
k n 


If we define 


F (7,47) = ui. k+1£k» k—-1, (15a) 


k 


where / is the total angular momentum quantum number of level A and j + Aj the total 
angular momentum of level B, then it is apparent that 


DS Gus ntiGas a1 =F (7 +4j,—Aj). (155) 


n 


The relations for the + and ay given by equation (3), together with equations (12)— 
(15), allow one to re-write equations (11) in a form relating the 7“) U“), and V“ to 
the 7°, U, V, the angle 0, and three sums over the transition probabilities. These 
results, since they depend on the absolute magnitude of the atomic dipole moment ma- 
trix elements, will give the actual relative magnitudes of J“) and J. It is somewhat 
more convenient, however, to normalize the results so that 


§ J()d (solid angle) = J = LO) + 1, (16a) 
for arbitrary J°’ and /‘°. This is exactly equivalent to the normalization 
2r§ 1) sin OdO = J (166) 
for @ = Oand 7{” = 7. After carrying out this normalization, the final results may 
be written, in matrix form, as 
Is) ‘cos? O 0 0 1 1 0 I(°) 
3 ‘ , ~ 
I@) |= Ey 0 1 0)/+1(£,—-£)| 1 1 0 I) | (17a) 
UC) 0 0 cosO 0 0 0) U,) 











464 DONALD R. HAMILTON 


and 3 
Ve) = oe V FE; cos®. (176) 


T 
The £’s occurring here are defined by the relations 
By = 2a (Dat 2Gnn) pp 2 dn (Dn = 2Gnn) _ _ 2F (FAD) __, 
e Ldn (Dan +Gan) : : iia Zdn (Da + Gan) ~ Ldn (Dn + Gan) ; 
and E _E£itF, 2F(j+Aj,—A)) 
| £ dn (Dn + Gan) 

Inspection of equation (17) shows that, at least for ¢ = 0, U“) is independent of 7/° 
and J;°); at first glance, therefore, there seems no point in including U“) in the matrix 
equation instead of putting it in a separate equation like that for V. If one transforms to 


a nonzero value of ¢, however, U‘*) becomes a linear function of J{, 7{, and U®, 
while V“) continues to depend only on V; hence the form of equation (17). 


(18) 





TABLE 1 
THE FUNCTIONS Fj, Eo, E: 








Aj | Ei | E2 Es 








t....| A 26437410 | 1 j+9G542) | 542 
| 10 (f+1)(27+1) | 10 (7+1)(27+1) 4(j+1) 
0 | A 12j24+12j+1 1 Qj—-N(j+3) | _ 1 
10 j(j+1) , 10) j(7+1) 4j(j+1) 
— | 1 26j*+15j—-1 1@G-DG-) | j-1 
10 7(2j+1) | 10 9(2j+1) | 4 


The explicit values for E,, E2, and E3 as based upon the transition probabilities gyn 
and Gz», have the values indicated in Table 1. Here 7 denotes the angular momentum of 
level A, 7 + Aj that of level B. 

The ratio E2/£, is identical with the ratio R/Q, which is plotted in Hamilton’s Figure 
1;* the J used in this figure is equal to the present j + Aj. 


V. DISCUSSION 


One of the simplest cases to which the results just obtained may be applied is that in 
which j = 0, Aj = 1. For such a system (initial and final angular momentum 0, inter- 
mediate angular momentum 1) the only two allowed sequences of transitions are 4 9B,A 0 
and AoB_,Ao. The transition AB, is induced by the left-circularly polarized component 
of the incident light, and the transition B,A o radiates like a left-circular dipole; analogous 
statements hold for the sequence A9B_,Ao, which is induced by the right-circular com- 
ponent of the incident light; thus the total dipole effective in the transition BA is merely 
some constant times the incident polarization. But this is also true of the radiating di- 
pole induced in free electron scattering; hence the results shown in equation (17) and 
Table 1 should, and do, reduce for 7 = 0 and Aj = 1 to the case of free electron or Ray- 
leigh scattering given in Chandrasekhar’s equations (66)—(69).4 

This Rayleigh case, with 7 = 0 and Aj = 1, gives E; = E, = 1. These values of the 
E’s make the second term in equation (17a) vanish; it is therefore apparent that the first 
term in that equation is characteristic of Rayleigh scattering. Similarly, inspection of the 
second matrix term in this equation shows this term to be characteristic of completely 
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isotropic scattering. (From Chandrasekhar’s general definition‘ of U or from eq. [3] one 
knows that U = 0 for isotropic radiation.) Thus equation (17a) may be summarized by 
the statement that the scattering of 7{°, J{, and U® is equivalent to a mixture of 
Rayleigh scattering with weight £2 and an isotropic scattering of each of the components 
J, and J, with weight 3(£, — E,)/4. (Each of these weights is defined, by analogy to 
eq. [16], as the contribution to f{[7/J |d[solid angle] from the term in question; the 
sum of these weights is identically unity.) The function V, which, like U, vanishes for 
isotropic radiation and which is scattered like U’, for Rayleigh scattering, is, in the gen- 
eral case, still scattered in the Rayleigh manner but with a weight not the same as that 
effective for J), J,, and U. 

The superposition of an isotropic radiation upon the Rayleigh type may be traced 
back to the fact that, in general, there is induced in the radiating system a dipole mo- 
ment with a component in the direction of propagation of the incident radiation. This 
component, is of course, absent in the Rayleigh (free-electron-like) case; when pres- 
ent, it combines with a certain fraction of the two other orthogonal dipoles to produce 
a corresponding amount of isotropic radiation. Rayleigh scattering (j = 0, Aj = 1) is 
the only case for which E, = £,; for most other cases F2/ EF, is less than unity by an 
order of magnitude, and there is a correspondingly large admixture of isotropic scatter- 
ing. ‘‘Rayleigh-like”’ resonance radiation is therefore by far the most anisotropic type. 

Another simple limiting case of resonance radiation, standing in direct contrast to the 
Rayleigh type, occurs for 7 = 1, Aj = —1. Here the intermediate state has zero angular 
momentum and is therefore spherically symmetrical and retains no memory of the di- 
rectional or polarization properties of the first quantum; the resonance radiation is there- 
fore completely isotropic, with E, = E; = 0. 

Dr. Chandrasekhar has pointed out to the author an interesting comparison between 
the general results of the present investigation (as summarized in eqs. [17] and Table 1) 
and the classical theory of the scattering of light by gases composed of anisotropic mole- 
cules.° In this classical theory the molecular anisotropy and an averaging over all orienta- 
tions of the molecule combine to give rise, in the scattering system, to a dipole moment 
parallel to the direction of propagation of the incident radiation. In a manner exactly 
like that noted above, this gives rise to a scattering of J), J,, and U, which can be de- 
scribed as the combination of an isotropic component of radiation and a Rayleigh-like 
component. 

One last point concerns the relation of resonance radiation to the basically similar 
process wherein two successive quanta are emitted by the same system, as already noted 
in the introduction. The way in which all the results contained herein are altered by 
having the first quantum emitted rather than absorbed can very easily be seen. Let this 
first quantum be emitted in the positive z-direction. Its characterization by equations 
(1), (2), and (3) is then unchanged. Equations (4) and (5) are, however, now altered by 
replacing &® by &*, This has the effect that, in equation (9), & is replaced by &3, a: 
by —az, respectively. It is apparent from equations (11)-(14) that this change leaves 
Ty"), I, 7, and U™ unaltered but changes the sign of V“) in equation (17). 

This change of sign of V“*) has a simple significance in terms of conservation of angu- 
lar momentum, as follows: Consider the case @ = 0, i.e., direction of propagation of 
first and second quanta the same. Let the first quantum be right-circularly polarized ; 
it then has V‘ > 0, and it also has an angular momentum with projection 4/27 on the 
z-axis. If 7 = 0 and Aj = 1, then the angular momentum of the atomic system was 
initially and must finally be zero; that is, if the first quantum was absorbed, the second 
quantum must carry away the same angular momentum that the first one brought and 
hence must have the same polarization and the same V; but if the first quantum was 
emitted, the second quantum must carry away an opposite angular momentum and have 
opposite polarization and V. 


5 J. Cabannes, La Diffusion moleculaire de la lumiére (Paris, 1929), pp. 26-35 
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THE EXTINCTION OF LIGHT OF THE NIGHT SKY 
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ABSTRACT 


The distribution of brightness over the sky is analyzed for the case in which the atmosphere is illumi- 
nated by rays coming from all directions of the sphere. On the basis of the equation of radiative transfer, 
simple formulae are obtained that are valid under the same restrictions (approximately) as the ordinary 
extinction formula e~7 *¢¢? for a point-source of light. The application of the relations obtained to the prob- 
lem of the determination of the height of the light-producing layer is given. A check of the deduced for- 
mulae is obtained at the end of Section II by comparing the numbers resulting from these formulae with 
Abbot’s experimental data. 


I 


The intensity of the light reaching the earth’s surface is weakened by passing through 
the atmosphere. For a point-source of light we have, under certain restrictions, the well- 
known formula, 

I’ = Ipe-1 ¢2 , (1) 


where /) denotes the intensity of light unaffected by extinction (i.e., the intensity of 
light above this layer of the atmosphere which causes extinction); /’, the intensity ob- 
served from the earth’s surface; 71, the optical depth (e~! = coefficient of transmission); 
and z, the zenith distance. The above relation holds good when certain assumptions are 
fulfilled; it is therefore appropriate to mention some of them in more detail. In the first 
place, when 7; is regarded as a constant, we have to restrict our discussion to mono- 
chromatic radiation; for larger spectral intervals, as the proportion of different frequen- 
cies in the observed radiation will depend on 2, 7; will also depend on z (Forbes’s phenom- 
enon). Further, because of the curvature of the earth’s surface and astronomical refrac- 
tion, z cannot be taken too close to 90°; nevertheless, even for z as great as 80°, the neglect 
of curvature is not yet dangerous; under normal conditions the mass of the atmosphere 
passed by the ray for z = 80° is 5.60 (taking as unity the mass of the atmosphere in the 
zenith), while sec z = 5.76. 

In this paper we shall deal with a case diametrically opposite to the one considered 
above, namely, when the source of light is not pointlike but when the whole sphere radi- 
ates. This is the case with the light of the night sky. It is clear that formula (1) now gives 
the extinction of only the direct rays; the total sum of light reaching the observer on the 
earth’s surface consists (in parts of the same order of magnitude) of direct rays and of 
diffused light originating from the scattering, in the direction of the line of sight, of the 
radiation of the whole hemisphere, As far as I am aware, the unique, yet rational, way 
of accounting for the diffused radiation, in a certain special case of the problem consid- 
ered, is that given by C. G. Abbot.! He measured the distribution of brightness over the 
daytime sky for different altitudes of the sun, and then, assuming that a great number 
of similar sources distributed uniformly over the whole hemisphere are shining, he com- 
puted from the observed data the value of the diffused radiation for different zenith dis- 
tances. Abbot’s procedure has one great advantage: being based on purely empirical 
data, it is free from any simplifying assumptions which must be made in any theory. The 


14.J., 28, 129, 1914. 
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procedure has, however, some serious disadvantages. In the first place, the results of 
Abbot’s computations cannot be directly applied to the case in which the light-intensity 
outside the atmosphere depends on the direction (e.g., varies with the zenith distance). 
Furthermore, Abbot’s measurements were made with the bolometer, and therefore the 
proportion of different frequencies in the observed radiation varied with the zenith dis® 
tance; and the results obtained, for greater z especially, are certainly applicable neither 
to the monochromatic nor to the total light, if the spectral type of the source of light un- 
der consideration is different from that of the sun. Lastly, there is no practical way of al- 
lowing for the difference between the coefficients of transmission in the given place of 
observation and the place where Abbot’s measurements were performed. 

Since this is the situation, observers apply different approximate methods to estimate 
the correction for extinction, e.g., by taking one-half of the stellar extinction.” As will be 
shown later, this value of extinction, though certainly of the right order of magnitude, 
leads, when the height of the light-producing layer is to be found, to serious errors. Other 
ways are sometimes altogether wrong.’ 

Postponing the demonstration until later (Sec. II), we present the formula of extinc- 
tion for the problem that we are dealing with, this formula being valid to nearly the same 
approximation and under the same restrictions as formula (1) for the stars, 





es ’ i ‘I’ cos ssin sdz- {2+3 cos s—e- *°?[2+3 cos s+3(1—4 9) 71]} ) 
2 Jo (2) 
+ ige iF" ie 
2 f° To cos zZsin 2dz 
, 0 as an 
[‘= OME a - {2+3 cos z— e771 ¢?[24+3 cos +3 (1—4 9) 71] } , (3) 
+ Ipe—niseez, | 


Here J’ denotes the intensity of light observed from the earth’s surface, Jo, the light-in- 
tensity outside the atmosphere; z, the zenith distance; e~”, the coefficient of transmission 
for the given frequency; and the quantity 3g would be zero if the scattering in the earth’s 
atmosphere was symmetrical; actually, as results from the writer’s researches‘ published 
elsewhere, 3g is approximately 0.2 for visual rays. Equation (2) is applied when we want 
to determine the light-intensity /o, unaffected by extinction, from the observed light-in- 
tensity J’. Equation (3) will be used, when /’ is to be found from the given Jo. 

Besides the assumptions already mentioned (monochromatism, z not near 90°), when 
deriving equation (2) or equation (3), one more essential assumption was made, namely, 
that the true absorption is negligible in comparison with the scattering; in practice this 
case is the most frequent one. Denote by & the coefficient of the true absorption, by o the 
scattering coefficient; when k/c, although not (practically) equal to zero, is not great, 
formulae (2) and (3) still hold approximately, provided that the first terms of their right- 
hand sides are multiplied by 1 — k/o. The way of obtaining formulae for the case in 
which the true absorption is considerable is given in Section IT. 

When investigating the brightness of the night sky, the problem of the light originat- 
ing in the higher atmospheric layers (permanent auroral light) is of special interest. Let 
h denote the height of the layer emitting light (4 in units of the earth’s radius); we can 


2C. T. Elvey and A. H. Farnsworth, Ap. J., 96, 451, 1942. 


3 E.g., in W. Brunner’s “Beitrige zur Photometrie des Nachthimmels,” Pub. der Sternw. in Ziirich, 
Vol. 6, 1935, the part of the earth’s light originating from scattering (7[z]; Table 32, p. 68) diminishes as z 
increases; actually, just the opposite is the case. 


4 “The Planetary Problem of Radiative Transfer,”’ Acta Astr. (in press); cf. also n. 7. 
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assume that the brightness of the emitting layer is proportional to its thickness in the 
line of sight; we shall have® 





I, (0 
In(z) = ae. ee F (4) 
: V1 __ sin? z 
(h+1)? 
Then, in formula (3) there is 
fo fe cos zsin sdz = 1)(0)(1+h)(1+h— V2k+h?). (5) 
0 


Let us consider the following example: Put 7; = 0.2 (coefficient of transmission, 
e-"1 = ().8187); from formulae (3) and (5) we find for 


iis) 
= (0). 0 ——— ———_ x 
h= 010, rege = 1.39, 
I’ ¢73") . 
= (0.08 PF teer Dae 
h 8, 7 (0?) 1.47, 
, I Ciy) 
h = 0.05, 1’ (0°) = 1462 


If we should assume, as was done by Elvey and Farnsworth in the paper cited, that the 
extinction amounts to one-half the stellar extinction, we should obtain for h = 0.08, 
I’(75°)/I'(0°) = 1.68; this is the value of 1'(75°)/I’(0°) corresponding to h ~ 0.04 if 
formulae (3) and (5) are used; we see that the difference in the computed height is ap- 


preciable.® 
II 


The lower layers of the atmosphere are mainly responsible for the extinction; we shall 
therefore neglect the curvature of the earth’s surface and shall assume that the atmos- 
phere is stratified in plane-parallel layers. The neglect of the illumination of the atmos- 
phere by the rays coming from zenith distances z 2 90° leads to certain errors in the 
computed /’(z) for z near 90°. In a purely empirical way it can be shown that for z = 70°- 
80° these errors are not great. We have in the work of C. Dorno, Himmelshelligkeit, Him- 
mels polarisation und Sonnenintensitat (‘‘Veréff. des Preuss. Meteorolog. Inst.,”’ No. 303, 
Abhand. Vol. VI, 1919), in Tables 12a and 15, the brightness of the sky given in absolute 
units, in particular for the zenith distance z = 70°, and for different altitudes of the sun: 
0°, 10°, 20°, 30°, 40°, 50°, 60°. Performing a computation quite similar to that done by 
Abbot,! we can infer from the data given in the tables mentioned that the illumination 
of the sky at zenith distance 70° by the stars at horizon makes ~ 2 per cent of the illumi- 
nation of the same zone by the stars in altitudes 10°, 20°,...., 60°. 

We shall assume, further, thet the ratio of the coefficient of the true absorption to the 
scattering coefficient k/o is independent of the optical depth, 7, in the considered point 
of the atmosphere. 

To account for the fact that the scattering in the atmosphere acts in a preferential 
direction, we shall assume that the intensity of the scattered ray making an angle a with 
the incident ray is proportional to’ 

1—qcosa. 


5P. J. van Rhijn, Pub. Astr. Lab. Groningen, No. 31, 1921. 


6 As 7, was taken arbitrarily equal to 0.2, the result that 4 = 0.04 has here no definitive meaning. 


7 In fact, the real scattering diagram for the earth’s atmosphere is found, in the author’s article already 
quoted (cf. Table 4), to be represented rather closely, with exception of a near 180°, by the expression 
1 + q'(cos‘a — cos®a). For visual rays, g’ is approximately equal to 2; it is less than this value for violet 
rays and greater for the red ones. For the case considered in the present paper, however, we can replace 
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The equation of radiative transfer for our problem will have the form 


dI (r) 
cos 3 ———_ = 
a 


—I+-~ §1(1-—4¢ cosa) dw, (6) 
Ar 

where » = o/(o + k) and dw = element of surface of unit sphere. If greater accuracy 
were desired (than is generally attainable with observations of this sort), one more re- 
finement may be applied; the formula 1 — gq cos a (as in other formulae of this type lim- 
ited to the first several powers of cos a) does not represent the rapid increase of bright- 
ness in the vicinity of a = 180°; let us add to our formula a correcting term f(a); now the 
scattering formula will have the form 


1—qcosa+/ (a), 


where f(a) is practically #0 only for a, say, of 170°-180°; denote by / the mean value of 
f(a) for these angles; let / be equal to f multiplied by the surface (expressed in units of 


the whole sphere) of the spherical cap with the radius 10°. Equation (6) will now have the 


form 


1] , . 1 J 
cos 3 5-= = =e) +7 §1(1—4q cosa) dw («= 753): (7) 
From the determinations of the brightness of the sky in the vicinity of the sun, e.g., from 
the data of the work of Dorno (Tables 15 and 20), we can find F; it appears to be of the 
order of 0.1. The solution of equation (7) is quite similar to that of equation (6); instead 
of formula (3) we obtain (r = 1 — uF), 


ase 
2 [ Io cos 2 sin 2dz ; 
“0 


1 
— ; ’ cy eo ae 2 3 _— ‘ 1 ‘os Z—e rrmees| 2 3 
' [4+3(r—4yuq)]r ! bi (1 37 Ma + 30mg) cos ; . . 


1 
x (1 ek ug+4uq) cos s+3(r—4yq) ri] t+ Ip e171 882, 


As far as the ratio 7’(75°)/I’(0°) is concerned, the difference with respect to equation (3) 
(7, being 0.2) is of the order of a few hundredths. 

We return to the problem of solving equation (6); to reduce it to the ordinary differ- 
ential equation, we first compute the second term on its right-hand side as a function of 
rand z. In accordance with Eddington’s approximation, we shall reject, in the expansion 
of J, the second and higher powers of cos z. Thus we find 


§7(1— q cosa) dw=J + q cos 2H , (8) 


where ‘ 
J=SIdw, H = \I cos zdw. 


We shall compute J and H by applying Eddington’s averaging method;* we easily get 


1 
OF ncaa SS 1 cost sdace} <= —B(—¥ng): (9) 
dt dr 


dr 


for simplicity thisformula by 1 — g cos a. This simplification is possible only for the degree of approxima- 
tion used and with incident radiation coming from all directions of the hemisphere. Formally, ug/3 [with 
u = a/(o + &)] in the present case corresponds to ug’/7 [with w = 1 (1 + q'/5) o/(o + k)] when the inter- 
polation formula 1 + q’(cos‘ a — cos® a) is used. 

8 The formulae for the case in which second and third powers of cos ¢ are retained can be taken (mu- 
tatis mutandis) from the writer’s paper, cited above. An arbitrarily high degree of approximation to the 
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From equation (9), in the case of pure scattering (k = 0, u = 1, dH/dr = 0), we get 
H =C,, J=—-—3(1-—39)Cir+C.. (10) 


The constants of integration C; and C2 we determine from the boundary conditions 
2H (0) +J (0) = 4.20 f “Io (2) cos z sin dz, 2H (71) —J (71) =9. (11) 
0 


These conditions mean that only the extra-atmospheric radiation enters through the 
upper boundary with a radiation flux 


x/2 
2x f I) (z) cos 2 sin sdz, 
0 


and through the lower boundary there enters no radiation at all. From equations (10) 
and (11) we find 


8x f” ¢ 2 cos 2 sin sdz 
CoS : 
4+3(1—9q) T1 , 


Substituting J and H from equations (10) and (12) in equation (8) and returning to the 
fundamental equation of our problem, (6), we see that it is reduced now to the ordinary 
differential equation of the first order; its integration presents no difficulties and leads to 
formula (3). Noticing that the net radiation flux through the horizontal plane (constant 
in the considered case) is on the lower boundary 


Ce =C,(2+3(1—34q) Ti]. (12) 





> 


n/2 
an f I' cos z sin dz, 


0 
we pass immediately to equation (2). 
For k¥0 we get, from equation (9), 
aj 
dr? 





= 3J (1—y4) (1-449); 


and hence, putting 


Il 
e 


3(1— 4) (1 —44uq) 
we obtain 


Va 


=C —yar a ar i a Y Baer a a Var i 
J Cie +C2 ev , H 3(1 —3nq) (Cy € Vv Coe ) 


The values of C; and C2 we obtain from the boundary conditions (11); the deriving of 
final formulae for J’ affords no difficulty; they are not given here, for they are of little 


practical interest. 


solution of the equation of transfer can be attained by a procedure developed by Chandrasekhar in a series 
of papers published in this Journal (cf., in particular, Ap. J., 103, 165, 1946). In the present problem high 
accuracy of the solution is, however, unessential because of the low accuracy of the observations. When 
the first approximation only is concerned, the Eddington approximation gives the correct net flux (for 
the photospheric problem), whereas Chandrasekhar’s—as was pointed by H. C. van de Hulst in Ap. J., 
104, 464, 1946—gives a value 7 per cent too small. It may be of interest to remark that, when dealing 
with the “nonhomogeneous” case and strongly asymmetric scattering indicatrix (e.g., when determining 
the reflection of the sun’s rays from terrestrial clouds), the use of Eddington-type approximation—prop- 
erly generalized when necessary—has, from the numerical point of view, the advantage of permitting one 
very easily to treat separately the terms resulting from the scattering of the first order and those of higher 


orders. 
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It will be interesting to see to what extent the numbers given by Abbot! (Table VIII) 
are represented by formulae (2) and (3). As Abbot’s data are purely empirical, it will pro- 
vide a kind of check for the relations derived in this paper. We reproduce in Table 1 a 
part of Abbot’s Table V. Representing these numbers by formula (1), e~7' *°¢ *, we obtain, 
by the least-squares solution, 7; = 0.2; since the observations are not monochromatic, 
we cannot use equation (1) also for a lower altitude of the sun; with 7; = 0.2 and 4g = 
0.2, we obtain the results given in Table 2, for the scattered stellar radiation, per square 











TABLE 1 
= : — 7 on PaRa ———————— 
Sune PIENGG, 0 eco. c we ene nasa is” se Ki 47} 605° 823° 
Sun’s mn if outside atmosphere} 
it is 1.0.. ath Fy SS ee | 0.468 0.641 0.706 0.734 0.778 0.791 
TABLE 2 
— a — SS | = l 
Siey @ltuae: o-oo ee ..| 10°-20° | 20°-30° | 30°-40° | 40°-55° | 55°-75° | 75°-90° 
Scattered star radiation from the first | 
term of equation (3). + 101. | 69 59 | 56 
The same with Abbot, Table VIIT. 122 | 98 | 82 71 67 | 53 





degree (the light-intensity of all stars in the whole hemisphere outside the atmosphere 
being 10’, J) = 107: 20620). As we see, the differences are not large, and certainly the 
poor representation of the brightness of the sun by the secant formula, e~" * “, is re- 
sponsible for a considerable part of these differences. If we consider that both parameters, 
7, and g, occurring in formula (3) were obtained from observations that are quite inde- 
pendent of the particular set of data which we are trying to represent with equation (3), 
we can conclude that the representation is satisfactory.° 


® Some remarks by Professor T. Banachiewicz at the Scientific Assembly of the Cracow Observatory 
(February 8, 1946), concerning the article of Elvey and Farnsworth, directed my attention to the prob- 
lem dealt with in this paper. 
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ABSTRACT 
The problem of the proper weighting of the equations of condition and of computing the mean errors 
of elements is discussed in connection with the quasi least-squares method proposed by Kopal. It is shown 
that the square root of the weight is inversely proportional to 


0 sin? @ ‘ 
—— ldm (errors equal on the magnitude scale) 
on 
or 
0 sin? 6 : ; : 
ar lea (errors equal on the light-intensity scale). 
on “| 


A procedure is described and formulae given for calculations of the total mean errors of the elements. The 
computation of elements and their uncertainties for the eclipsing system TX Ursae Majoris is carried out 
as an illustrative example. 


The problem of the determination of the orbital elements from the light-curve of an 
eclipsing variable consists in establishing a rational procedure for computing the elements 
with smallest mean errors from observed brightnesses and phases. In the case in which 
the accuracy of the observations (and we may hope that because of the recent develop- 
ment of photoelectric photometry this accuracy will increase) justifies the requisite 
amount of work, the most advisable procedure would be to determine, first, the inter- 
mediate elements and then apply the method of differential corrections. In such cases it 
is essential that the intermediate elements be determined with highest possible accuracy. 
Because the number of observations exceeds the number of unknowns, it is essential to 
apply proper weights to the individual observational equations. As the mean errors of the 
elements provide us with a very valuable characteristic of the degree of the determinacy 
of the whole problem, it is quite essential to compute these mean errors in a logically 
precise way. 

No satisfactory investigation of these problems has, however, been made. 

The oft repeated statement, ‘““The individual equations should be properly weighted,” 
is to be indorsed. Unfortunately, the term “‘properly” has never been explicitly specified. 
It is incorrect to compute the mean errors of the elements from the mean errors of an 
auxiliary set of quantities, which set has been determined by the least-squares method, 
in such a way that the errors of the auxiliary set are treated as mutually independent. 

I shall attempt, in the present paper, to clarify the question of the choice of proper 
weights for the observational equations. I also present a solution to the problem of com- 
puting the mean errors of the parameters of the intermediate orbit. 

It seems that, among different methods of determining elements of the ‘‘first’’ or 
“intermediary” orbit, the method proposed by Kopal! is the most straightforward and 
best adapted to making a rational use of the observational data. The freehand curve is 
not used, the equations of the problem are applied directly to the observed normal points, 
and only the depths of minima are taken as given. The method, though somewhat la- 
borious, has the essential advantage of furnishing, as a by-product of the orbital solution, 
the mean errors of the elements. 

1 4n Introduction to the Study of Eclipsing Variables (Cambridge: Harvard University Press, 1946), pp. 
53 ff., 62 ff. 
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Let us consider, first, the case of a partial eclipse. From the fundamental equation of 
the problem? 


sin? 6 sin?i+cos?i= r2(1+kp)?, (1) 


we obtain for each normal point during the eclipse 


(p? — p2) C1 + 2(p — po) Co = sin? O, (2) 
where 
p=p(k,a), a=MNao ; C.= reesei, 
i-/ : BA 
bo = p(k, ao), eS Co = ra%p csc?i. 


In addition, we have the equation connecting the depths of both minima, 

ao = 1— dA. + (1 — A) OCR, ao), (3) 
where for uniformly bright disks Q = k~*. Let us suppose that we have solved the pre- 
ceding equation (3) for ap and that this value of ao is substituted in the p’s. Let us, fur- 
thermore, abbreviate as follows: 


p? — pi = a(k, n), Ci=x, sin?d=L. 


b(k, n) , C2 


2(p — po) Vy, 


The fundamental equations of the problem can now be written in the form 


a(K,n)x+b(K,n)y=L, (4.1) 
=k, (4.2) 
+ 
K=k. (4.3) 


Take, for the ith normal point 7 = n;, L = L;. Because of the errors of observation, 7; 
will be somewhat in error and equal, say, to ;, + 6n;, where n,;, denotes the true value 
of n;. Throughout this investigation we shall consider L; as free from any error. In view 
of the precision with which the time of observation can be determined, this assumption is 
certainly admissible. Let us consider the equation (4.1) alone. If we knew the true value 
of K and could substitute it in equation (4.1), we should have for the ith normal point 
an “‘equation of condition,” 


a(K, niy + 6n,;) x + b(K, nix + bn) y = Li. (5) 


In this form the equations (5) are intractable by the least-squares method, because the 
coefficients of the unknowns on their left-hand sides are subject to errors, whereas their 
right-hand sides are exact. This situation is just the reverse of the standard case of linear 
equations to be solved by the least-squares method. Let us suppose that we knew the 


2 Kopal’s notations are used, if not stated to the contrary. 











474 S. L. PIOTROWSKI 


true light-curve, from which we could read off the sin? 6 for n = n;, + 6n;. We should 
have 
sin? 6(n;, + 6n;) = L; + 6L;; 


hence 


a(K, nip + 6n;) « + O(K, ny + 6n;) = L; + 6L;. 


If we omit on the right-hand side of this equation the quantity 6L,, we obtain an equa- 
tion which is formally identical with equation (5); but the coefficients of the unknowns 
are now free from errors whereas the errors of the right-hand sides are proportional to 
(0 sin? 6/dn)dn. If we knew the true value of A, we could then treat the equations of our 
problem as linear equations for the two unknowns «x and y. The coefficients of x and y 
would be free from error, and the right-hand sides of the equations would be subject to 
errors proportional to 


0 sin? 6 0 sin? 6 dn 0 sin 
a dn => ae am dm x oe @ ids mM. (6) 


Should the errors of observations be the same on the light-intensity rather than on the 
magnitude scale, we should pass from dm to dl with the aid of the formula‘ 


dl 


. a dm. 


Of course, in practice, we do not know the true value of K beforehand and must try to 
approach it by trial and error or by iteration, so as to make K = k. The values of x and y 
as determined by the least-squares method from equations (5) and the conditions 
x/y = k, K = k—let us call them xo and yo—will be affected by errors that consist of 
two parts. The first part arises directly from the dispersion in photometric observations. 
We find the mathematical expectation of the square of this error by applying to equation 
(5) the least-squares method with the weights resulting from equation (6). The applica- 
tion of the least-squares method with the above weights is based on the fact that this 
procedure gives the smallest (among all possible linear combinations of equations of con- 
dition) mathematical expectation value for the square of the considered error. The second 
part arises from the fact that K, in a and 8, did not have its exact value but is (in the 
final stage of the iteration or trial-and-error procedure) equal to k = xo/yo. And this val- 
ue, in turn, is affected by errors in the quantities x» and yo. 

Let us Jenote the errors resulting from the error affecting K by (6x0)sx and (dyo)sx and 
let, furthermore (6x9)x and (6yo)x denote the errors, the root-mean-square values of which 
we have determined by applying to equations (5) the least-squares algorithm. In the 
usual notations 


i[waa], [wab]| |[waL], [wab] [waa], eel [waa], [wal] 


_ = | /) 


14 : 
[wha], [wbd] : \[wbL], [wbb] | iebai, want [wba], [wdL] 


We can take the values of (0 sin? 6/dn) needed in the computations of the weights w di- 
rectly from the observed light-curve; a great precision is unessential. At times we may 
make use of the formula 

a sin? 0 


on 





= (1+ kp) SP, (6.1) 


3 In practice it can happen that neither of these extreme cases is true. We shall then have to account 
numerically for the variations with phase in the precision of observations. 
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which can be deduced from equation (1). Remembering that K occurs in a and 6 both 
explicitly and through ao, which is supposed to be substituted in p’s from equation (3), 
we find from equation (7) 


(80) ax = S22 8K = [( S32) 4 S00 Ste 


aK da, 6bK=A6K., (8.1) 





The brackets inclosing the operator 0/0K denote that the differentiation should be per- 
formed with respect to K only if this quantity occurs explicitly. Similarly, 


\ , dai 
(8y0) 3x = Se ix™ [(G2)+53 37] <0] 6K =BaK. (8.2) 
OK day 


Denoting by x, and y, the true values of « and y, we shall have 
Xo =X, + (6X0) 6K + (6X0) 
Yo = Ve + ( db yo) sk t+ (6X0) k 5 
and hence, omitting the small quantities of higher orders, 


[(6%0) ax + (60) x] vas > xo | (6 yo) sx + (by) x] 


— 
“0 


6K = 





Now substitute this value of 6K into equations (8.1) and (8.2); we obtain a system of two 
linear equations in two unknowns, (6xo)s« and (6yo)s«. A solution of this system yields 


A ) 

(6x9) 8K = Yor a 7! (6X0) K —k ( d yo) K| ; | 
? (9) 

5 yo) : —z | (6x0) — k (dy) x] | 

(6¥0) 6K = yo RB—A 0) K Yo) k “ 


Formulae (9) permit us to express the total errors of x» and yo, which are equal to (4xo)s« 
+ (dx0)x and (dyo0)sx + (dyo)x, respectively, as linear functions of (6x9) and (6yo)x. The 
root-mean-square values of the latter are known from the least-squares solution of equa- 
tions (5). Formulae (9) can be put in a somewhat different form that is more convenient 
for a numerical determination of (6x%o)sx and (dyo)sx. We have 


d Yo dX» vad d Yo dX» dk dk 
Whi A= w+ Fe Geert ek se oat hae ae 
= bd (yok) —_ a yo (1 - =)= yo (1 —_ = 
( 
and thus 
dX» 
(8x ) hes dK ; (6. Xo) K" il. (6y¥0) x 
0X 7 a Yo ’ | 
dK 
1 ( (9’) 
ayo 
dK ( 6x0) Kx — R (640) — 
( 5 yo) ‘x= | _ ak ————— Yo ae | 


d K / 
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The expression 1 — (dk/dK) vanishes if k — K is a constant independent of K, which 
would mean that the whole problem is either indeterminate (constant equal 0) or in- 
soluble {constant ~ 0). 

All equations given thus far are relevant to partial eclipses. Let us proceed, next, to 
the case of total eclipses. From the fundamental equation (1) we obtain! 


(p?—1)Ci +2 (p+1)C2+C; =sin? 6, (5.1) 
where 
C,= res’ i, Co= rar, csc’ i, C;= sin” 6’’ , 


and 6” is the phase angle at the moment of internal contact. Introducing notations analo- 
gous to those used in the case of partial eclipses, i.e., 


p?—1=a(K,n), 2(p+1) =0b(K,n), sin? @=L , 
Ci=x, C: 


) 


ys C3;=2, 


we see at a glance that all formulae formerly deduced also apply to the case of total 
eclipses, the only difference being that ap has become unity and “o, yo, and Zo will now be 
given by the ratios of determinants of the third order. Defining (dzo/dK) = C, we have 


( 6 Zo) 6K =CiK= a ( 6x0) 6K + (6x) cS k [ ( do) bk + ( byo) x] # (9.1) 


where (6x0)sx and (6y9)sx should be taken from equations (9’) 

A quasi-numerical procedure of determining (6x0)s5x, (6yo)sx, [and (620)sx] can often be 
used, particularly when we have to make several guesses at K when solving equations (5) 
or equations (5.1). In such cases, we can evaluate dk/dK and dxo/dK, dyo/dK, (d2o/dK) 
numerically, and insert them in equations (9’) ) [and (9.1)]. 

Whether or not we have accounted for errors in xo, yo, (and Zo) resulting from the 
treatment of K as an exactly known quantity in the left-hand sides of equations (5) or 
equations (5.1), it is incorrect to try to determine the errors of &, i, ra, and 7 from the 
computed mean errors of x, yo (and Zo), as if the errors of xo, yo, and 9 were mutually in- 
dependent. In each case, we have to express the error of a given element as a linear func- 
tion of (6xo)x, (Syo)x, [and (6z9)x] and apply the formula for the error of a linear function 
given in any textbook on the theory of the least-squares method.‘ 

Thus far we have assumed that the minimum fractional brightness of the system at 
both minima is known exactly. It is a well-established fact that, in the case of a partial 
eclipse, we can vary the elements within very wide limits and obtain an equally good rep- 
resentation of the primary minimum. Only a knowledge of the depth of the secondary 
minimum may render the problem determinate. Therefore, it should be emphasized that 
mean errors obtained on the formal assumption of an accurate knowledge of the depths of 
the minima do not fully characterize the accuracy with which the physical parameters 
of the eclipsing variable are defined by the observations. They do characterize (if cor- 


4 Assume that the error of an arbitrary element F may be expressed as a linear combination of the 
errors of x0, yo, ....- y Wiz, 
dF = 1,(5x0) x + 12(8yo) x + eee we 
If we denote by |a;;| the determinant of the system of normal equations and by A;; the minor correspond- 
ing to the element a;;, we have 


lax [An | . As Ais 
V (dF)? = R hile ——+...., 
or = Sag te => i tt 


where ¢ denotes mean error of unit weight. 
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rectly determined) the degree of the determinacy of the “‘restricted’® problem—and, 
when the errors resulting from the uncertainty of the depths of minima are considered, 
make it possible to obtain a good idea of the accuracy of an “intermediary” solution. 

Exam ple.—To illustrate the above-described procedure in a practical case, let us con- 
sider, for instance, TX Ursae Majoris. A photoelectric light-curve for this eclipsing 
variable has recently been published by C. M. Huffer and O. J. Eggen.® The variable is a 
typical Algol system, with components differing greatly in surface brightness. The light- 
curve exhibits a deep primary minimum. There is a small reflection effect and a negligible 
ellipticity. In what follows we shall use the rectified curve given in the quoted paper and 
try to determine the elements of the “‘restricted problem” and their mean errors by ap- 
plying formulae presented in this paper. 

An inspection of the dispersion of individual normal points with respect to the mean 
curve shows that the errors of observation on the magnitude scale are sensibly the same 
in the upper parts of the curve and near the minimum light. We shall therefore assume 
that the square roots of the weights are proportional to 


on 1 
0 sin? 6 1° 
[ took approximate values of dn/0 sin? @ directly from the freehand curve and obtained 
a set of Vw; for all 28 points falling within partial phases. The sin? @ for the considered 


28 normal points were multiplied by these values of Vw, (they range, after rounding 
them off to whole numbers, from 2, 3,4,.... , to.... 60, 62, 63). The equations of 
condition (5) were then formed under two hypotheses on A: 0.55 and 0.60. The coeffi- 
cients of limb darkening were assumed to be 0.40 and 0.60. For K = 0.55 we obtain from 
the depths of minima (1 — A; = 0.842, 1 — Az = 0.028) 


ay = 0.9314 , po = —0.7840, 


and from the least-squares solution of equations (5) 


xo = 0.02531 , yo = 0.04418 , and hence k = 0.5730. 


For K = 0.60 we obtain in the same way 


ao = 0.9168 , po = —0.7600 , 


and from equations (5) 


xo = 0.02413 , yo = 0.04441 , and k = 0.5434. 


By inverse interpolation we find that K = 0.5644 will probably lead tok = K. Assuming 
K = 0.5644, we obtain from the depths of minima, 


ay = 0.9268, po = —0.7759, 


and from equations (5) a set of normal equations 


1479.3 — 2750.9y = — 84.84, 


—2750.9x + 6020.9y 197.84 , 


6 By this term we understand an orbital solution allowing for the dispersion of photometric observa- 
tions during partial phases, but keeping the depths of the minima fixed. 


6 Ap. J., 105, 217, 1947. 
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the solution of which yields 
xo = 0.02495 , yo = 0.04426 , and thus k = 0.5638 . 
This approximation was accepted as final. Substituting in the equations of condition the 


values of x9 and yo given above, we get for the mean error of unit weight e = +0.0072. 
From the normal equations we find 





A ; : d 1 
| et (the inverse weight of %)) = 922. 4 , 
Eas! 1e Inverse weight of yo) = 905.1? 


and hence the mean errors of xo and yo are 


V(éx)2=+0.00048, V(dy,)2 = +0.00024. 
If we should compute from the above values of mean errors of xo and yo the mean error 
of k, using the (incorrect) formula 


ree. Y — Ee —— 
V (Ab) P= t— V (8x) 4 + BE (5YQ) 
Vo 


we would obtain V (Ak)? = +0.011, which is smaller than the value +0.018 (p.e.) ob- 
tained by Huffer and Eggen.® This result means that, by using proper weights, we have 
obtained a better representation of observations. 

We find from the normal equations the quantity A12/|a;;|, which figures in the formula 
that takes account of the mutual dependence of errors of x and yo, 


Aw 1 
la,;;| 486.7" 





In order to be able to compute (6x0)s« and (6yo)sx with the aid of formula (9’), the values 
of dxo/dK, dyo/dK, and dk/dK are prerequisite. We obtain them simply by dividing the 
variations of x0, yo, and & (corresponding to change of K from 0.55 to 0.60) by 0.05, and 
then we obtain 


dx» do 
dK dK 
ee ie a 1 ORI9 
<< 0.0148. a | 
dK dK 


Now we can form the sums (6x0)sx + (6x0)x and (6y0)sx + (6yo)x. Let us denote them by 
Axo and Ayo—these are our total errors of x9 and yo. We find 


Axo = 0.666(6x0)« + 0.188(dyo)x , 
Ayo = 0.066(dx0)x + 0.963(5y0)x « 


Thus the total error of & will be 


Ak=— [Ax — kAy] =~ [0.628 (6%) x— 0.354 (890) xl- 
Yo Yo 
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The root-mean-square value of Ak is now determined as follows: 





(> — 2 2 5 54) 2 
Vabi= +£ (0.628)? 2X0.628 AGIOS (0.354)? 
Yo 222.4 486.7 905.1 


= +£x0.0316= +0.0051. 
Yo 





As we see, k is, in reality, determined with much higher accuracy than we should have 
inferred from the value +0.011 obtained by treating errors of xo and yo as independent 
and ignoring the errors (6xo)sx and (dyo)s«. Of course, such a favorable outcome may not 
be the case in general. 

From the formulae 


. poxot yo F 5a ae MM are 
COCR 7-7-7 To = VX SIN1, rT, =—>= sn 1 
V x0 ai a 
we find 
i = 81°04, ra = 0.1560 , r, = 0.2768. 


The mean errors of these elements are determined in much the same way as the mean 
error of k. For instance, we find for 7 


d is 1 
Ae. Xo ae Ak + poAxo + Ayo) V xo — (poxo + yo) Vm Axo 
— csc? idi = ae — 

Xo 





We compute dpo/dK numerically, just as before we computed dxo/dK ...., and we find 


d po 
‘"°=0.48 
TK 0.48. 


Substituting in the formula for di this value of dpo/dK and the previously determined 
expressions for Axo, Ayo, and Ak, we find, after some reductions, 





— 0.0967 (6x0) x + 0.0990 (dyo) x 


— csc? idi = - : 


Xo 


and hence 
V (di)? = + 0.0010 = +0906. 


Similarly, we obtain 
V(An)?=+0.0006, WV (Ar.)?=+0.0012. 


It should be stressed again that these errors characterize only the accuracy of the solu- 
tion assuming fixed depths of minima. 

An additional remark is perhaps not out of place here. In cases such as that just dis- 
cussed (the errors of normal points of the order of few thousandths of magnitude, deep 
primary minimum), the calculations should be performed with 4 decimal places, if for 
no other reason than that of internal consistency of the numerical results. A small ex- 
ample should make the last point clear. Huffer and Eggen® found k = 0.558, r, = 0.276, 
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i = 80°9. With 1 — A, = 0.842, 1 — do = 0.028, the values of ay and fo corresponding 
to k = 0.558 are, correctly to four decimal places, 


ay = 0.9289 , po = —().7795. 
From the formula 
sin? 7 sin? 6+ cos*1= r2?(1+kp)?, 
with m = 0.276, k = 0.558, and po = —0.7795, we find for mid-eclipse 
cos?z7 = r?(1+kp,)?=0.0243 , 
whereas 


cos? 80°9 = 0.0250. 


An uncertainty of 0.0007 in cos? 7 gives an uncertainty of approximately the same order 
in sin? 6, and 0.0007 in sin? 6 corresponds in the lower parts of the light-curve to a change 
of the order 0.01 mag. 


[ am indebted to Dr. Zdenék Kopal for critical reading of the manuscript of the pres- 
ent paper. 














NOTES 


ECLIPSING BINARIES WITH Catt EMISSION* 


In the past few years a number of late-type eclipsing variables have been found with 
H and K Ca 11 emission. Since they form a definite group of stars, it seems in order to 
collect the scattered material. Furthermore, some of the systems have not been an- 
nounced as having Ca 0 emission. Thirteen eclipsing binaries with H and K Ca 11 emis- 
sion only are known to the author and are listed in Table 1. 

The periods of the eclipsing binaries with H and K emission are well distributed from 
1.98 to 39.28 days, and the spectral class of the component with emission varies from 








TABLE 1 
| Cau | Period 
Star Emission (Days) Spectrum Reference 
LY > 3 Caen Secondary (visible | 39.28 F5+G8 Cesco and Sahade, Ap. J., 101, 370, 
only at mini- | 1945 
mum) 
SS Cam.......| Secondary? | 4.82 G1+F5 Popper, letter 
AR Mon Primary 21.21 KO+F? | Sahade and Cesco, Ap. J., 100, 374, 
| 1944 
RU Cnc.......| Secondary | 10.73 F9+G9 | Struve, Ap. J., 102, 110, 1945 
RZ Cnc. < | Primary | 21.64 | K2+K5 | Hiltner, Pub. A.S.P., 58, 166, 1946 
RW UMa ..| Secondary 7.33 | F9+G9 | Struve, Ap. J., 102, 116, 1945; Ann. 
| | | d’ap., 9, 1, 1946 
RS CVn.. .| Secondary | 4.80 | F44+G8 | 
SS Boo.... | Secondary | F:6 G5+? Struve, Ap. J., 102, 118, 1945; Sanford, 
| | Pub. A.S.P., $7, 217, 1945 
WW Dra.... | Secondary | 3.50 | G2+KO | Joy, Ap. J., 94, 407, 1941 
Z Her* ....| Secondary ;} 3.99 | F2+F2 | 
AW Her....... Secondary | $.80 | K2eGe | 
RT Lac.......| Both components | 5.07 | G9+K1 | Popper, Yerkes Obs. Rept., Pub. A.A.S., 
| | 10, 292, 1942 
AR TAC. 5 52 as. Secondary | 1.98 K0+G5 | Wyse, Lick Obs. Bull., 17, 39, 1934 


* Added in proof. 


F2 to K2. With only two or three exceptions, the emission is associated with the com- 
ponent which is eclipsed at secondary minimum. 

It has become apparent that the emission is not situated uniformly about the parent- 
star. In 1941, Joy! found that the H and K emission in WW Dra did not give a velocity- 
curve of the same amplitude as the absorption feature of the same star. Joy interpreted 
this phenomenon in terms of an envelope of calcium gas which was extended in the direc- 
tion of the primary star. In 1944 the author? found that RZ Cnc had Ca 11 emission and 
that the emission underwent an eclipse effect, which he interpreted as an indication that 
the Ca 11 emission was isolated on both ends of the tidally elongated primary star. Later, 
Struve® investigated RW UMa and found that the emission was more isolated than in 
RZ Cnc. More recently, an investigation of RS CVn by the author confirms the previous 


* Contributions from the McDonald Observatory, University of Texas, No. 141. 
1Ap. J., 94, 411, 1941. 2 Pub. A.S.P., 58, 166, 1946. 3 Ann. d’ap., 9, 1, 1946. 
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work on other systems. The emission approaches invisibility at secondary minimum, 
when only one-tenth of the secondary star is eclipsed by the primary component. At pri- 
mary minimum as well as at maximum light the emission is strong and hence easily ob- 
served. Thus far there have been no published investigations in which instruments of 
sufficiently high resolving power were used to separate the two components of the emis- 
sion which arises from the two areas of low gravity. The Ca triplet in the infrared 
region of the spectrum has been observed in AR Lac. The results indicate that Ca 11 8498, 
8542, and 8662 are weak, which suggests that they are nearly filled with emission. 


W. A. HILTNER 


YERKES AND MCDONALD OBSERVATORIES 
June 26, 1947 





COMMENT ON THE WOLF-RAYET ATMOSPHERE 


The recent work' by Kopal and Mrs. Shapley on the atmospheric absorption in the 
Wolf-Rayet component of V 444 Cygni leads one to question whether the model? based 
on a purely expanding atmosphere is correct. Earlier calculations’ of band profiles have 
neglected the effect of absorption in the extended shell atmosphere. These calculations 
led either to a symmetric profile or to an asymmetric one with greater intensity toward 
the blue. The present note discusses the influence of atmospheric opacity on the emission- 
band profiles, in the light of the absorption data from Paper I. We assume Beals’s 
model? of the Wolf-Rayet atmosphere. We explicitly use the following assumptions: (a) 
expanding shells and (6) stratification, so that a given band comes from one shell. 

We assume, at one extreme, that the atmosphere is purely absorbing, that is, re- 
emission of the absorbed radiation is neglected. We may then take the data on absorp- 
tion directly from Paper I if we introduce the necessary geometrical correction for the 
variance, with position on the emitting shell, of the optical path. We then obtain the 
following expression: 


‘a kr) dr* ™ k(r) dr 
exp (— 7) =exp| — f 2(r— BAT : Trial 








Notation of Paper I: 
ro = Shell radius Ta 
7 = Optical path 5 


= Atmosphere radius k = Absorption coefficient 
= Distance, star center to 
line of sight 


for the exponential factor in the absorption instead of Kopal’s equation (10). By assum- 
ing a constant ejection velocity within the shell, we obtain a profile brighter toward the 
blue than toward the red. Considering the band profile plotted on a radial-velocity 
versus intensity diagram, I have calculated the asymmetry that would result from the 
data of Paper I. If we consider bands emitted from shells 20 and 13 solar radii from the 
center of the star, I compute that the bands are, respectively, 25 and 35 per cent brighter 
on the short-wave-length side at points 94 per cent from the center of the band. (I have 


1 Ap. J., 104, 160, 1946. Hereafter referred to as “Paper I.” It should be noted that the second and 
fourth columns of Table 8 in this paper are inconsistent. Dr. Kopal informs me that, through a comput- 
ing slip, the factor 2.48 mentioned on p. 173 of the paper was omitted. I have used the correct values. 


2 Beals, M.N., 90, 202, 1929. 


3 Beals, Pub. Dom. Ap. Obs., 6, 111, 1934; Chandrasekhar, M.N., 94, 522, 1934; Wilson, Ap. J., 80, 
259, 1934. 


4 “Actualités scientifiques et industrielles,’’ No. 901, XJJJ Colloque d’astrophysique, 1, 109. 
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used the data from Paper I for an orbital inclination of 80°.) This asymmetry is ap- 
preciable. If we allow a spread in velocities over the shell, the relative intensity of the 
band center will increase. The asymmetry between the sides to the red and to the blue 
will not, however, be removed. The observed profiles seem‘ to be either nearly sym- 
metrical (after rough correction for the absorption edge toward the blue) or brighter 
toward the red. Thus we have a definite contradiction between the observations and the 
interpretations based on the theory of the Beals model and a purely absorbing at- 
mosphere. 

We do not alter the results in these essential details by assuming, at the other 
extreme, that the atmospheric opacity arises completely from electron scattering. The 
asymmetry will be in the same direction (i.e., brighter toward the blue) but of different 
amount. Further, we expect a slight extension of the band toward the red, in contrast 
to the case of pure absorption. The band is brighter at each point than in the case of 
pure absorption, because the radiation that previously did not reach the observer is now 
scattered into the line of sight. At first thought, one might conclude that this scattered 
radiation would restore the band to its original, unobscured form. We must note, how- 
ever, that the thermal motion of the scattering electrons corresponds to a mean velocity 
of 500-1500 km/sec. Upon being scattered, originally monochromatic radiation is thus 
spread in the spectrum over a width nearly equal to that of the band. The geometrical 
situation leads immediately to the qualitative results mentioned. I plan to treat the 
problem quantitatively at a later date. The conclusion is thus similar to that reached 
for pure absorption: the predicted profiles are asymmetric in the direction opposite to 
that observed. If we do not know the true band center, the extension of the band to the 
red may cause a spurious red shift in the radial velocity. 

The true opacity lies somewhere between the above two extreme cases. Paper I con- 
cludes that electron scattering plays the predominant role. We see, however, that in 
any event the predicted band emitted by the expanding shell model should be asym- 
metric, favoring the blue. 

These results question the correctness of the assumption of an atmosphere in simple 
expansion. It would seem that the above result can be brought into accord with observa- 
tion only if one postulates that matter moves downward as well as upward. The lack of 
absorption edges on the red side of the band provides a stumbling block for this sug- 
gested downward motion. We note two points: first, one should remember that such 
absorption edges do not always appear even on the violet; and, second, we observe 
more downgoing than outgoing material in the solar chromosphere. This last observa- 
tion clearly indicates the operation of a mechanism that provides nonradiating outgoing, 
and radiating downgoing, matter. A similar mechanism that alters the expected absorp- 
tion in the Wolf-Rayet atmosphere is not inconceivable. 

A calculation of the mass loss by ejection provides a further objection to the purely 
expanding atmosphere. An earlier calculation by Beals? assumed densities 10~° those 
computed in Paper I. If we assume an ejection velocity of 10* km/sec at a distance of 
16 solar radii and take density values from Paper I, we obtain a mass loss of about 
10° gm/year, an amount equal to that ejected by an average nova during one outburst.° 


It isa pleasure to acknowledge that the author’s knowledge of and interest in the Wolf- 
Rayet problem, of which this note is a result, was brought about by Dr. C. Payne- 


Gaposchkin. 
RICHARD N. THOMAS 


HARVARD COLLEGE OBSERVATORY 
June 9, 1947 


°C. and S. Gaposchkin, Harvard Circ., No. 445, 1942. 








NOTES 


} REMARKS ON F. CERNUSCHI’S PAPER, “THE PHYSICS 
} OF COSMIC GRAINS” 


In a recent paper’ F. Cernuschi had given a critical analysis of existing theories on 
the formation of solid particles in interstellar space. He also proposes a new theory about 
t their growth and origin. We shall point out here a few points in his paper which seem to 
be very much open to doubt. 

First of all, the remark that, according to existing theories, the size of the smoke 
particles would become too large has been dealt with by Oort and van de Hulst,? who 
also give a justification of the assumption used in an earlier paper* that the exhaustion 
of the interstellar gas is negligible. 

Cernuschi’s formula (2) is substantially the same as the one given by Rosseland,* 
if 7 — 0 in the partition functions pertaining to the vibration and rotation. As was 
pointed out by Swings’ and also in our paper,’ the fact that the radiation is diluted means 
that it is no longer possible to treat the situation as thermodynamical equilibrium where 
there should be detailed balancing. It is necessary to study all possible reactions and 
from these data to calculate the density of diatomic molecules. 

Cernuschi remarks that, up to now, ‘‘chemi-luminescence”’ has not been observed in 
laboratory experiments with gases. This is not surprising, since the pressure has to be 
lower than 10~-> mm Hg if formation by radiation capture is to be more probable than 
through three-body collisions. 

The fact that CH, CH+, and CN are the only molecules observed in interstellar space 
seems to be in contradiction to the theory that they must be the products of some 
7 disintegration process. These three molecules are the only ones which can easily be 
formed by radiation capture,’ while one should in a disintegration theory also expect 

other molecules such as, e.g., C>. 

Cernuschi criticizes the formula given by his equation (6). This is only used as a 
model giving a decreasing température for increasing size of the particle. In this way 
it is possible to show that for too large gas densities (larger than the ‘characteristic’ 
density), formation of solid particles is very improbable. Another model, giving for larger 
particles an emission of radiation following more or less closely black-body radiation 
would have given essentially the same result. For conditions in our galaxy (p < pehar) 
this model was not used, but the differential equations describing the growth of the 
particles were used. 

It seems that Cernuschi’s statement that the pressure in equilibrium with the crystal 
is much larger than the pressure in interstellar space is due to a miscalculation. Using 
his equation (9) with T = 10°K, x = 0.5 e.-v. (which is on the low side),* one finds 
that p ~ 10-*!° dyne/cm-*. (Here we have not included the factor a. This extra factor 
corresponds to the fact that photoevaporation is negligible).* We see thus that the inter- 
stellar gas is indeed in a supersaturated state for all constituents except H and He. 

The number of crystals containing six atoms as derived by Cernuschi is essentially 
the number of six-body collisions in the time under consideration. This number is, how- 





j 1 Ap. J., 105, 241, 1947. 


2 J. H. Oort and H. C. van de Hulst, B.A.N., 10, 187, 1946; also J. H. Oort, M.N., 106, 159, 1947; 
H. A. Kramers and D. ter Haar, B.A.N., 10, 139, 1946 (cited as “b.A.N. 371”). 


3D. ter Haar, Ap. J., 100, 288, 1944. 
4S. Rosseland, Theoretical Astrophysics (Oxford, 1936), p. 247. 
5 P. Swings, Ap. J., 95, 270, 1942. 
F 6 B.A.N. No. 371. 8 Tbid., p. 292. 


7 ter Haar, op. cit., p. 294. ® Oort and van de Hulst, op. cit., sec. 30. 
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ever, surprisingly smaller than the “equilibrium”? number of 6-atomic molecules if 
calculated by means of Cernuschi’s equations (2) and (5) (which should certainly con- 
stitute a lower limit). Using these equations, we get 6 atomic ~ 10~*? cm-3, 

Finally, we want to make a few remarks about Section III. It is very much a question 
as to whether Lennard-Jones’s method of calculating the accommodation coefficient 
may be used in this case. Lennard-Jones'® stresses the point that this method may be 
used only if the temperature of the gas and the solid are practically the same. This follows 
also from the fact that the calculation method is essentially a perturbation method. 
Experiments by I. Langmuir" also seem to contradict the results obtained in Section III. 

However, even if the theoretical result were correct, this would mean only that the 
number of atoms sticking to the surface of an interstellar smoke particle would be re- 
duced by a factor a. The same is true if the particles really were homogeneous. Neither 
of these two restrictions can, however, stop the growth of the smoke particles. 


SUMMARY 


It is shown that the recent criticism by Cernuschi of the theories of Kramers, ter 
Haar, Oort, and van de Hulst about the formation of interstellar smoke particles is not 
valid. Objections are also raised against his calculation and interpretation of the accom- 
modation coefficient. 

D. TER HAAR 
DEPARTMENT OF PHysiIcs 
PURDUE UNIVERSITY 
September 18, 1947 


10 J. E. Lennard-Jones and A. F. Devonshire, Proc. R. Soc., A, 156, 6, 1936; A. F. Devonshire, Proc. 
R. Soc., A, 158,269, 1937. 


11 Phys. Rev., 8, 149, 1916. 
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